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Overview

These are the notes of a lecture course onTopics in Algebraic Topology taught
by me in summer 2025 at Karlsruhe Institute of Technology, comprising 21
lectures in total. This course is a continuation of a lecture course on When referring to an

explicit result from the
lecture course on
Algebraic Topology, I
shall mention its
corresponding number
in a margin note, e.g.
AT:iii.6.8 (the theorem
of acyclic models).

Algebraic
Topology (as taught in winter 2024·25 by Manuel Krannich), and as such,
it assumes familiarity with point-set topology, basic notions of homotopy
theory and category theory, chain complexes and singular homology, CW
complexes and cellular homology, derived functors and homology with
coefficients, and the Künneth theorem for homology.

Based on this, we start by introducing cohomology, a family of abelian
groups (𝐻𝑛(𝑋))𝑛∈ℤ associated with a topological space𝑋. These cohomo-
logy groups are closely related to homology, but have the advantage that
their direct sum⨁𝑛∈ℤ𝐻

𝑛(𝑋) carries a natural ring structure, called the
cup product. This extra structure enables us to distinguish more spaces up
to homotopy equivalence; for example, the cohomology rings of ℂP2 and
𝑆2 ∨ 𝑆4 differ, whence these spaces cannot be homotopy equivalent.

We then study homology and cohomology of manifolds. Most import-
antly, we shall discover Poincaré duality, stating that each orientation of a
closed 𝑑-dimensional manifold𝑀 gives rise to a family of isomorphisms
(𝐻𝑛(𝑀) →𝐻𝑑−𝑛(𝑀))𝑛∈ℤ of abelian groups.

For any 𝑛 ⩾ 0, the 𝑛th homotopy group 𝜋𝑛(𝑋) of a given based space𝑋 is
defined to be the set of (based) homotopy classes of (based) maps 𝑆𝑛 →𝑋.
For 𝑛 ⩾ 1, they carry a group structure, which is abelian for 𝑛 ⩾ 2. Though
easily defined, they are hard to compute; for example, many homotopy
groups of spheres are still unknown. We shall calculate as much as we can.

Homotopy groups are very useful when studying the homotopy theory of
CW complexes. For example, we prove the cellular approximation theorem
(every map among CW complexes is homotopic to a cellular one) and the
Whitehead theorem (amap among CW complexes is a homotopy equivalence
if and only if it induces isomorphisms on all homotopy groups).

Finally, we establish a connection between homotopy groups and homo-
logy: Fixing a generator 𝑢𝑛 ∈ 𝐻̃𝑛(𝑆𝑛), there is a map H∶ 𝜋𝑛(𝑋) → 𝐻̃𝑛(𝑋)
given by taking the homotopy class of a map 𝛼∶ 𝑆𝑛 →𝑋 to 𝐻̃𝑛(𝛼)(𝑢𝑛). The
Hurewicz theorem tells us under which conditions H is an isomorphism.

These lecture notes are inspired by classical textbooks on the subject,
such as [3, 7, 1, 10, 11], and partially follows the lecture notes [8, 13, 15]. If
you spot any errors, feel free to contact me via kranhold@kit.edu.

Karlsruhe,
31 July 2025
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Cohomology and products   1
Last Lecture 1term we have introduced singular homology as a tool to distinguish
homotopy types. However, we can easily come up with examples of spaces
𝑋 and 𝑌 that we expect not to be homotopy-equivalent, but which still
satisfy𝐻𝑛(𝑋) ≅ 𝐻𝑛(𝑌), such as 𝑇2 and 𝑆1 ∨ 𝑆1 ∨ 𝑆2, or ℂP2 and 𝑆2 ∨ 𝑆4.

Wemay try to extend ourmethods by constructing a homotopy-invariant
extra structure on the family (𝐻𝑛(𝑋))𝑛∈ℤ, such as a graded multiplication
𝐻𝑝(𝑋) ⊗ℤ𝐻𝑞(𝑋) →𝐻𝑝+𝑞(𝑋), possibly as a composition

𝐻𝑝(𝑋) ⊗ℤ𝐻𝑞(𝑋) →𝐻𝑝+𝑞(𝑋 ×𝑋) →𝐻𝑝+𝑞(𝑋),

where the first map first arrow is induced by the Eilenberg–Zilber AT:V.8.6map. For
the second arrow, we would like to make use of a map𝑋×𝑋→𝑋 of spaces,
but there is no canonical choice If𝑋 carries a continuous

multiplication, then we
are provided with a map
𝑋×𝑋→𝑋, and the
above composition of
maps is called the
Pontryagin product.

of such. However, there is a canonical map
going the other way, namely the diagonal Δ𝑋∶ 𝑥 ↦ (𝑥,𝑥).

This is the reason for us to introduce singular cohomology, a variant of
singular homology, which behaves contravariantly with respect to maps of
spaces. We do this by considering maps out of the singular chain complex.

1 . 1 The Hom-functor

Definition 1.1.1. Let 𝑅,𝑆,𝑇 be rings. If 𝑀 is an (𝑇, 𝑆)-module and 𝑁
is a (𝑅, 𝑆)-module, then the abelian group Hom𝑆(𝑀,𝑁) of 𝑆-linear maps
𝛼∶ 𝑀→𝑁, called hom-set, carries the structure of an (𝑅,𝑇)-module by

(𝑟 ⋅ 𝛼)(𝑚) ≔ 𝑟 ⋅ 𝛼(𝑚), As a mnemonic: The
ordering of the symbols
must be preserved in the
definition of the scalar
multiplication.

(𝛼 ⋅ 𝑡)(𝑚) ≔ 𝛼(𝑡 ⋅ 𝑚).

Remark 1.1.2. The hom-sets satisfy the following properties:

1. Hom𝑆(0,𝑁) = 0 and Hom𝑆(𝑀,0) = 0 for each𝑁 and each𝑀.

2. Regarding 𝑆 as an (𝑆, 𝑆)-module by scalar multiplication, we have
an isomorphismHom𝑆(𝑆,𝑁) ≅ 𝑁 of (𝑅, 𝑆)-modules by 𝛼↦ 𝛼(1) for
each (𝑅, 𝑆)-module𝑁.

3. For each family (𝑀𝑖)𝑖∈𝐼 of (𝑇, 𝑆)-modules and each family (𝑁𝑗)𝑗∈𝐽 of
(𝑅, 𝑆)-modules, we have an isomorphism of (𝑅,𝑇)-modules

The map from right to
left sends a family of
maps 𝛼𝑖𝑗∶ 𝑀𝑖 →𝑁𝑗 to
the map taking ∑𝑖∈𝐼𝑚𝑖
to (∑𝑖∈𝐼 𝛼𝑖𝑗(𝑚𝑖))𝑗∈𝐽.

Hom𝑆(⨁𝑖∈𝐼𝑀𝑖,∏𝑗∈𝐽𝑁𝑗) ≅ ∏𝑖∈𝐼∏𝑗∈𝐽Hom𝑆(𝑀𝑖,𝑁𝑗).

4. For We write ℤ𝑎 ≔ℤ/𝑎ℤ.each 𝑎 ∈ ℤ and each abelian group𝑁, we have an isomorphism
Homℤ(ℤ𝑎,𝑁) ≅ {𝑛 ∈ 𝑁 ∶ 𝑎 ⋅ 𝑛 = 0} ⊆ 𝑁 via 𝛼 ↦ 𝛼([1]). [1] denotes the residue

class of 1.

Therefore,
Homℤ(ℤ𝑎,ℤ) = 0 for 𝑎 ≠ 0 andHomℤ(ℤ𝑎,ℤ𝑏) ≅ ℤgcd(𝑎,𝑏) for 𝑏 ∈ ℤ.
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Definition 1.1.3. If 𝜙∶ 𝑀→𝑀′ is an (𝑇, 𝑆)-linear map, and 𝜓∶ 𝑁→𝑁′

is an (𝑅, 𝑆)-linear map, then we have an induced (𝑅,𝑇)-linear map

Hom𝑆(𝜙,𝜓)∶Hom𝑆(𝑀′,𝑁) →Hom𝑆(𝑀,𝑁′), 𝛼 ↦ 𝜓 ∘ 𝛼 ∘ 𝜙

This gives rise to a functor (here 𝑅Mod𝑆 is the category of (𝑅, 𝑆)-modules
and (−)op takes the opposite category), which we call hom-functor,

Hom𝑆(−,−)∶ 𝑇Modop𝑆 × 𝑅Mod𝑆⟶ 𝑅Mod𝑇.

For a fixed (𝑅, 𝑆)-module𝑁, the restriction Hom𝑆(−,𝑁) is a functor of the
form 𝑇Modop𝑆 → 𝑅Mod𝑇, which is also called hom-functor.

Notation 1.1.4. As done several times last term, if 𝐹∶ C→D is a functor
and 𝑓∶ 𝑋→ 𝑌 is a morphism in C, then we abbreviate 𝑓∗ ≔ 𝐹𝑓.

A contravariant functor C→D is a functor 𝐹∶ Cop →D. In that case, if
𝑓∶ 𝑋→ 𝑌 in C is as above, then we put 𝑓∗ ≔ 𝐹𝑓∶ 𝐹𝑌→ 𝐹𝑋.

Note that the isomorphisms from remark 1.1.2 are all natural. The fol-
lowing natural isomorphism shows the interplay between the hom-functor
and the tensor product of modules:

Lemma 1.1.5 (Tensor–hom adjunction). LetThis is the algebraic
analogue of the fact that
for sets𝑋,𝑋′, 𝑌, maps

from𝑋×𝑋′ to 𝑌 are in
bijection to maps from
𝑋 to the set of maps

from𝑋′ to 𝑌.

𝑀 be a (right) 𝑇-module,𝑀′

be an (𝑇, 𝑆)-module, and𝑁 be an (𝑅, 𝑆)-module. Then we have an isomorph-
ism of left 𝑅-modules, natural in𝑀,𝑀′,𝑁:

Hom𝑆(𝑀⊗𝑇𝑀′,𝑁)
≅
⇄Hom𝑇(𝑀,Hom𝑆(𝑀′,𝑁)),
𝛼 ↦ [𝑚↦ [𝑚′ ↦𝛼(𝑚⊗𝑚′)]],

[𝑚 ⊗𝑚′ ↦𝛽(𝑚)(𝑚′)] ↤ 𝛽.

Proof. One checks that all involved maps have the desired linearity, and
that the two above assignments are inverses of each other.

Remark 1.1.6. If𝑀 is even an (𝑅,𝑇)-module, then the assignments from
the tensor–hom adjunction restrict to a bijection of the form

{ (𝑅, 𝑆)-linear maps
𝑀⊗𝑇𝑀′ →𝑁

}
≅
⇄ { (𝑅,𝑇)-linear maps
𝑀→Hom𝑆(𝑀′,𝑁)

}.

Corollary 1.1.7. Let𝑀 be an abelian group and let𝑁 be an (𝑅, 𝑆)-module.
If we regard 𝑆 as a (ℤ, 𝑆)-module, then we have an isomorphism of left 𝑅-
modules

On the right side of the
isomorphism, we ‘forget’

the 𝑆-action on𝑁.
Hom𝑆(𝑀⊗ℤ 𝑆,𝑁) ≅Homℤ(𝑀,𝑁), natural in𝑀 and𝑁.

Proof. This is an instance of lemma 1.1.5 for the case of 𝑇 = ℤ and𝑁′ = 𝑆,
using that similar to remark 1.1.2:2, the morphism Hom𝑆(𝑆,𝑁) →𝑁 given
by 𝛼↦ 𝛼(1) is an isomorphism of (𝑅,ℤ)-modules.
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1 .2 Dual chain complexes

We would like to apply the hom-functorsHom𝑆(−,𝑁) to the singular chain
complex of a space. In contrast to applying (−) ⊗𝑆𝑁 as we did last term, we
have to take care of the fact that the hom-functor changes the direction of
the differentials. Similar to last term’s discussion, we study this construc-
tion for a more general class of functors, namely (contravariant) additive
functors between categories of bimodules. Throughout this section, let A
and B be categories of bimodules over some rings.

Definition 1.2.1. A This definition of
additive functors is
‘disjoint’ from last term’s
one, as our functors are
contravariant.

functor 𝐹∶ Aop → B is called additive if for all morph-
isms 𝜙,𝜙′∶ 𝑀→𝑀′ in A, we have 𝐹(𝜙 + 𝜙′) = 𝐹(𝜙) + 𝐹(𝜙′).

Example 1.2.2. For each (𝑅, 𝑆)-module𝑁, the hom-functor Hom𝑆(−,𝑁)
is additive: For any two linear maps 𝜙,𝜙′∶ 𝑀→𝑀′, we have

Hom𝑆(𝜙 + 𝜙′,𝑁)(𝛼) = 𝛼 ∘ (𝜙 + 𝜙′)
= (𝛼 ∘ 𝜙) + (𝛼 ∘ 𝜙′)
= (Hom𝑆(𝜙,𝑁) +Hom𝑆(𝜙′,𝑁))(𝛼)

Remark 1.2.3. As in the covariant case AT:V.3.3, each additive functor 𝐹 preserves
the trivial module, i.e. 𝐹(0) = 0, and split short exact sequences, i.e. if the
short sequence 0 → 𝑀→𝑀′ →𝑀″ → 0 in A is a split exact, then the
short sequence 0 → 𝐹𝑀″ →𝐹𝑀′ →𝐹𝑀→ 0 in B is split exact as well.

Notation 1.2.4. Recall that a chain complex 𝐶 Because of the new
superscript notation
below, we refrain from
writing 𝐶• as last term.

in A is a family (𝐶𝑛)𝑛∈ℤ
of modules in A, together with a family (𝑑𝑛∶ 𝐶𝑛 →𝐶𝑛−1)𝑛∈ℤ of morphisms
satisfying 𝑑𝑛 ∘ 𝑑𝑛+1 = 0 for all 𝑛 ∈ ℤ. Let Ch(A) be the category of chain
complexes in A, and specifically, let 𝑅Ch𝑆 ≔ Ch(𝑅Mod𝑆).

For some purposes, it is convenient to consider a ‘mirrored’ indexing for
chain complexes, which is indicated by using superscripts:Weput A chain complex can be

declared by saying what
𝐶𝑛 and 𝑑𝑛 is.

𝐶𝑛 ≔ 𝐶−𝑛,
𝑑𝑛 ≔ 𝑑−𝑛∶ 𝐶𝑛 →𝐶𝑛+1, i.e. the chain complex looks as follows:

[1] [0] [−1]
⋯ 𝐶−1 𝐶0 𝐶1 ⋯←→𝑑

−2 ←→𝑑
−1 ←→𝑑

0 ←→𝑑
1

With this indexing, a chainmap𝑓∶ 𝐶→𝐷 is a family ofmaps𝑓𝑛∶ 𝐶𝑛 →𝐷𝑛

with 𝑑𝑛𝐷 ∘ 𝑓𝑛 = 𝑓𝑛+1 ∘ 𝑑𝑛𝐶, and a chain homotopy 𝑠 between 𝑓 and 𝑔 is a
family of maps 𝑠𝑛∶ 𝐶𝑛 →𝐷𝑛−1 with 𝑑𝑛−1𝐷 ∘ 𝑠𝑛 + 𝑠𝑛+1 ∘ 𝑑𝑛𝐶 = 𝑓𝑛 −𝑔𝑛. Finally,
we put𝐻𝑛(𝐶) ≔ 𝐻−𝑛(𝐶) = ker(𝑑𝑛)/im(𝑑𝑛−1).

The important observation here is that these are not mathematically new
definitions, but merely indexing conventions. All statements (e.g. ‘Chain
homotopic maps induce the same map in homology.’ AT:III.6.3) remain true, and we
may choose whether we express them using subscripts or superscripts.
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Construction 1.2.5. Let 𝐹∶ Aop → B be an additive functor. If 𝐶 is a
chain complex in A, then we obtain a chain complex 𝐹𝐶 in B by setting
(𝐹𝐶)𝑛 ≔ 𝐹(𝐶𝑛), with differential

𝑑𝑛𝐹𝐶 ≔ (−1)𝑛+1 ⋅ 𝐹(𝑑𝐶𝑛+1)∶ (𝐹𝐶)𝑛 → (𝐹𝐶)𝑛+1The sign is not necessary
for 𝐹𝐶 to become a

chain complex, but will
be useful later.

This becomes a bit more comprehensible in form of a diagram:

𝐹𝐶 = (⋯
[1]
𝐹(𝐶−1)

[0]
𝐹(𝐶0)

[−1]
𝐹(𝐶1) ⋯←→

−𝐹(𝑑−1) ←→
𝐹(𝑑0) ←→

−𝐹(𝑑1) ←→
𝐹(𝑑2) ).

If 𝑓∶ 𝐶→𝐷 is a chain map, then we obtain a chain map 𝐹𝑓∶ 𝐹𝐷→ 𝐹𝐶 by
(𝐹𝑓)𝑛 ≔ 𝐹(𝑓𝑛). This gives rise to a functor 𝐹∶ Ch(A)op → Ch(B).

Moreover, if 𝑠 is a chain homotopy between 𝑓 and 𝑔, then we have a
chain homotopy 𝐹𝑠 between 𝐹𝑓 and 𝐹𝑔 by (𝐹𝑠)𝑛 = (−1)𝑛 ⋅ 𝐹(𝑠𝑛−1).

Checking that 𝐹𝑠 is
indeed a chain

homotopy might help
you getting used to the

indices and signs.

Remark 1.2.6. Let 0 → 𝐶→𝐶′ →𝐶″ → 0 be a short exact sequence of
chain complexes in A that is degreewise split.This is for example the

case if all 𝐶″𝑛 are free.
If 𝐹∶ Aop → B is an additive

functor, then 0 → 𝐹𝐶″ → 𝐹𝐶′ → 𝐹𝐶 → 0 is a short exact sequence of
chain complexes in B, and hence we get a long exact sequence in B

⋯→𝐻𝑛(𝐹𝐶″) →𝐻𝑛(𝐹𝐶′) →𝐻𝑛(𝐹𝐶)
𝜕𝑛
⟶𝐻𝑛+1(𝐹𝐶″) →⋯

Now we come back to the special case of 𝐹 =Hom𝑆(−,𝑁):

Definition 1.2.7. Let 𝑁 be an (𝑅, 𝑆)-module. For each chain complex
𝐶 of (𝑇, 𝑆)-modules, its dual complex Hom𝑆(𝐶,𝑁) is a chain complex of
(𝑅,𝑇)-modules. Elements in Hom𝑆(𝐶,𝑁)𝑛 are 𝑆-linear maps 𝛼∶ 𝐶𝑛 →𝑁,
and the differential is given by 𝑑𝑛𝛼 = (−1)𝑛+1 ⋅ (𝛼 ∘ 𝑑𝑛+1).

Example 1.2.8. Consider the following chain complex of abelian groups

𝐶 ≔ (
[1] [0]

⋯ 0 ℤ ℤ ℤ 0 ⋯←→ ←→ ←→2 ←→0 ←→ ←→ ),

which we already know as the cellular chain complex of ℝP2. Then

Homℤ(𝐶,ℤ) ≅ (
[0] [−1]

⋯ 0 ℤ ℤ ℤ 0 ⋯←→ ←→ ←→0 ←→2 ←→ ←→ ).If 𝑓∶ 𝑀→𝑀 is
multiplication with

𝑎 ∈ ℤ, then Homℤ(𝑓,𝑁)
is multiplication with 𝑎.

We have 𝐻0(Homℤ(𝐶,ℤ)) ≅ ℤ and 𝐻2(Homℤ(𝐶,ℤ)) ≅ ℤ2; all further
homology groups of Homℤ(𝐶,ℤ) are trivial.

1 .3 Singular cohomology

Reminder 1.3.1. For a topological pair (𝑋,𝐴), we denote by 𝑆•(𝑋,𝐴) its
singular chain complex, which is a (non-negative) chain complex of abelian
groups. This construction constitutes a functor 𝑆•(−)∶ Top2 → Chℤ from
the category of topological pairs to chain complexes.
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Construction 1.3.2. Let 𝑅 be a ring If 𝑅 = ℤ, then a left
𝑅-module is the same
as an abelian group.

and let𝑁 be a left 𝑅-module. For
each topological pair (𝑋,𝐴) and each integer 𝑛 ∈ ℤ, we define the 𝑛th sin-
gular cohomology of (𝑋,𝐴) with coefficients in𝑁 as the left 𝑅-module

𝐻𝑛(𝑋,𝐴;𝑁) ≔ 𝐻𝑛(Homℤ(𝑆•(𝑋,𝐴),𝑁)).

These are the values of a functor𝐻𝑛(−;𝑁)∶ Topop2 → 𝑅Mod, which is given
as the composition of functors

Topop2 Chopℤ 𝑅Ch 𝑅Mod←→
𝑆•(−) ← →

Homℤ(−,𝑁) ←→𝐻
𝑛

Notation 1.3.3. We point out very emphatically that𝐻𝑛(𝑋,𝐴;𝑁) is not
the same as𝐻−𝑛(𝑋,𝐴;𝑁), in spite of our convention𝐻𝑛(𝐶) ≔ 𝐻−𝑛(𝐶) for
a chain complex 𝐶. This is due to the fact that the index for singular homo-
logy and cohomology groups does two things at once: It distinguishes the
constructions and it tells us the degree. It would be better to use a different
letter for singular cohomology – but we adhere to standard notation.

We resolve this confusion by declaring once and for all that we shall never
use superscript indexing for singular homology, and never use subscript
indexing for singular cohomology.

Remark 1.3.4. If𝑁 is an (𝑅, 𝑆)-module, then the functorsHomℤ(𝑆•(−),𝑁)
and Hom𝑆(𝑆•(−) ⊗ℤ 𝑆,𝑁) are naturally isomorphic by the tensor–hom ad-
junction (in the version of corollary 1.1.7). In particular, we have a natural
isomorphism𝐻𝑛(−;𝑁) ≅ 𝐻𝑛(Hom𝑆(𝑆•(−) ⊗ℤ 𝑆,𝑁)).

Proposition 1.3.5. For each left 𝑅-module𝑁, the AT:iv.6.1family (𝐻𝑛(−;𝑁))𝑛∈ℤ
of functors satisfies the following ‘dual’ Eilenberg–Steenrod axioms:

1. [Homotopy invariance] If 𝑓,𝑔∶ (𝑋,𝐴) → (𝑌,𝐵) are homotopic maps
of pairs, then𝐻𝑛(𝑓;𝑁) = 𝐻𝑛(𝑔;𝑁).

2. [Long exact sequence] For each 𝑛 ∈ ℤ, there is To be pedantic, the
collection (𝜕𝑛)𝑛∈ℤ
should be part of the
structure of a
cohomology theory.

a natural family of
linear maps 𝜕𝑛∶ 𝐻𝑛(𝐴;𝑁) →𝐻𝑛+1(𝑋,𝐴;𝑁), such that the following
sequence is exact (the remaining arrows are induced by inclusions):

⋯→𝐻𝑛(𝑋,𝐴;𝑁)→𝐻𝑛(𝑋;𝑁)→𝐻𝑛(𝐴;𝑁)
𝜕𝑛
→𝐻𝑛+1(𝑋,𝐴;𝑁)→⋯

3. [Excision] If (𝑋,𝐴) is a topological pair and 𝑊 ⊆ 𝐴 with 𝑊 ⊆ 𝐴̊,
then the map 𝐻𝑛(𝑋,𝐴;𝑁) → 𝐻𝑛(𝑋 ∖𝑊,𝐴 ∖𝑊;𝑁) induced by the
inclusion of pairs is an isomorphism for each 𝑛 ∈ ℤ.

4. [Dimension axiom] We have𝐻0(∗;𝑁) ≅ 𝑁 and𝐻𝑛(∗;𝑁) = 0 else.

5. [Milnor’s axiom] For a family (𝑋𝑖)𝑖∈𝐼 of spaces, the induced map
𝐻𝑛(∐𝑖∈𝐼𝑋𝑖;𝑁) →∏𝑖∈𝐼𝐻

𝑛(𝑋𝑖;𝑁) is an isomorphism for each 𝑛 ∈ ℤ.
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Proof. We shall proceed very much as in the proof of Thm. V.4.3 of the AT
lecture: If 𝑓 and 𝑔 as above are homotopic, then the induced chain maps
𝑆•(𝑓) and 𝑆•(𝑔) are chain homotopic; now we use that the additive functor
Homℤ(−,𝑁) preserves chain homotopies and that chain homotopic maps
induce the same map in homology.

For each topological pair (𝑋,𝐴), all abelian groups 𝑆𝑛(𝑋,𝐴) are free,
and hence the short exact sequence 0 → 𝑆•(𝐴) → 𝑆•(𝑋) → 𝑆•(𝑋,𝐴) → 0
of chain complexes is degreewise split. Thus, the desired connecting homo-
morphism 𝜕𝑛 is obtained as a special case of remark 1.2.6.

As in the proof of Thm. AT:v.4.3, the excision property for (𝐻𝑛(−;𝑁))𝑛∈ℤ
will be derived from the excision property for (𝐻𝑛(−))𝑛∈ℤ as a consequence
of the universal coefficient theorem 1.6.1, see exercise 2.1b.

For the dimension axiom, we recallAT:III.3.1 that 𝑆•(∗) is isomorphic to
[0]

⋯ ℤ ℤ ℤ ℤ 0 ⋯←→1 ←→0 ←→1 ←→0 ←→ ←→

Thus, Homℤ(𝑆•(∗),𝑁) is isomorphic to the following chain complex:
[0]

⋯ 0 𝑁 𝑁 𝑁 𝑁 ⋯←→ ←→ ←→0 ←→1 ←→0 ←→1

Taking homology of that chain complex, we see that𝐻𝑛(∗;𝑁) is as claimed.
Finally, recall the isomorphism 𝑆•(∐𝑖∈𝐼𝑋𝑖) ≅⨁𝑖∈𝐼 𝑆•(𝑋𝑖) of chain com-

plexes.AT:III.5.3 Applying the natural identification from remark 1.1.2:3, we get

Homℤ(𝑆•(∐𝑖∈𝐼𝑋𝑖),𝑁) ≅ ∏𝑖∈𝐼Homℤ(𝑆•(𝑋𝑖),𝑁).

Thus, Milnor’s axiom follows from the observation that taking homology
of a chain complex preserves products.

Remark 1.3.6. As for homology theories, dual versions of the construc-
tions and statements from the big table in AT:iv now follow formally from
proposition 1.3.5. We mention some of them:

• reduced cohomology 𝐻̃𝑛(𝑋;𝑁) ≔ coker(𝐻𝑛(∗;𝑁) →𝐻𝑛(𝑋;𝑁)),
• suspension isomorphisms 𝐻̃𝑛(𝑋;𝑁) → 𝐻̃𝑛+1(𝑆𝑋;𝑁),
• 𝐻̃𝑛(𝑆𝑑;𝑁) is isomorphic to𝑁 for 𝑛 = 𝑑 and trivial else,
• Mayer–Vietoris sequences for open covers {𝑈,𝑉} of a space𝑋,
• 𝐻̃𝑛(𝑋 ∨𝑌;𝑁) ≅ 𝐻̃𝑛(𝑋;𝑁) ⊕ 𝐻̃𝑛(𝑌;𝑁) for well-pointed𝑋 and 𝑌,

1 .4 The Kronecker pairing

One

Lecture 2

may wonder whether we can recover𝐻𝑛(𝑋,𝐴;𝑁) from𝐻𝑛(𝑋,𝐴), or
more generally𝐻𝑛(Hom𝑆(𝐶,𝑁)) from𝐻𝑛(𝐶). In this section, we establish
a natural map 𝜅∶ 𝐻𝑛(Hom𝑆(𝐶,𝑁)) → Hom𝑆(𝐻𝑛(𝐶),𝑁). Similar to last
term, this map is not an isomorphism in general, and we shall study the
defect in the forthcoming sections.
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Reminder 1.4.1. Let AT:V.8.1𝐶 be a chain complex of (𝑅, 𝑆)-modules and𝐷 be a
chain complex of (𝑆,𝑇)-modules. Their tensor product 𝐶 ⊗𝑆 𝐷 is again a
chain complex, with (𝐶 ⊗𝑆 𝐷)𝑛 ≔⨁𝑝+𝑞=𝑛𝐶𝑝 ⊗𝑆 𝐷𝑞 and with differential We use 𝑣 and 𝑤 for

chains, and 𝑥 and 𝑦
for homology classes.𝑑(𝑣 ⊗𝑤) ≔ 𝑑𝑣 ⊗𝑤+ (−1)𝑝 ⋅ 𝑣 ⊗ 𝑑𝑤

for each 𝑣 ∈ 𝐶𝑝 and 𝑤 ∈ 𝐷𝑞. For any 𝑝,𝑞 ∈ ℤ, we have an (𝑅,𝑇)-linear map
𝜆∶ 𝐻𝑝(𝐶) ⊗𝑆𝐻𝑞(𝐷) →𝐻𝑝+𝑞(𝐶 ⊗𝑆 𝐷) taking [𝑣] ⊗ [𝑤] to [𝑣 ⊗𝑤].

Construction 1.4.2. Let𝑁 be an (𝑅, 𝑆)-module and 𝐶 be a chain com-
plex of (𝑇, 𝑆)-modules. Regarding 𝑁 as the chain complex that has 𝑁 in
degree 0 and is trivial elsewhere, we have a chain map of (𝑅, 𝑆)-modules

ev∶Hom𝑆(𝐶,𝑁) ⊗𝑇 𝐶→𝑁,

called evaluation, given Elementary tensors in
degree 0 are indeed of
the form 𝛼 ⊗ 𝑣 with
𝛼 ∈Hom𝑆(𝐶,𝑁)𝑛 and
𝑣 ∈ 𝐶𝑛, as the sum of
their degrees is 0.

by ev0(𝛼 ⊗ 𝑣) ≔ 𝛼(𝑣). Using that𝐻0(𝑁) = 𝑁, we
obtain, for each 𝑛 ∈ ℤ, an induced (𝑅, 𝑆)-linear map

⟨−,−⟩∶ 𝐻𝑛(Hom𝑆(𝐶,𝑁)) ⊗𝑇𝐻𝑛(𝐶)
𝜆
→𝐻0(Hom𝑆(𝐶,𝑁) ⊗𝑇 𝐶)

𝐻0(ev)⟶ 𝑁,

called the Kronecker pairing. By the tensor–hom adjunction (in the version
of remark 1.1.6), this corresponds to the (𝑅,𝑇)-linear map

𝜅∶ 𝐻𝑛(Hom𝑆(𝐶,𝑁)) →Hom𝑆(𝐻𝑛(𝐶),𝑁), 𝑎 ↦ ⟨𝑎,−⟩.

Proof. We have to check that ev is a chain map, i.e. 𝑑𝑛 ∘ ev𝑛 = ev𝑛−1 ∘ 𝑑𝑛 for
each 𝑛. For 𝑛 ≠ 1, the target of these maps is 0, so there is nothing to show.
For 𝑛 = 1, the left side factors through𝑁1 = 0 and is trivial, so we are left to
show that ev0 ∘ 𝑑1 = 0. Indeed, for 𝛼 ∈Hom𝑆(𝐶,𝑁)𝑝 and 𝑣 ∈ 𝐶𝑝+1, we have

ev0(𝑑1(𝛼 ⊗ 𝑣)) Now the sign from
section 1.2 pays off.

= ev0(𝑑𝑝𝛼 ⊗ 𝑣 + (−1)−𝑝 ⋅ 𝛼 ⊗ 𝑑𝑝+1𝑣)
= (𝑑𝑝𝛼)(𝑣) + (−1)𝑝 ⋅ 𝛼(𝑑𝑝+1𝑣)
= 0.

Remark 1.4.3. The This is just because
(𝛼 ∘𝑓)(𝑣) = 𝛼(𝑓(𝑣)).

evaluation map is natural in the following sense: For
each chain map 𝑓∶ 𝐶→𝐷, the following square commutes:

Hom𝑆(𝐷,𝑁) ⊗𝑇 𝐶 Hom𝑆(𝐶,𝑁) ⊗𝑇 𝐶

Hom𝑆(𝐷,𝑁) ⊗𝑇 𝐷 𝑁.

←→id⊗𝑇𝑓

← →
Hom𝑆(𝑓,𝑁)⊗𝑇 id

←→ ev𝐶

← →ev𝐷

Therefore,
We use 𝛼 and 𝛽 for maps
to𝑁, and 𝑎 and 𝑏 for
their homology classes.

we have ⟨𝑓∗𝑎,𝑥⟩ = ⟨𝑎,𝑓∗𝑥⟩ for each 𝑎 ∈ 𝐻𝑛(Hom𝑆(𝐷,𝑁)) and
𝑥 ∈ 𝐻𝑛(𝐶), which means that the map 𝜅∶ 𝑎 ↦ ⟨𝑎,−⟩ from above is natural.

Example 1.4.4. One might expect that 𝜅 is a natural isomorphism, but
example 1.2.8 shows that this is not always the case: For𝐶 as in that example,
we saw𝐻2(Homℤ(𝐶,ℤ)) ≅ ℤ2, but𝐻2(𝐶) = 0, so Homℤ(𝐻2(𝐶),ℤ) = 0.
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1 .5 Ext functors

We proceed with developing a tool to determine to what extend 𝜅 fails to be
an isomorphism. As last term, this leads us to the theory of derived functors.
Again, let A and B be categories of bimodules over some rings.

Definition 1.5.1. An additive functor 𝐹∶ Aop → B is called right-exact if
for each exact sequence𝑀→𝑀′ →𝑀″ → 0 in A, the induced sequence
0 → 𝐹𝑀″ →𝐹𝑀′ →𝐹𝑀 in B is exact as well.

Lemma 1.5.2. AnThe inclusion
im(𝐹𝜓) ⊆ ker(𝐹𝜙)

always holds by
additivity of 𝐹.

additive functor𝐹∶ Aop → B is right-exact if and only if for
each morphism 𝜙∶ 𝑀→𝑀′ in A, with cokernel called 𝜓∶ 𝑀′ → coker(𝜙),
the map 𝐹𝜓 is injective and its image inside 𝐹𝑀′ is ker(𝐹𝜙).

Proof. This follows from the fact that𝑀
𝜙
→𝑀′

𝜓
→𝑀″ → 0 is exact if and

only if the 𝜓 is isomorphic to the projection to the cokernel of 𝜙, and the
induced sequence 0 → 𝐹𝑀″ → 𝐹𝑀′ → 𝐹𝑀 is exact if and only if 𝐹𝜓 is
isomorphic the inclusion of the kernel of 𝐹𝜙.

Lemma 1.5.3. Let𝑅,𝑆,𝑇 be rings. For each (𝑅, 𝑆)-module𝑁, the hom-functor
Hom𝑆(−,𝑁)∶ 𝑇Modop𝑆 → 𝑅Mod𝑇 is right-exact.

Proof. Let 𝜙∶ 𝑀→𝑀′ be (𝑇, 𝑆)-linear, with cokernel 𝜓∶ 𝑀′ → coker(𝜙).
Then 𝜓 is surjective, and hence Hom𝑆(𝜓,𝑁) = (−) ∘ 𝜓 is indeed injective.
Let 𝛼 ∈ ker(Hom𝑆(𝜙,𝑁)). Then 𝛼 ∘ 𝜙 = 0, and by the universal property of
the cokernel, there is a map 𝛼̄∶ coker(𝜙) → 𝑁 with 𝛼 = 𝛼̄ ∘ 𝜓. This shows
that 𝛼 lies in the image of Hom𝑆(𝜓,𝑁) as desired.

Given a right-exact functor 𝐹∶ Aop → B, we would like to construct a
sequence (𝐿𝑛𝐹)𝑛⩾0 of derived functors similar to last term. To do so, we
need to consider free resolutions of objects in A. In order to make sense of
the word ‘free’, we restrict our attention to the case of A = Mod𝑆 = ℤMod𝑆.

Construction 1.5.4. LetAT:V.5.10 𝐹∶ Modop𝑆 → B be a right-exact functor. For
each 𝑛 ⩾ 0, we define the 𝑛th left-derivative 𝐿𝑛𝐹∶ Modop𝑆 → B as follows:

• For an 𝑆-module𝑀, chooseAT:v.5.6 an 𝑆-free resolution (𝐶, 𝜀) of𝑀 and set
𝐿𝑛𝐹(𝑀) ≔𝐻𝑛(𝐹𝐶).

• ForThe preferred resolution
of𝑀′ is called (𝐶′, 𝜀′).

an 𝑆-linear map 𝜙∶ 𝑀 →𝑀′, choose a chain map 𝑓∶ 𝐶 → 𝐶′

with 𝜀′ ∘𝑓0 = 𝜙 ∘ 𝜀 and set 𝐿𝑛𝐹(𝜙) ≔ 𝐻𝑛(𝐹𝑓).

As a consequence of the acyclic models theoremAT:V.5.8 , a chain map 𝑓 as above
exists and 𝐿𝑛𝐹(𝜙) is independent of the choice of 𝑓. As in AT:v.5.11, it also
follows that 𝐿𝑛𝐹 is indeed a functor and does not depend on the chosen
free resolutions up to natural isomorphism.
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Lemma 1.5.5. Let 𝐹∶ Modop𝑆 → B be a right-exact functor.
1. 𝐿0𝐹 is naturally isomorphic to 𝐹.
2. If𝑀 is free, then 𝐿𝑛𝐹(𝑀) = 0 for 𝑛 ⩾ 1.
3. If 𝑆 is a principal ideal domain, then 𝐿𝑛𝐹 = 0 for 𝑛 ⩾ 2.

Proof. Statements 2 and 3 follow exactly as in the proofs of AT:v.5.12+13
from the fact that there are sufficiently short free resolutions. For statement
1, we note that if (𝐶, 𝜀) is a free resolution of𝑀, then 𝜀∶ 𝐶0 →𝑀 is the
cokernel projection of 𝑑𝐶1 ∶ 𝐶1 →𝐶0. Since 𝐹 is right-exact, it follows from
lemma 1.5.2 that 𝐹𝜀∶ 𝐹𝑀→ 𝐹𝐶0 is injective, and its image is

ker(𝐹𝑑𝐶1 ) = ker(−𝐹𝑑𝐶1 ) = ker(𝑑1𝐹𝐶) = 𝐻0(𝐹𝐶) = 𝐿0𝐹(𝑀).

Now we come back to the special case of 𝐹 =Hom𝑆(−,𝑁):

Definition 1.5.6. For an (𝑅, 𝑆)-module𝑁, we consider the right-exact
functor Hom𝑆(−,𝑁)∶ Modop𝑆 → 𝑅Mod and define the 𝑛th Ext functor

Ext𝑛𝑆(−,𝑁) ≔ 𝐿𝑛Hom𝑆(−,𝑁).

Lemma 1.5.7. The Ext functors satisfy the following formulæ:

1. If𝑀 is a free 𝑆-module, then Ext𝑛𝑆(𝑀,−) = 0 for each 𝑛 ⩾ 1.

2. For each family (𝑀𝑖)𝑖∈𝐼 of 𝑆-modules and each family (𝑁𝑗)𝑗∈𝐽 of (𝑅, 𝑆)-
modules, we have an isomorphism of left 𝑅-modules

Ext𝑛𝑆(⨁𝑖∈𝐼𝑀𝑖,∏𝑗∈𝐽𝑁𝑗) ≅ ∏𝑖∈𝐼∏𝑗∈𝐽 Ext
𝑛
𝑆(𝑀𝑖,𝑁𝑗).

3. For Recall that all higher
Ext𝑛ℤ are trivial as ℤ is a
principal ideal domain.

each integer 𝑎 ≠ 0 and each abelian group 𝑁, the abelian group
Ext1ℤ(ℤ𝑎,𝑁) is isomorphic to the quotient𝑁/𝑎𝑁. In particular,

Ext1ℤ(ℤ𝑎,ℤ) ≅ ℤ𝑎,
Ext1ℤ(ℤ𝑎,ℚ) = 0,
Ext1ℤ(ℤ𝑎,ℤ𝑏) ≅ ℤgcd(𝑎,𝑏). (𝑏 ∈ ℤ)

Proof. Statement 1 is a special case of lemma 1.5.5:2. For statement 2, we note
that if (𝐶𝑖, 𝜀𝑖) is a free resolution of𝑀𝑖, then (⨁𝑖𝐶𝑖,⨁𝑖 𝜀𝑖) is a free resolu-
tion of⨁𝑖𝑀𝑖. Now we use the natural isomorphism from remark 1.1.2:3
and the fact that taking homology commutes with products.

For the third statement, we use that the non-negative chain complex

𝐶 = (
[0]

⋯ 0 ℤ ℤ 0 ⋯←→ ←→ ←→⋅ 𝑎 ←→ ←→ ),
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together with the canonical projection 𝜀∶ ℤ→ℤ𝑎 is a free resolution ofℤ𝑎.
Then Homℤ(𝐶,𝑁) is of the form

[0]
⋯ 0 𝑁 𝑁 0 ⋯←→ ←→ ←→⋅ 𝑎 ←→ ←→

This shows that Ext1ℤ(ℤ𝑎,𝑁) ≅ 𝐻1(Homℤ(𝐶,𝑁)) = 𝑁/𝑎𝑁.

Remark 1.5.8. Note thatExt1ℤ(ℤ2,ℤ) ≅ ℤ2, butExt1ℤ(ℤ,ℤ2) ≅ 0, showing
that the Ext functor (in constrast to the Tor functor) is not symmetric.

1 .6 The universal coefficient theorem in cohomology

In this section, we present the universal coefficient theorem in cohomology,
which describes, for each (𝑅, 𝑆)-module𝑁, the 𝑅-module𝐻𝑛(𝑋,𝐴;𝑁) in
terms of𝐻𝑛(𝑋,𝐴; 𝑆) as long as 𝑆 is a principal ideal domain:

Theorem 1.6.1 (Geometric UCT for cohomology). Let 𝑁 be an (𝑅, 𝑆)-
module and (𝑋,𝐴) a topological pair. If 𝑆 is a principal ideal domain, then
there exists a natural short exact sequence of left 𝑅-modules of the form

0→Ext1𝑆(𝐻𝑛−1(𝑋,𝐴;𝑆),𝑁)→𝐻𝑛(𝑋,𝐴;𝑁)
𝜅
→Hom𝑆(𝐻𝑛(𝑋,𝐴;𝑆),𝑁)→0,

where 𝜅 is the Kronecker pairing. This sequence admits an unnatural split.Exercise 2.2 shows
that there cannot
be a natural split. Before proving the theorem, we shall discuss some consequences:

Remark 1.6.2. Because of the split, we have a (non-natural) isomorphism

𝐻𝑛(𝑋,𝐴;𝑁) ≅Hom𝑆(𝐻𝑛(𝑋,𝐴; 𝑆),𝑁) ⊕ Ext1𝑆(𝐻𝑛−1(𝑋,𝐴; 𝑆),𝑁).

Example 1.6.3. Recall that 𝐻0(ℝP2) ≅ ℤ and 𝐻1(ℝP2) ≅ ℤ2, while all
other integral homology groups of ℝP2 are trivial. This shows that

As for homology, we
write𝐻𝑛(−) ≔ 𝐻𝑛(−;ℤ)

𝐻0(ℝP2;ℤ) ≅Homℤ(ℤ,ℤ) ⊕ Ext1ℤ(0,ℤ) ≅ ℤ,
𝐻1(ℝP2;ℤ) ≅Homℤ(ℤ2,ℤ) ⊕ Ext1ℤ(ℤ,ℤ) ≅ 0,
𝐻2(ℝP2;ℤ) ≅Homℤ(0,ℤ) ⊕ Ext1ℤ(ℤ2,ℤ) ≅ ℤ2.

All other cohomology groups𝐻𝑛(ℝP2;ℤ) are trivial.

Example 1.6.4. For 𝑑 ⩾ 0, all singular homology groups𝐻𝑛(𝑇𝑑) ≅ ℤ(
𝑑
𝑛)

of the 𝑑-torus 𝑇𝑑 = 𝑆1 ×⋯×𝑆1 are free abelian, so all Ext terms in the UCT
vanish. Together with remark 1.1.2:2, we get for each left 𝑅-module𝑁:

𝐻𝑛(𝑇𝑑;𝑁) ≅Homℤ(ℤ(
𝑑
𝑛),𝑁) ≅ 𝑁(

𝑑
𝑛)
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Example 1.6.5. By the very same argumentation as in example 1.6.4, the
cohomology of the complex-projective space ℂP𝑑 with 𝑑 ⩾ 0 is given by

𝐻𝑛(ℂP𝑑;𝑁) ≅ {
𝑁 for 0 ⩽ 𝑛 ⩽ 2𝑑 even,
0 else.

Example 1.6.6. For𝑑 ⩾ 0, recall that𝐻𝑛(ℝP𝑑;ℤ2) ≅ ℤ2 for 0 ⩽ 𝑛 ⩽ 𝑑, and
that all other ℤ2-homology groups of ℝP𝑑 are trivial. Now we use the UCT
for the (ℤ2,ℤ2)-module ℤ2 as follows: Since ℤ2 is a field, Ext1ℤ2vanishes
and we get an isomorphism𝐻𝑛(ℝP𝑑;ℤ2) ≅Homℤ2 (𝐻𝑛(ℝP

𝑑;ℤ2),ℤ2) of
ℤ2-vector spaces. In total, we have achieved

𝐻𝑛(ℝP𝑑;ℤ2) ≅ {
ℤ2 for 0 ⩽ 𝑛 ⩽ 𝑑,
0 else.

Remark 1.6.7. Let𝑋 be a space and let𝑁 be a left 𝑅-module. Using that
𝐻−1(𝑋) = 0 and that 𝐻0(𝑋) is naturally isomorphic to the free abelian
group over the set 𝜋0(𝑋), the UCT provides us with a natural isomorphism

Here Map(𝐴,𝐵) is the
set of maps from 𝐴 to 𝐵.

𝐻0(𝑋;𝑁) ≅Homℤ(𝐻0(𝑋),𝑁) ≅Map(𝜋0(𝑋),𝑁).

The following consequence of the universal coefficient theorem is the
content of exercise 2.3:

Corollary 1.6.8. Let (𝑋,𝐴) be a topological pair, let 𝑆 be a ring, let𝑁 be
an (𝑅, 𝑆)-module and let 𝑛 ∈ ℤ. Assume that one of the following holds:

• 𝑆 is a principal ideal domain and𝐻𝑛−1(𝑋,𝐴; 𝑆) is free over 𝑆, or
• 𝐻𝑛−1(𝑋,𝐴) is free over ℤ. 𝐻𝑛−1(𝑋,𝐴) is the

homology group with
coefficients in ℤ.

Then the Kronecker pairing 𝜅∶ 𝐻𝑛(𝑋,𝐴;𝑁) →Hom𝑆(𝐻𝑛(𝑋,𝐴; 𝑆),𝑁) is an
isomorphism of left 𝑅-modules.

Let Lecture 3us now turn to the proof of the geometric universal coefficient the-
orem (GUCT) for cohomology. Similar to last term, the theorem follows
from its algebraic counterpart (the AUCT):

Theorem 1.6.9 (Algebraic UCT for cohomology). Let𝐶 be a chain complex
of 𝑆-modules and let𝑁 be an (𝑅, 𝑆)-module. If 𝑆 is a principal ideal domain
and 𝐶 is degreewise free, then there exists a natural short exact sequence of
left 𝑅-modules of the form

0 → Ext1𝑆(𝐻𝑛−1(𝐶),𝑁) →𝐻𝑛(Hom𝑆(𝐶,𝑁))
𝜅
→Hom𝑆(𝐻𝑛(𝐶),𝑁) → 0.

where 𝜅 is the Kronecker pairing. This sequence admits an unnatural split.
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Proof of the GUCT assuming the AUCT. By remark 1.3.4,𝐻𝑛(𝑋,𝐴;𝑁) is nat-
urally isomorphic to 𝐻𝑛(Hom𝑆(𝑆•(𝑋,𝐴) ⊗ℤ 𝑆,𝑁)). Moreover, each con-
stituent 𝑆𝑛(𝑋,𝐴) ⊗ℤ 𝑆 is a free 𝑆-module. Now we can apply the AUCT.

Proof of the AUCT. Let 𝐵 be the chain complex with 𝐵𝑛 ≔ im(𝑑𝑛+1) and 𝑍
be the chain complex𝑍𝑛 ≔ ker(𝑑𝑛), both with trivial differentials. We point
out that both 𝑍𝑛 and 𝐵𝑛 are free, as submodules of the free module 𝐶𝑛,
using that 𝑆 is a principal ideal domain. Writing 𝐵[−1] for the shifted chain
complex 𝐵[−1]𝑛 = 𝐵𝑛−1, we have a short exact sequence of chain complexes

0 → 𝑍
𝚥
⟶𝐶

𝑑′
⟶𝐵[−1] → 0,

whereBoth 𝚥∶ 𝑍→ 𝐶 and
𝑑′∶ 𝐶 → 𝐵 are chain

maps since 𝑑𝑛 ∘ 𝚥𝑛 = 0
and 𝑑′𝑛−1 ∘ 𝑑𝑛 = 0.

𝚥∶ 𝑍 → 𝐶 consists of the inclusions 𝑍𝑛 ↪ 𝐶𝑛 and 𝑑′∶ 𝐶 → 𝐵[−1]
consists of the corestrictions of 𝑑𝑛∶ 𝐶𝑛 →𝐶𝑛−1 to their image. It is degree-
wise split as each 𝐵𝑛−1 is free. Applying the functor 𝐹 ≔ Hom𝑆(−,𝑁), we
get a long exact sequence in homology by remark 1.2.6:

⋯
𝜕𝑛−1

⟶𝐻𝑛(𝐹𝐵[−1]) →𝐻𝑛(𝐹𝐶) →𝐻𝑛(𝐹𝑍)
𝜕𝑛
⟶𝐻𝑛+1(𝐹𝐵[−1]) →⋯

TheIndex and shifting
is more binding

than applying 𝐹, i.e.
𝐹𝑍𝑛 ≔ 𝐹(𝑍𝑛) and
𝐹𝐵[−1] = 𝐹(𝐵[−1]).

differentials of 𝐹𝐵[−1] and 𝐹𝑍 are again trivial, and so𝐻𝑛(𝐹𝑍) = 𝐹𝑍𝑛
and 𝐻𝑛(𝐹𝐵[−1]) = 𝐹𝐵𝑛−1. By inspecting the explicit construction of the
connecting homomorphism, one checks that 𝜕𝑛∶ 𝐹𝑍𝑛 →𝐹𝐵𝑛 agrees (up to
sign) with 𝐹𝚤𝑛, where 𝚤𝑛 is the inclusion 𝐵𝑛 ↪𝑍𝑛.

In the next step, we cut the long exact sequence into many short exact
sequences by quotienting out kernels and restricting to images. As a result,
we obtain, for each 𝑛 ∈ ℤ, a short exact sequence of 𝑅-modules

0 coker(𝐹𝚤𝑛−1) 𝐻𝑛(𝐹𝐶) ker(𝐹𝚤𝑛) 0.

←→ ←→ ← →
𝐻𝑛(𝐹𝚥) ←→

BecauseFor 𝛼∶ 𝐶𝑛 →𝑁 with
𝛼 ∘ 𝑑𝑛+1 = 0, we have
𝐻𝑛(𝚥∗)([𝛼]) = 𝛼|𝑍𝑛 .

𝐹 is right-exact, the natural map 𝜂∶ 𝐹coker(𝚤𝑛) → ker(𝐹𝚤𝑛) is an
isomorphism by lemma 1.5.2. But coker(𝚤𝑛) is exactly 𝑍𝑛/𝐵𝑛 = 𝐻𝑛(𝐶), and
one checks that 𝜂−1 ∘𝐻𝑛(𝐹𝚥) is the Kronecker pairing.

For the left side, we note that since 0 → 𝐵𝑛−1 → 𝑍𝑛−1 together with
the canonical projection 𝑍𝑛−1 →𝐻𝑛−1(𝐶) is a free resolution of𝐻𝑛−1(𝐶),
whence we have a natural isomorphism coker(𝐹𝚤𝑛−1) ≅ Ext1𝑆(𝐻𝑛−1(𝐶),𝑁).

It remains to construct the unnatural split. To do so, we note that since
0 → 𝑍𝑛 →𝐶𝑛 →𝐵𝑛−1 → 0 splits (as we have seen before), we find a morph-
ism 𝑟∶ 𝐶𝑛 →𝑍𝑛 that satisfies 𝑟 ∘ 𝚥𝑛 = id𝑍𝑛 . Moreover, we have

𝑟 ∘ 𝑑𝑛+1 = 𝑟 ∘ 𝚥𝑛 ∘ 𝚤𝑛 ∘ 𝑑′𝑛+1 = 𝚤𝑛 ∘ 𝑑′𝑛+1,𝚥𝑛 ∘ 𝚤𝑛 is exactly the
inclusion 𝐵𝑛 ↪𝐶𝑛.

and so 𝐹𝑟 takes ker(𝐹𝚤𝑛) to ker(𝐹𝑑𝑛+1). We hence get a section of𝐻𝑛(𝐹𝚥)
by taking 𝛼 ∈ ker(𝐹𝚤𝑛) to [(𝐹𝑟)(𝛼)] ∈ ker(𝐹𝑑𝑛+1)/im(𝐹𝑑𝑛) = 𝐻𝑛(𝐹𝐶).
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1 .7 The cross product in cohomology

Recall from the beginning of this chapter that it is our aim to establish for
each space𝑋 a graded multiplication, i.e. a family of maps

We shall fix the
coefficient ring below.𝐻𝑝(𝑋) ⊗𝐻𝑞(𝑋) →𝐻𝑝+𝑞(𝑋 ×𝑋) →𝐻𝑝+𝑞(𝑋).

Using that cohomology behaves contravariantly, it is now easy to provide
the second arrow: It is induced by the topological diagonal Δ𝑋∶ 𝑋→𝑋×𝑋
with Δ𝑋(𝑥) = (𝑥,𝑥). The first arrow, however, has only been established in
homology (using the Eilenberg–Zilber map). The goal of this section is to
find an analogous construction for cohomology.

Notation 1.7.1. From now on, we work over a fixed commutative ring
𝑅. All modules are assumed to be 𝑅-modules, and all chain complexes are
chain complexes of 𝑅-modules. We write ⊗ ≔ ⊗𝑅 and (−)∗ ≔Hom𝑅(−,𝑅).

We moreover abbreviate 𝑆•(−;𝑅) ≔ 𝑆•(−) ⊗ℤ 𝑅, which is a functor from
topological pairs to (non-negative) chain complexes of 𝑅-modules.

Definition 1.7.2. A (ℤ-)graded module is a chain complex𝐻 with trivial
differential, i.e. a family (𝐻𝑛)𝑛∈ℤ of modules. Accordingly, morphisms of
graded modules are families (𝑓𝑛)𝑛∈ℤ of linear maps; this defines a full sub-
category of Ch𝑅. As before, we put𝐻𝑛 ≔𝐻−𝑛 and𝑓𝑛 ≔ 𝑓−𝑛. For an element
𝑎 ∈ 𝐻𝑛 = 𝐻−𝑛, we call 𝑛 its cohomological degree.

To a chain complex𝐶, we assign the gradedmodule𝐻(𝐶) ≔ (𝐻𝑛(𝐶))𝑛∈ℤ.
In that language, the transformation 𝜆 from reminder 1.4.1 assembles into
a natural map of graded modules 𝜆∶ 𝐻(𝐶) ⊗𝐻(𝐷) →𝐻(𝐶⊗𝐷).

Definition 1.7.3. For a topological pair (𝑋,𝐴), we write𝐻•(𝑋,𝐴;𝑅) and
𝐻•(𝑋,𝐴;𝑅) for the family of singular homology and cohomology groups,
respectively. Recall notation 1.3.3: We shall never use superscript indexing
for singular homology or subscript indexing for singular cohomology; this
makes these graded modules distinguishable.

Our goal is to construct, for two spaces 𝑋 and 𝑌 and two modules𝑀
and 𝑁, a natural map 𝐻•(𝑋;𝑅) ⊗𝐻•(𝑌;𝑅) → 𝐻•(𝑋 × 𝑌;𝑅). For the first
part of such a map, we can take the transformation 𝜆 from above; its target
is𝐻(𝑆•(𝑋;𝑅)∗⊗ 𝑆•(𝑌;𝑅)∗). We continue as follows:

Construction 1.7.4. For chain complexes𝐶 and𝐷, we have a chain map
𝜃∶ 𝐶∗ ⊗𝐷∗ → (𝐶⊗𝐷)∗ defined for 𝛼∶ 𝐶𝑝 →𝑅 and 𝛽∶ 𝐷𝑞 →𝑅 as The case distinction is

necessary because we
only know that the
degrees of 𝑣 and 𝑤
sum up to 𝑝+ 𝑞.

𝜃(𝛼 ⊗ 𝛽)(𝑣 ⊗𝑤) = {
(−1)𝑝𝑞 ⋅ 𝛼(𝑣) ⋅ 𝛽(𝑤) if 𝑣 ∈ 𝐶𝑝 and 𝑤 ∈ 𝐷𝑞,
0 else.

13



Remark 1.7.5. A convenient way to remember the signs that appear in our
formulæ is the Koszul sign rule: Whenever two symbols of degree 𝑝 and 𝑞
swap place, a sign (−1)𝑝𝑞 enters. Construction 1.7.4 contains an instance of
that rule: Here the symbols

𝛽 is of degree −𝑞,
yet (−1)−𝑝𝑞 = (−1)𝑝𝑞. 𝛽 and 𝑣 swapped place, causing the sign.

In our topological case, 𝜃 lands in (𝑆•(𝑋;𝑅) ⊗ 𝑆•(𝑌;𝑅))∗. This is nearly
the complex we are interested in, but we need one further ingredient:

Construction 1.7.6. RecallAT:v.8.6 that for two spaces𝑋 and𝑌, there is a natural
chain homotopy-equivalenceEZ∶ 𝑆•(𝑋;𝑅)⊗𝑆•(𝑌;𝑅) → 𝑆•(𝑋×𝑌;𝑅),The theorem from last

term was stated for
𝑅 = ℤ, but the proof
works for each ring.

called
Eilenberg–Zilber map. It admits a natural chain homotopy inverse,

AW∶ 𝑆•(𝑋 ×𝑌;𝑅) → 𝑆•(𝑋;𝑅) ⊗ 𝑆•(𝑌;𝑅),

which we call the Alexander–Whitney map. Note that AW is (up to natural
chain homotopy) uniquely determined by𝐻0(AW), which agrees (after con-
jugation with the isomorphism𝐻0(−;𝑅) ≅ 𝑅⟨𝜋0(−)⟩)

We denote the free
𝑅-module over

a set𝑋 by 𝑅⟨𝑋⟩.
with the canonical

isomorphism 𝑅⟨𝜋0(𝑋 ×𝑌)⟩ → 𝑅⟨𝜋0(𝑋)⟩ ⊗ 𝑅⟨𝜋0(𝑋)⟩.

Definition 1.7.7. For two spaces 𝑋 and 𝑌, and two modules𝑀 and𝑁,
we define the cohomological cross product 𝑎 ⊗ 𝑏 ↦ 𝑎× 𝑏 as the map

𝐻•(𝑋;𝑅) ⊗𝐻•(𝑌;𝑅) ← →𝜆 𝐻(𝑆•(𝑋;𝑅)∗ ⊗ 𝑆•(𝑌;𝑅)∗)

← →𝐻(𝜃) 𝐻((𝑆•(𝑋;𝑅) ⊗ 𝑆•(𝑌;𝑅))∗)

← →𝐻(AW∗) 𝐻•(𝑋 ×𝑌;𝑅).

Remark 1.7.8. Since all involved ingredients are natural, the cross product
is natural in all arguments. That means: If 𝑓∶ 𝑋→𝑋′ and 𝑔∶ 𝑌→ 𝑌′ are
maps of spaces, then we have, for any 𝑎 ∈ 𝐻•(𝑋′; 𝑅) and 𝑏 ∈ 𝐻•(𝑌′; 𝑅):

𝑎 ∈ 𝐻means 𝑎 ∈ 𝐻𝑝
for some 𝑝 ∈ ℤ.

(𝑓∗𝑎) × (𝑔∗𝑏) = (𝑓 × 𝑔)∗(𝑎 × 𝑏).

Theorem 1.7.9 (Geometric Künneth theorem for cohomology). Let 𝑋
and 𝑌 be spaces. If 𝑅 is a principal ideal domain, both𝐻•(𝑋;𝑅) and𝐻•(𝑌;𝑅)
are degreewise free,

For symmetry reasons,
we could also have

assumed𝐻•(𝑋;𝑅) to be
finitely generated in
each degree instead.

and𝐻•(𝑌;𝑅) is degreewise finitely generated, then

(−) × (−)∶ 𝐻•(𝑋;𝑅) ⊗𝐻•(𝑌;𝑅) →𝐻•(𝑋 ×𝑌;𝑅)

is an isomorphism of 𝑅-modules.

Remark 1.7.10. Theorem 1.7.9 is by far not the most general Künneth
theorem for cohomology, see e.g. [14, Thm. 5.5.11] for a version with signi-
ficantly weaker assumptions (resulting in a short exact sequence involving
some torsion products, as one would expect). Our Künneth theorem, how-
ever, is way easier

One might wonder why
we cannot employ the

algebraic Künneth
theorem from last term:

One reason is that
Hom(𝑆•(𝑋;𝑅),𝑀) and
Hom(𝑆•(𝑌;𝑅),𝑁) are
not degreewise free.

to prove (see below), and is enough for our purposes: For
example, if 𝑌 is a finite CW complexes, then𝐻•(𝑌;𝑅) is finitely generated;
and if 𝑅 is a field, then all 𝑅-modules are automatically free.
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Similar to last term, the geometric Künneth theorem (GKT) for cohomo-
logy follows from its algebraic counterpart (the AKT):

Theorem 1.7.11 (Algebraic Künneth theorem for cohomology). Let 𝑅 be a
principal ideal domain and let 𝐶,𝐷 be chain complexes over 𝑅. Assume that:

• 𝐶 and𝐷 are degreewise free,
• 𝐻(𝐶) and𝐻(𝐷) are bounded below, A graded module𝐻 is

called bounded below if
𝐻𝑛 = 0 for all but finitely
many negative 𝑛.

• 𝐻(𝐶) and𝐻(𝐷) are degreewise free,
• 𝐻(𝐷) is degreewise finitely generated.

Then𝐻(𝜃) ∘ 𝜆∶ 𝐻(𝐶∗) ⊗𝐻(𝐷∗) →𝐻((𝐶 ⊗𝐷)∗) is an isomorphism.

Proof of the GKT assuming the AKT. Here we consider the chain complexes
𝐶 = 𝑆•(𝑋;𝑅) and𝐷 = 𝑆•(𝑌;𝑅). Both are degreewise free and non-negative,
and hence bounded below. The last two requirements of the AKT are also as-
sumed in the GKT. Thus, we can apply the AKT and obtain that𝐻(𝜃)∘𝜆 is an
isomorphism. The last map in the construction of the cross product, namely
𝐻(AW∗), is an isomorphism since AW is a chain homotopy-equivalence
and the additive functor (−)∗ preserves chain homotopies.

Proof of the AKT. Recall the Kronecker pairing 𝜅𝐶∶ 𝐻(𝐶∗) →𝐻(𝐶)∗ from
construction 1.4.2. Then we have a commutative diagram

Commutativity of this
square requires a short
check, but is
straightforward.

𝐻(𝐶∗) ⊗𝐻(𝐷∗) 𝐻(𝐶∗⊗𝐷∗)

𝐻(𝐶)∗⊗𝐻(𝐷)∗ 𝐻((𝐶 ⊗𝐷)∗)

(𝐻(𝐶) ⊗𝐻(𝐷))∗ (𝐻(𝐶 ⊗𝐷))∗

←→
𝜆𝐶∗,𝐷∗

←
→

←→𝜅𝐶⊗𝜅𝐷 ←→ 𝐻(𝜃𝐶,𝐷)

←→𝜃𝐻𝐶,𝐻𝐷 ←→ 𝜅𝐶⊗𝐷

←→

𝜆∗𝐶,𝐷

The dashed arrow is the one we are interested in.We show that all arrows be-
low the dashed one are isomorphisms, which then concludes the proof. First,
note that since 𝐶 is degreewise free, we can apply the algebraic Künneth
theorem AT:V.8.2for 𝐶⊗𝐷, and since𝐻(𝐶) is degreewise free, all torsion products
vanish and we conclude that 𝜆𝐶,𝐷, and hence 𝜆∗𝐶,𝐷, is an isomorphism.

Secondly, we use that𝐶 and𝐷 are free, so we can apply the algebraic UCT
for cohomology 1.6.9, and since𝐻(𝐶) and𝐻(𝐷) are degreewise free, all Ext
terms vanish and we conclude that 𝜅𝐶 and 𝜅𝐷 are isomorphisms. We note
that 𝐶⊗𝐷 is degreewise free as well, so we can again apply the algebraic
UCT for cohomology, now for 𝐶⊗𝐷. Using that 𝜆𝐶,𝐷 is an isomorphism (as
we have seen before),𝐻(𝐶⊗𝐷) is degreewise free, so again all Ext terms
vanish. We conclude that 𝜅𝐶⊗𝐷 is an isomorphism as well.

It remains to show that 𝜃𝐻𝐶,𝐻𝐷 is an isomorphism. To do so, we use
that𝐻(𝐶) and𝐻(𝐷) are bounded below, so for each 𝑛 ∈ ℤ, there are only
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finitely many (𝑝, 𝑞) ∈ ℤ2 with 𝑝+ 𝑞 = 𝑛, for which both𝐻𝑝(𝐶) and𝐻𝑞(𝐷)
are non-trivial. This shows that𝐻(𝐶) ⊗𝐻(𝐷) splits degreewise as a finite
direct sum of𝐻𝑝(𝐶) ⊗𝐻𝑞(𝐷), and under the natural isomorphisms

We use finiteness for the
second isomorphism: a
priori we have a product

on the right side.

[𝐻(𝐶)∗⊗𝐻(𝐷)∗]𝑛 ≅ ⨁
𝑝+𝑞=𝑛
𝐻𝑝(𝐶)∗⊗𝐻𝑞(𝐷)∗,

[(𝐻(𝐶) ⊗𝐻(𝐷))∗]𝑛 ≅ ⨁
𝑝+𝑞=𝑛
(𝐻𝑝(𝐶) ⊗𝐻𝑞(𝐷))∗,

the map 𝜃𝑛𝐻𝐶,𝐻𝐷 splits as a finite direct sum⨁𝑝+𝑞=𝑛(−1)
𝑝𝑞 ⋅ 𝜃𝑝,𝑞, where 𝜃𝑝,𝑞

takes 𝛼 ⊗ 𝛽 to 𝑣 ⊗𝑤 ↦ 𝛼(𝑣) ⋅ 𝛽(𝑤). We show that 𝜃𝑝,𝑞 is an isomorphism
by constructing its inverse: Recall that𝐻𝑞(𝐷) has a finite basis {𝑤1,… ,𝑤𝑟}.
If {𝑤∗1 ,… ,𝑤∗𝑟 } denotes the dual basis, then the inverse of 𝜃𝑝,𝑞 is given by

𝛾 ↦
𝑟

∑
𝑖=1
𝛾((−) ⊗𝑤𝑖) ⊗ 𝑤∗𝑖 .

1 .8 The cup product

Now we have all tools to define a multiplication on singular cohomology.
We start right away with the central definition:

Definition 1.8.1. For a space𝑋, we consider the diagonal Δ𝑋(𝑥) = (𝑥,𝑥)
and define the cup product (−) ⌣ (−)∶ 𝐻•(𝑋;𝑅)⊗𝐻•(𝑋;𝑅) →𝐻•(𝑋;𝑅) by

𝑎 ⌣ 𝑏 ≔ Δ∗𝑋(𝑎 × 𝑏).

The goal of this section is to study properties of the cup product and
to see the cup product in explicit examples. The structure we aim for is
summarised in the following definition:

Definition 1.8.2. A graded 𝑅-algebra is a graded module 𝐻, together
with a morphism 𝜇∶ 𝐻⊗𝐻→𝐻, denoted by 𝑎⊗ 𝑏 ↦ 𝑎 ⋅ 𝑏 and calledmulti-
plication, and an element 1 ∈ 𝐻0, called unit, such that the following holds:

1. [Associativity] (𝑎 ⋅ 𝑏) ⋅ 𝑐 = 𝑎 ⋅ (𝑏 ⋅ 𝑐) for 𝑎, 𝑏, 𝑐 ∈ 𝐻;
2. [Unitality] 1 ⋅ 𝑎 = 𝑎 = 𝑎 ⋅ 1 for 𝑎 ∈ 𝐻;

ItIn that case,𝐻 is called
a graded-commutative

𝑅-algebra.

is called graded-commutative, if additionally the following holds:
3. [Graded commutativity] 𝑎 ⋅ 𝑏 = (−1)𝑝𝑞 ⋅ (𝑏 ⋅ 𝑎) for 𝑎 ∈ 𝐻𝑝, 𝑏 ∈ 𝐻𝑞.

A morphism of graded 𝑅-algebras is a map 𝜙∶ 𝐻→𝐻′ of graded modules
such that 𝜙(𝑎 ⋅ 𝑏) = 𝜙(𝑎) ⋅ 𝜙(𝑏) and 𝜙(1𝐻) = 1𝐻′ holds.

Example 1.8.3. For each integer 𝑑 ⩾ 1 and each symbol 𝑎, to which we
assign the degree 𝑑, write |𝑎| = 𝑑, we let 𝑅[𝑎] be the graded module which
has a free generator 𝑎𝑖 in each cohomological degree 𝑑𝑖 with 𝑖 ⩾ 0. Together
with the multiplication rule 𝑎𝑖 ⋅ 𝑎𝑗 ≔ 𝑎𝑖+𝑗 and the unit 1 = 𝑎0, it becomes
a graded 𝑅-algebra, called polynomial algebra. If either 𝑅 has characteristic

𝑅 has characteristic 2
if and only if 1 = −1.

2 or 𝑑 is even, then 𝑅[𝑎] is graded-commutative.
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Example 1.8.4. As above, let 𝑎 be a symbol with |𝑎| = 𝑑. For each 𝑛 ⩾ 0,
we let 𝑅[𝑎]/(𝑎𝑛+1) be the graded module having a free generator 𝑎𝑖 in each
cohomological degree 𝑑𝑖 for 0 ⩽ 𝑖 ⩽ 𝑛. Together with the multiplication
𝑎𝑖 ⋅ 𝑎𝑗 = 𝑎𝑖+𝑗 for 𝑖 +𝑗 ⩽ 𝑛 and 𝑎𝑖 ⋅ 𝑎𝑗 = 0 else, and the unit 1 = 𝑎0, it becomes
a graded 𝑅-algebra, called truncated polynomial algebra. If either 𝑅 has
characteristic 2 or 𝑑 is even, then 𝑅[𝑎]/(𝑎𝑛+1) is graded-commutative.

Both algebras 𝑅[𝑎] and
𝑅[𝑎]/(𝑎𝑛+1) are just
commutative, without
any sign entering. The
extra condtions ensure
that the ‘correct’ sign is
always 1.

The algebra Λ𝑅[𝑎] ≔ 𝑅[𝑎]/(𝑎2) is always graded-commutative, without
any further assumption. It is called the exterior algebra generated by 𝑎.

We Lecture 4aim to use the cup product to discover such a structure on𝐻•(𝑋;𝑅).
Thus, we better find a preferred class that serves as a unit:

Construction 1.8.5. Let𝑋 be a space. Recall the natural isomorphism
𝐻0(𝑋;𝑅) ≅Map(𝜋0(𝑋),𝑅) from remark 1.6.7. We denote by 1𝑋 ∈ 𝐻0(𝑋;𝑅)
the class that corresponds to the map taking each path-component of𝑋 to
1 ∈ 𝑅. If𝑋 is path-connected, then𝐻0(𝑋;𝑅) is generated by 1𝑋.

Theorem 1.8.6. For It would be more precise
say cohomology algebra
rather than cohomology
ring. However, for
𝑅 = ℤ, these notions are
identical.

each space𝑋, the cup product and the unit 1𝑋 endow
the graded module 𝐻•(𝑋;𝑅) with the structure of a graded-commutative
𝑅-algebra, called the cohomology ring of𝑋.

All three properties (associativity, unitality, and graded commutativity)
are proven very similarly. We refer to [8, Prop. 14.2.3] for associativity, and
focus instead on graded commutativity. We need the following lemma:

Lemma 1.8.7. For two spaces𝑋 and 𝑌, let 𝑇𝑌,𝑋∶ 𝑌×𝑋→𝑋×𝑌 be the map
with 𝑇𝑌,𝑋(𝑦,𝑥) = (𝑥,𝑦). Then we have, for 𝑎 ∈ 𝐻𝑝(𝑋;𝑅) and 𝑏 ∈ 𝐻𝑞(𝑌;𝑅)

𝑇∗𝑌,𝑋(𝑎 × 𝑏) = (−1)𝑝𝑞 ⋅ (𝑏 × 𝑎).

Proof of lemma 1.8.7. For chain complexes 𝐶 and𝐷 let 𝜏∶ 𝐶 ⊗𝐷→𝐷⊗𝐶
be the chain map

The sign is truly
necessary for 𝜏 to
be a chain map.

with 𝜏(𝑣 ⊗ 𝑤) = (−1)𝑝𝑞 ⋅ (𝑤 ⊗ 𝑣) for 𝑣 ∈ 𝐶𝑝 and 𝑤 ∈ 𝐷𝑞.
Then one checks that the following diagram commutes:

Only the lower square in
the diagram involves a
little sign check.

𝐻(𝐶∗) ⊗𝐻(𝐷∗) 𝐻(𝐷∗) ⊗𝐻(𝐶∗)

𝐻(𝐶∗⊗𝐷∗) 𝐻(𝐷∗⊗ 𝐶∗)

𝐻((𝐶 ⊗𝐷)∗) 𝐻((𝐷 ⊗𝐶)∗).

← →
𝜏𝐻(𝐶∗),𝐻(𝐷∗)

←→𝜆𝐶∗,𝐷∗ ←→ 𝜆𝐷∗,𝐶∗

← →
𝐻(𝜏𝐶∗,𝐷∗)

←→𝐻(𝜃𝐶,𝐷) ←→ 𝐻(𝜃𝐷,𝐶)

← →
𝐻(𝜏∗𝐷,𝐶)

Secondly, the following square of chain maps

𝑆•(𝑌 ×𝑋;𝑅) 𝑆•(𝑋 ×𝑌;𝑅)

𝑆•(𝑌;𝑅) ⊗ 𝑆•(𝑋;𝑅) 𝑆•(𝑋;𝑅) ⊗ 𝑆•(𝑌;𝑅).

← →
𝑆•(𝑇𝑌,𝑋;𝑅)

←→AW𝑌,𝑋 ←→ AW𝑋,𝑌

← →𝜏𝑆•(𝑌;𝑅),𝑆•(𝑋;𝑅)
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commutes up to natural chain homotopyHowever, it does not
commute strictly. This

phenomenon is
exploited in the

construction of certain
cohomology operations,
called Steenrod squares.

as an application of the acyclic
models theorem (both maps 𝑆•(𝑌 ×𝑋;𝑅) → 𝑆•(𝑋;𝑅) ⊗ 𝑆•(𝑌;𝑅) induce the
canonical map 𝑅⟨𝜋0(𝑋 ×𝑌)⟩ → 𝑅⟨𝜋0(𝑌)⟩ ⊗ 𝑅⟨𝜋0(𝑋)⟩ in𝐻0.)

If we apply the functor𝐻((−)∗) to the second diagram, it becomes strictly
commutative, and in combination with the first diagram (for 𝐶 = 𝑆•(𝑋;𝑅)
and 𝐷 = 𝑆•(𝑌;𝑅)), we obtain a diagram that encodes exactly the formula
that is claimed in the lemma, namely:

𝐻•(𝑋;𝑅) ⊗𝐻•(𝑌;𝑅) 𝐻•(𝑌;𝑅) ⊗𝐻•(𝑋;𝑅)

𝐻•(𝑋 ×𝑌;𝑅) 𝐻•(𝑌 ×𝑋;𝑅).

← →
𝜏𝐻•(𝑋;𝑅),𝐻•(𝑌;𝑅)

←→× ←→ ×

← →
𝑇∗𝑌,𝑋

Proof of theorem 1.8.6. As said before, we content ourselves with showing
graded commutativity: Here we use that 𝑇𝑋,𝑋 ∘ Δ𝑋 = Δ𝑋, where 𝑇𝑋,𝑋 is the
map from lemma 1.8.7. Using the lemma (in the special case of 𝑌 = 𝑋), we
see, for 𝑎 ∈ 𝐻𝑝(𝑋;𝑅) and 𝑏 ∈ 𝐻𝑞(𝑌;𝑅):

𝑎 ⌣ 𝑏 = Δ∗𝑋(𝑎 × 𝑏)
= Δ∗𝑋𝑇∗𝑋,𝑋(𝑎 × 𝑏)
= (−1)𝑝𝑞 ⋅ Δ∗𝑋(𝑏 × 𝑎)
= (−1)𝑝𝑞 ⋅ (𝑏 ⌣ 𝑎).

As onemight expect, associativity and unitality are shown by establishing
analogous statements for the cross product similar to lemma 1.8.7, such as
(𝑎×𝑏)×𝑐 = 𝑎×(𝑏×𝑐) for 𝑎 ∈ 𝐻•(𝑋;𝑅), 𝑏 ∈ 𝐻•(𝑌;𝑅), and 𝑐 ∈ 𝐻•(𝑍;𝑅), and
then use properties of the diagonal, e.g. (id𝑋 ×Δ𝑋) ∘ Δ𝑋 = (Δ𝑋 × id𝑋) ∘ Δ𝑋.

Proposition 1.8.8. Let 𝑓∶ 𝑋→ 𝑌 be a map of spaces. Then𝐻•(𝑓;𝑅) is a
morphism of algebras. Thus,𝐻•(−;𝑅) becomes a homotopy-invariant‘Homotopy-invariant’

means 𝑓 ≃ 𝑓′ implies
𝐻•(𝑓;𝑅) = 𝐻•(𝑓′; 𝑅),

which we already know
from proposition 1.3.5.

functor
from Topop to the category of graded-commutative 𝑅-algebras.

Proof. The diagonal satisfies Δ𝑌 ∘ 𝑓 = (𝑓 ×𝑓) ∘ Δ𝑋, so by the naturality of
the cross product, we have, for each 𝑎, 𝑏 ∈ 𝐻•(𝑌;𝑅),

𝑓∗(𝑎 ⌣ 𝑏) = 𝑓∗Δ∗𝑌(𝑎 × 𝑏)
= Δ∗𝑋(𝑓 × 𝑓)∗(𝑎 × 𝑏)
= Δ∗𝑋(𝑓∗𝑎 ×𝑓∗𝑏)
= 𝑓∗𝑎 ⌣ 𝑓∗𝑏.

Using that𝐻0(−;𝑅) ≅Map(𝜋0(−),𝑅) is natural, 𝑓∗1𝑌 corresponds to the
map 𝜋0(𝑋) → 𝑅 given by precomposing [𝑦] ↦ 1 with 𝜋0(𝑓), and this map
sends each path-component of𝑋 to 1. This shows 𝑓∗1𝑌 = 1𝑋.
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Example 1.8.9 (Cohomology ring of 𝑆𝑑). For each 𝑑 ⩾ 1, the graded mod-
ule𝐻•(𝑆𝑑; 𝑅) has a single free generator 𝑎 ≕ 𝑎1 in cohomological degree 𝑑,
and the unit 1 ≕ 𝑎0 is a free generator in degree 0; all further components
are trivial. By unitality, we get 𝑎𝑖 ⌣ 𝑎𝑗 = 𝑎𝑖+𝑗 for 𝑖 + 𝑗 ⩽ 1 and 𝑎𝑖 ⌣ 𝑎𝑗 = 0
else. Thus, each choice of generator 𝑎 provides an isomorphism of algebras

𝐻•(𝑆𝑑; 𝑅) ≅ Λ𝑅[𝑎], |𝑎| = 𝑑.

Next, we would like to understand the cohomology ring of the spaces
𝑆𝑝 × 𝑆𝑞. This leads us to the following algebraic construction:

Definition 1.8.10. Let 𝐺 and𝐻 be graded-commutative algebras. Then
we endow 𝐺⊗𝐻 with the structure of a graded-commutative algebra by

(𝑎 ⊗ 𝑏) ⋅ (𝑎′⊗ 𝑏′) ≔ (−1)𝑝𝑞 ⋅ (𝑎 ⋅ 𝑎′) ⊗ (𝑏 ⋅ 𝑏′)

for 𝑏 ∈ 𝐻𝑝 and 𝑎′∈ 𝐺𝑞. The unit is given by 1𝐺⊗𝐻 = 1𝐺 ⊗ 1𝐻.

Example 1.8.11. For symbols 𝑎 and 𝑏 with |𝑎| = 𝑝 and |𝑏| = 𝑞, we define

Λ𝑅[𝑎, 𝑏] ≔ Λ𝑅[𝑎] ⊗ Λ𝑅[𝑏].

If we abbreviate the generators 𝑎 ⊗ 1 and 1 ⊗ 𝑏 by 𝑎 and 𝑏, respectively, then
the module Λ𝑅[𝑎, 𝑏]𝑝+𝑞 is generated by their product 𝑎 ⋅ 𝑏 = (−1)𝑝𝑞 ⋅ (𝑏 ⋅ 𝑎).

Proposition 1.8.12. For any two spaces𝑋 and 𝑌, the cross-product

𝐻•(𝑋;𝑅) ⊗𝐻•(𝑌;𝑅) →𝐻•(𝑋 ×𝑌;𝑅)

is a morphism of graded-commutative algebras.

Proof. If 𝑇𝑋,𝑌∶ 𝑋 ×𝑌→ 𝑌×𝑋 is as in lemma 1.8.7 (only with the rôles of
𝑋 and 𝑌 interchanged), then we have commutative triangle

𝑋×𝑌

𝑋×𝑋×𝑌×𝑌 𝑋×𝑌×𝑋×𝑌

←

→
Δ𝑋×𝑌←→Δ𝑋×Δ𝑌

← →
𝑋×𝑇𝑋,𝑌×𝑌

This shows that for 𝑎, 𝑎′ ∈ 𝐻•(𝑋;𝑅) and 𝑏, 𝑏′ ∈ 𝐻•(𝑌;𝑅), with 𝑎′ in degree
𝑝, and 𝑏 in degree 𝑞, we have Here we also use the

aforementioned
associativity law for
the cross product.

1: The above triangle
2: Lemma 1.8.7
3: Naturality of ×

(𝑎 × 𝑏) ⌣ (𝑎′× 𝑏′) = Δ∗𝑋×𝑌(𝑎 × 𝑏 × 𝑎′× 𝑏′)
1
= (Δ𝑋 ×Δ𝑌)∗(𝑎 × 𝑇∗𝑋,𝑌(𝑏 × 𝑎′) × 𝑏′)
2
= (−1)𝑝𝑞 ⋅ (Δ𝑋 ×Δ𝑌)∗(𝑎 × 𝑎′× 𝑏 × 𝑏′)
3
= (−1)𝑝𝑞 ⋅ Δ∗𝑋(𝑎 × 𝑎′) × Δ∗𝑌(𝑏 × 𝑏′)
= (−1)𝑝𝑞 ⋅ (𝑎 ⌣ 𝑎′) × (𝑏 ⌣ 𝑏′).
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To show that 1𝑋 ×1𝑌 = 1𝑋×𝑌, let ∗ be the one-point space and let 𝑡𝑋∶ 𝑋→ ∗
be the terminal map for each 𝑋. Then we have 1𝑋 = 𝑡∗𝑋1∗ for each space.
Finally, we have 𝑡𝑋×𝑌 = 𝑡𝑋 × 𝑡𝑌, and so by naturality of the cross product

1𝑋 × 1𝑌 = 𝑡∗𝑋1∗ × 𝑡∗𝑌1∗ = (𝑡𝑋 × 𝑡𝑌)∗1∗ = 𝑡∗𝑋×𝑌1∗ = 1𝑋×𝑌.

Example 1.8.13 (Cohomology ring of 𝑆𝑝 × 𝑆𝑞). For 𝑝,𝑞 ⩾ 1, recall that

(−) × (−)∶ 𝐻•(𝑆𝑝; 𝑅) ⊗𝐻•(𝑆𝑞; 𝑅) →𝐻•(𝑆𝑝 × 𝑆𝑞; 𝑅)

is a morphism of graded-commutative algebras by proposition 1.8.12, but
also an isomorphism of graded modules by theorem 1.7.9 if 𝑅 is a principal
ideal domain, since𝐻•(𝑆𝑝; 𝑅) and𝐻•(𝑆𝑞; 𝑅) are degreewise free and finitely
generated. In combination with example 1.8.9, we hence get

𝐻•(𝑆𝑝 × 𝑆𝑞; 𝑅) ≅ Λ𝑅[𝑎, 𝑏], |𝑎| = 𝑝, |𝑏| = 𝑞.

Corollary 1.8.14. For each 𝑝,𝑞 ⩾ 1 and each map 𝑓∶ 𝑆𝑝+𝑞 → 𝑆𝑝 × 𝑆𝑞, the
induced map𝐻𝑛(𝑓;𝑅) is trivial for 𝑛 > 0 if 𝑅 is a principal ideal domain. In
particular, 𝑆𝑝 × 𝑆𝑞 is not homotopy-equivalent to the bouquet 𝑆𝑝 ∨ 𝑆𝑞 ∨ 𝑆𝑝+𝑞.

We point out that this last conclusion is new to us, since𝐻•(𝑆𝑝 × 𝑆𝑞; 𝑅)
and𝐻•(𝑆𝑝 ∨ 𝑆𝑞 ∨ 𝑆𝑝+𝑞; 𝑅) are isomorphic as graded modules.

Proof. Such a map can only be non-trivial in degree 𝑝 + 𝑞. However, the
module𝐻𝑝+𝑞(𝑆𝑝 × 𝑆𝑞; 𝑅) is generated by 𝑎 ⌣ 𝑏, where 𝑎 and 𝑏 are as in the
previous example. Then𝑓∗𝑎 = 0, just because𝐻𝑝(𝑆𝑝+𝑞; 𝑅) = 0, and hence

𝑓∗(𝑎 ⌣ 𝑏) = 𝑓∗𝑎 ⌣ 𝑓∗𝑏 = 0 ⌣ 𝑓∗𝑏 = 0.

For the addendum, note that the inclusion 𝑓∶ 𝑆𝑝+𝑞 → 𝑆𝑝 ∨ 𝑆𝑞 ∨ 𝑆𝑝+𝑞 has a
left-inverse by collapsing 𝑆𝑝 and 𝑆𝑞, and hence induces a surjective (and
hence non-trivial) map in𝐻𝑝+𝑞(−;ℤ).

Any non-trivial PID
instead of ℤ would

suffice here.

Outlook 1.8.15. We will show in corollary 2.4.2 that

Here 𝑅 can be any ring.

𝐻•(ℝP𝑑;ℤ2) ≅ ℤ2[𝑎]/(𝑎𝑑+1), |𝑎| = 1

𝐻•(ℂP𝑑; 𝑅) ≅ 𝑅[𝑎]/(𝑎𝑑+1), |𝑎| = 2

This then shows for example thatℂP2 is not homotopy-equivalent to 𝑆2∨𝑆4.

1 .9 Products in relative cohomology

One might wonder whether the construction of the cup product extends
to relative cohomology. Under certain extra conditions, this is indeed pos-
sible, and this is what this last section is about. A motivating goal for this
endeavour is the following statement:
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Proposition 1.9.1. If A space is called acyclic
if its reduced homology
is trivial in all degrees.
All contractible spaces
are acyclic.

𝑋 is the union of two open acyclic subsets, then all
cup products of elements of non-zero degree inside𝐻•(𝑋;𝑅) vanish.

Corollary 1.9.2. If𝑋 is homotopy-equivalent to the suspension of a space,
then all cup products of elements of non-zero degree inside𝐻•(𝑋;𝑅) vanish.

Proof. Each suspension can be covered by two open cones.

Corollary 1.9.3. For𝑝,𝑞 ⩾ 1, the space 𝑆𝑝×𝑆𝑞 is not homotopy-equivalent
to the suspension of a space.

Proof. We saw 𝐻•(𝑆𝑝 × 𝑆𝑞; 𝑅) ≅ Λ𝑅[𝑎, 𝑏] with |𝑎| = 𝑝 and |𝑏| = 𝑞, and so
𝑎 ⌣ 𝑏 ≠ 0, even though 𝑎 and 𝑏 have non-zero degree.

We prove proposition 1.9.1 at the end of this section. A main ingredient
for that is the aforementioned relative cup product, which we construct
now. In order to save space, we fix a commutative ring 𝑅 once and for all,
and write Recall that we wrote

𝑆•(−;𝑅) for 𝑆•(−) ⊗ℤ 𝑅.
𝑆•(−) ≔ 𝑆•(−;𝑅) for the scope of this section.

Definition 1.9.4. Let (𝑋,𝐴) and (𝑌,𝐵) be topological pairs. We define

(𝑋,𝐴) × (𝑌,𝐵) ≔ (𝑋×𝑌,𝐴 ×𝑌∪𝑋×𝐵).

Our goal is to compare 𝑆•(𝑋,𝐴) ⊗ 𝑆•(𝑌,𝐵) with 𝑆•((𝑋,𝐴) × (𝑌,𝐵)).

Construction 1.9.5. Since 𝑆•(−,−) = 𝑆•(−)/𝑆•(−), we have

Recall that ⊗
abbreviates ⊗𝑅.𝑆•(𝑋,𝐴) ⊗ 𝑆•(𝑌,𝐵) =

𝑆•(𝑋) ⊗ 𝑆•(𝑌)
𝑆•(𝐴) ⊗ 𝑆•(𝑌) + 𝑆•(𝑋) ⊗ 𝑆•(𝐵)

.

Because of its naturality, the Eilenberg–Zilber map sends the subcomplex
𝑆•(𝐴) ⊗ 𝑆•(𝑌) to the subcomplex 𝑆•(𝐴 ×𝑌), and similarly 𝑆•(𝑋) ⊗ 𝑆•(𝐵) to
𝑆•(𝑋×𝐵). The same holds the other way round for the Alexander–Whitney
map, and so we get a pair of maps

𝑆•(𝑋,𝐴) ⊗ 𝑆•(𝑌,𝐵)
𝑆•(𝑋 ×𝑌)

𝑆•(𝐴 ×𝑌) + 𝑆•(𝑋 × 𝐵)

←→EZ←→AW
(⋆)

Since also the chain homotopies that exhibit the ‘absolute’ Eilenberg–Zilber
andAlexander–Whitneymaps as chain homotopy inverses of each other are
natural, they descend to chain homotopies showing that the above induced
maps are chain homotopy inverses of each other.

The right side of (⋆), however, is not yet quite the singular chain complex
of (𝑋,𝐴)× (𝑌,𝐵). The subcomplex 𝑆•(𝐴×𝑌)+𝑆•(𝑋×𝐵) is contained inside
the subcomplex 𝑆•(𝐴 ×𝑌∪𝑋×𝐵), and hence we get a quotient map

𝜋∶ 𝑆•(𝑋 ×𝑌)
𝑆•(𝐴 ×𝑌) + 𝑆•(𝑋 × 𝐵)

⟶𝑆•((𝑋,𝐴) × (𝑌,𝐵)).
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Lemma 1.9.6. If {𝐴 ×𝑌,𝑋 ×𝐵} is a cover of 𝐴×𝑌∪𝑋×𝐵, then 𝜋 induces
an isomorphism in homology.

This lemma is the main
ingredient for the proof
of the relative Künneth

theorem in homology, as
stated in AT:V.8.4:2.

Proof. Call that coverA. Then the subcomplex 𝑆A• (𝐴×𝑌∪𝑋×𝐵) spanned
byA-small simplices (as in the proof of excision) is precisely the subcomplex
𝑆•(𝐴 ×𝑌) + 𝑆•(𝑋 × 𝐵). By the locality principle, the inclusion

AT:III.8.5 𝑆•(𝐴 ×𝑌) + 𝑆•(𝑋 × 𝐵) ↪ 𝑆•(𝐴 ×𝑌∪𝑋×𝐵)

induces an isomorphism in homology. Now the claim follows as an applica-
tion of the five lemma, which we leave as an exercise.

We point out that if both 𝐴 ⊆ 𝑋 and 𝐵 ⊆ 𝑌 are open, then {𝐴 ×𝑌,𝑋 ×𝐵}
is automatically a cover of𝐴×𝑌∪𝑋×𝐵. Moreover, if either𝐴 or 𝐵 is empty,
then {𝐴 ×𝑌,𝑋 ×𝐵} is trivially a cover (in that case 𝜋 is just the identity).

Construction 1.9.7. Let (𝑋,𝐴) and (𝑌,𝐵) be pairs of spaces such that
{𝐴 ×𝑌,𝑋 ×𝐵} is a cover of 𝐴×𝑌∪𝑋×𝐵. We define the cross product

Through the universal
coefficient theorem

(over the ring ℤ as in
the proof of excision),

lemma 1.9.6 implies that
𝐻(𝜋∗) an isomorphism.

(−) × (−)∶ 𝐻•(𝑋,𝐴;𝑅) ⊗𝐻•(𝑌,𝐵;𝑅) ← →𝜆 𝐻(𝑆•(𝑋,𝐴)∗ ⊗ 𝑆•(𝑌,𝐵)∗)

← →𝐻(𝜃) 𝐻((𝑆•(𝑋,𝐴) ⊗ 𝑆•(𝑌,𝐵))∗)

← →𝐻(AW∗) 𝐻∗(( 𝑆•(𝑋×𝑌)
𝑆•(𝐴×𝑌)+𝑆•(𝑋×𝐵)

)∗)

← →𝐻(𝜋∗)−1

𝐻•((𝑋,𝐴) × (𝑌,𝐵);𝑅)

Construction 1.9.8. Let

𝐴

𝐵
Δ𝑋(𝑋)

𝐴,𝐵 ⊆ 𝑋 be subspaces such that {𝐴 ×𝑋,𝑋×𝐵}
is a cover of 𝐴×𝑋∪𝑋×𝐵. Using that the diagonal Δ𝑋 is a map of pairs
(𝑋,𝐴 ∪ 𝐵) → (𝑋,𝐴) × (𝑋,𝐵), we define the cup product

(−) ⌣ (−)∶ 𝐻•(𝑋,𝐴;𝑅) ⊗𝐻•(𝑋,𝐵;𝑅) ← →× 𝐻•((𝑋,𝐴) × (𝑋,𝐵);𝑅)

← →
Δ∗𝑋 𝐻•(𝑋,𝐴 ∪ 𝐵;𝑅)

In the case of 𝐴,𝐵 = ∅, this recovers the old definition of the cup product.

Proof of proposition 1.9.1. Let 𝑈,𝑉 ⊆ 𝑋 be open and acylic with𝑋 = 𝑈∪𝑉.
Then {𝑈 ×𝑋,𝑋 ×𝑉} is a cover of 𝑈×𝑋∪𝑋×𝑉, and by the naturality of
the cup product, we get a commutative square for each 𝑝,𝑞 ∈ ℤ

𝐻𝑝(𝑋,𝑈;𝑅) ⊗𝐻𝑞(𝑋,𝑉;𝑅) 𝐻𝑝+𝑞(𝑋,𝑈 ∪𝑉;𝑅)

𝐻𝑝(𝑋;𝑅) ⊗𝐻𝑞(𝑋;𝑅) 𝐻𝑝+𝑞(𝑋;𝑅),

←→⌣

←→inc∗⊗ inc∗ ←→ inc∗

← →⌣

where each inc denotes an inclusion. The right top corner𝐻𝑝+𝑞(𝑋,𝑈∪𝑉;𝑅)
is trivial as 𝑈∪𝑉 = 𝑋, so in order to show that the bottom map is trivial, it
suffices to show that the left vertical map is surjective. Here we use that 𝑈
and𝑉 are acyclic, so𝐻𝑝(𝑋,𝑈;𝑅) →𝐻𝑝(𝑋;𝑅) and𝐻𝑞(𝑋,𝑉;𝑅) →𝐻𝑞(𝑋;𝑅)
are surjective for 𝑝,𝑞 ≠ 0 by the long exact sequence for pairs.

The tensor product of
two surjective maps is

again surjective.
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Poincaré duality     2
In Lecture 5this chapter, we study the singular homology and cohomology of a partic-
ularly well-behaved class of spaces: manifolds. Recall (e.g. from the lecture
course on Elementare Geometrie) that a 𝑑-dimensional manifold is a second-
countable Hausdorff space𝑀 admitting a cover by open subspaces that are
homeomorphic to ℝ𝑑. We have seen plenty of examples of manifolds: For
each 𝑑 ⩾ 0, the spaces ℝ𝑑, 𝑆𝑑, 𝑇𝑑, and ℝP𝑑 are 𝑑-dimensional manifolds,
and the space ℂP𝑑 is a 2𝑑-dimensional manifold.

Throughout this chapter, we fix a commutative ring 𝑅 ≠ 0. The central
goal of this chapter is to show that for any compact 𝑑-dimensional manifold
𝑀, each orientation

It might be quite
instructive to check
for which of the
aforementioned
manifolds the abelian
groups𝐻𝑛(𝑀) and
𝐻𝑑−𝑛(𝑀) are abstractly
isomorphic for all 𝑛.

(over the ring 𝑅) induces a family of isomorphisms
𝐻𝑛(𝑀;𝑅) →𝐻𝑑−𝑛(𝑀;𝑅); this phenomenon is called Poincaré duality. One
reason why this is interesting for us is that it will enable us to calculate the
cohomology rings of ℂP𝑑 (over each ring) and of ℝP𝑑 (over ℤ2).

2 . 1 Orientations

As mentioned before, the isomorphisms that constitute Poincaré duality are
induced by a so-called orientation of the manifold, and we have to define
what that means. In the lecture course on Elementare Geometrie, you have
encountered the notion of orientation for smooth subsurfaces of ℝ3. We
however need a definition that works in each dimension and is phrased in
homological terms. Hence we translate the old definition into our language:

Idea 2.1.1. Recall that an orientation of a smooth subsurface𝑀⊂ℝ3 is a
smooth map 𝜂∶ 𝑀→ℝ3 with ‖𝜂(𝑥)‖ = 1 and 𝜂(𝑥) ⟂ 𝑇𝑥𝑀 for each 𝑥 ∈𝑀.

⌄⌄

𝜂(𝑥)

𝑆𝑥

𝑥

The right-hand rule:
Here the straight arrow
represents the thumb
and the circle represents
the remaining fingers.

Using the ‘right-hand rule’ that is depicted on the margin, we can give
the following alternative definition: If we pick a small disc𝐷𝑥 ⊂𝑀 around
𝑥 ∈𝑀, with boundary 𝑆𝑥, then the normal vector 𝜂(𝑥) determines – and is
determined by – a direction of rotation for the circle 𝑆𝑥, which is the same
as a choice of generator for𝐻1(𝑆𝑥). Note that we have morphisms

𝐻1(𝑆𝑥) 𝐻1(𝐷𝑥 ∖ {𝑥}) 𝐻2(𝐷𝑥,𝐷𝑥 ∖ {𝑥}) 𝐻2(𝑀,𝑀∖ {𝑥}),

←→ ←→←→

𝜕2

all unlabelled arrows being induced by inclusions. One checks that all three
morphisms are isomorphisms, so a choice of generator of 𝐻1(𝑆𝑥) is the
same as a choice of generator of𝐻2(𝑀,𝑀∖ {𝑥}).

Thus, an orientation is the same as a family (𝜇𝑥)𝑥∈𝑀 of generators of
𝐻2(𝑀,𝑀∖ {𝑥}) that is ‘continuous’ in a reasonable sense.

To make the analogy
precise, we should say
‘smooth’ instead of
‘continuous’. However,
we do not require a
smooth structure in the
following discussion.

This definition
has two advantages: First, it is independent of how𝑀 lies inside ℝ3; and
second, it can easily be generalised to manifolds of arbitrary dimension.

23



In the remainder of this section, we turn that idea into a precise definition.

Notation 2.1.2. Let𝑋 be a space. For each subspace 𝐴 ⊆ 𝑋, we writeClasses in𝐻𝑛(𝑋|𝐴) are
represented by chains in
𝑋, but when it comes to

the differential, we
restrict our attention

to the subspace 𝐴.

𝑋|𝐴 ≔ (𝑋,𝑋∖𝐴).

For each 𝐵 ⊆ 𝐴, we have an induced map 𝜌𝐵∶ 𝐻𝑛(𝑋|𝐴; 𝑅) → 𝐻𝑛(𝑋|𝐵; 𝑅),
called restriction. For each 𝑥 ∈ 𝑋, we abbreviate𝑋|𝑥 ≔𝑋|{𝑥}, and 𝜌𝑥 ≔ 𝜌{𝑥}.
We call𝐻𝑛(𝑋|𝑥; 𝑅) the 𝑛th local homology of𝑋 at 𝑥.

Remark 2.1.3. Let 𝑋 be a space and let 𝐴 ⊆ 𝑈 ⊆ 𝑋 be subspaces. Then
we have an inclusion map 𝑈|𝐴 →𝑋|𝐴. The excision property

It might be a good
exercise to show that

this is indeed an
instance of excision.

tells us that
if 𝐴̄ ⊆ 𝑈̊ holds, then the induced map 𝐻𝑛(𝑈|𝐴; 𝑅) → 𝐻𝑛(𝑋|𝐴; 𝑅) is an
isomorphism for each 𝑛 ∈ ℤ.

Lemma 2.1.4. Let𝑀 be a 𝑑-dimensional manifold. For each 𝑥 ∈ 𝑀, the
𝑅-module𝐻𝑛(𝑀|𝑥; 𝑅) is isomorphic to 𝑅 for 𝑛 = 𝑑 and trivial else.

Proof. We start by noting that the statement is true for𝑀=ℝ𝑑 and 𝑥 = 0,
because 𝐻𝑛(ℝ𝑑|0; 𝑅) is isomorphic to 𝐻̃𝑛−1(ℝ𝑑 ∖ {0};𝑅) by the reduced
long exact sequence forℝ𝑑|0, andℝ𝑑 ∖ {0} is homotopy-equivalent to 𝑆𝑑−1.

In the general case, we find an open subspace 𝑈 ⊆𝑀 with 𝑥 ∈ 𝑈 and a
homeomorphism 𝜙∶ 𝑈→ℝ𝑑 with 𝜙(𝑥) = 0. Then 𝜙 induces an isomorph-
ism of pairs 𝑈|𝑥 →ℝ𝑑|0, and so we have the following maps

𝐻𝑛(𝑀|𝑥; 𝑅) 𝐻𝑛(𝑈|𝑥; 𝑅) 𝐻𝑛(ℝ𝑑|0; 𝑅).←→𝑈⊆𝑀 ←→
𝐻𝑛(𝜙∶𝑅)
≅

Finally, we note that
Here we use that𝑀 is
Hausdorff, so that the

subset {𝑥} is closed.
{𝑥} = {𝑥} ⊆ 𝑈 = 𝑈̊ holds, so by excision (in the form

of remark 2.1.3), the left map is an isomorphism as well.

Definition 2.1.5. Let𝑀 be a 𝑑-dimensional manifold. An 𝑅-orientation
of𝑀 is a family 𝜇 ≔ (𝜇𝑥)𝑥∈𝑀 of elements 𝜇𝑥 ∈ 𝐻𝑑(𝑀|𝑥; 𝑅) such that:

1. For each 𝑥 ∈𝑀, the class 𝜇𝑥 generates𝐻𝑑(𝑀|𝑥; 𝑅).
2. There is an open coverU of𝑀 and a class 𝜇𝑈 ∈ 𝐻𝑑(𝑀|𝑈; 𝑅) for each
𝑈 ∈U such that 𝜇𝑥 = 𝜌𝑥(𝜇𝑈) holds for each 𝑥 ∈ 𝑈.

The second property is often called continuity of the family 𝜇.

There is a topology on
∐𝑥∈𝑀𝐻𝑑(𝑀|𝑥; 𝑅) such

that condition 2 is
equivalent to the
continuity of the

assignment 𝑥↦ 𝜇𝑥.
If𝑀 admits

an 𝑅-orientation, then we say that𝑀 is 𝑅-orientable.

Example 2.1.6 (Orientation ofℝ𝑑). WeThe same works
for each Lie group.

construct an 𝑅-orientation onℝ𝑑

as follows: Let 𝜇0 ∈ 𝐻𝑑(ℝ𝑑|0; 𝑅) be some generator. For each point 𝑥 ∈ ℝ𝑑,
the translation map 𝜃𝑥∶ 𝑧 ↦ 𝑧 + 𝑥 can be regarded as an isomorphism of
pairs ℝ𝑑|0 →ℝ𝑑|𝑥 and we put 𝜇𝑥 ≔𝐻𝑑(𝜃𝑥; 𝑅)(𝜇0) ∈ 𝐻𝑑(ℝ𝑑|𝑥; 𝑅).

Proof. For each 𝑥 ∈ ℝ𝑑, the class 𝜇𝑥 is again a generator because 𝜃𝑥 is an
isomorphism of pairs. We are left to check continuity. To do so, we cover
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ℝ𝑑 by open balls of the form {𝑥 ∈ ℝ𝑑 ∶ ‖𝑥‖ < 𝑟} with 𝑟 > 0. For each such
ball 𝐵, the inclusion mapℝ𝑑 ∖𝐵→ℝ𝑑 ∖ {0} is a homotopy-equivalence, so
the restriction 𝜌0∶ 𝐻𝑑(ℝ𝑑|𝐵; 𝑅) → 𝐻𝑑(ℝ𝑑|0; 𝑅) is an isomorphism by the
five lemma, and we define 𝜇𝐵 ≔ 𝜌−1(𝜇0). For each 𝑥 ∈ 𝐵, the inclusion of
pairs ℝ𝑑|𝐵 →ℝ𝑑|𝑥 is homotopic to the inclusionℝ𝑑|𝐵 →ℝ𝑑|0 followed by
the translation map 𝜃𝑥, as witnessed by the homotopy If 𝑧 ∉ 𝐵, then 𝜂𝑠(𝑧) ≠ 𝑥.𝜂𝑠(𝑧) = 𝑧+ 𝑠 ⋅ 𝑥. This
finally leads to the chain of equalities

𝜇𝑥 = 𝐻𝑑(𝜃𝑥; 𝑅)(𝜇0) = 𝐻𝑑(𝜃𝑥; 𝑅)(𝜌0(𝜇𝐵)) = 𝜌𝑥(𝜇𝐵).

The 𝑅-orientation in example 2.1.6 involves a choice of generator 𝜇0. One
might wonder if we find all orientations by varying that single choice. The
answer is given by the following more general proposition:

Proposition 2.1.7. Let Note that we have to
assume that𝑀 is
connected. For us, this
includes the assumption
that𝑀 is non-empty.

𝑀 be a connected 𝑑-dimensional manifold. Then
each 𝑅-orientation 𝜇 defines a bijection between the set 𝑅× ⊂ 𝑅 of invertible
scalars and the set of 𝑅-orientations of𝑀 by taking 𝑟 ∈ 𝑅× to (𝑟 ⋅ 𝜇𝑥)𝑥∈𝑀.

Note that this bijection requires the existence of an 𝑅-orientation. Put
differently, a connectedmanifold either has no orientation at all, or precisely
as many orientations as 𝑅 has invertible elements. Proving proposition 2.1.7
is exercise 4.2 and requires the following lemma, which states that from a
homological perspective, points can be replaced by arbitrarily small balls:

Lemma 2.1.8. Let𝑀 be a 𝑑-dimensional manifold and let 𝑥0 ∈𝑀. For each
neighbourhood𝑊 of 𝑥0, we find an open neighbourhood 𝐵 of 𝑥0 inside𝑊
such that 𝜌𝑥∶ 𝐻𝑑(𝑀|𝐵; 𝑅) →𝐻𝑑(𝑀|𝑥; 𝑅) is an isomorphism for each 𝑥 ∈ 𝐵.

Proof. We start by noting that the statement is true for𝑀=ℝ𝑑 and 𝑥0 = 0
because every neighbourhood𝑊 around 0 contains an open ball𝐵 around 0,
and ℝ𝑑|𝐵 →ℝ𝑑|𝑥 induces an isomorphism in homology for each 𝑦 ∈ 𝐵 by
the same five lemma argument as in example 2.1.6. The rest of the argument
is an application of excision as in the proof of lemma 2.1.4.

In the case of 𝑅 = ℤ, proposition 2.1.7 tells us that each connected mani-
fold𝑀 has either no ℤ-orientation or precisely two (due to the fact that ℤ
has two invertible scalars, namely 1 and −1). In the case of 𝑅 = ℤ2, we can
use that ℤ2 has only one invertible scalar to provide a stronger statement:

Proposition 2.1.9. Each manifold has precisely one ℤ2-orientation.

Proof. Call that manifold𝑀. Then each𝐻𝑑(𝑀|𝑥;ℤ2) is isomorphic to ℤ2
and thus has precisely one generator, whichwe call𝜇𝑥.We show that the fam-
ily (𝜇𝑥)𝑥∈𝑀 is continuous: By lemma 2.1.8 Here the neighbourhood

𝑊mentioned in
lemma 2.1.8 is𝑀 itself.

we find an open neighbourhood𝐵
around any point 𝑥0 such that such that 𝜌𝑥∶ 𝐻𝑑(𝑀|𝐵;ℤ2) →𝐻𝑑(𝑀|𝑥;ℤ2)
is an isomorphism for each 𝑥 ∈ 𝐵. If we set 𝜇𝐵 ≔ 𝜌−1𝑥0 (𝜇𝑥0 ), then each 𝜌𝑥(𝜇𝑈)
is a generator of𝐻𝑑(𝑀|𝑥;ℤ2), and hence must agree with 𝜇𝑥. Doing this
for each 𝑥0 ∈𝑀, we arrive at the desired cover.
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In particular, each manifold is orientable with respect to the ring ℤ2.
On the other side of the spectrum, orientability with respect to the ring ℤ
implies orientability with respect to each other commutative ring:

Remark 2.1.10. If 𝜇 is a ℤ-orientation of a 𝑑-dimensional manifold𝑀,
then1𝑅 is the unit in 𝑅. (𝜆(𝜇𝑥⊗1𝑅))𝑥∈𝑀 is an𝑅-orientation,where𝜆∶ 𝐻𝑑(−) ⊗ℤ 𝑅→𝐻𝑑(−;𝑅)
is the natural map from the universal coefficient theorem. Thus, if𝑀 is
ℤ-orientable, then𝑀 is 𝑅-orientable for each 𝑅.

We therefore call𝑀 just orientable if𝑀 isℤ-orientable, and use the word
orientation when referring to a ℤ-orientation.

Proof. For each 𝑥 ∈𝑀, the homology group𝐻𝑑−1(𝑀|𝑥) is trivial by virtue
of lemma 2.1.4, and so the map 𝜆∶ 𝐻𝑑(𝑀|𝑥) ⊗ℤ 𝑅→𝐻𝑑(𝑀|𝑥; 𝑅) is an iso-
morphism by the universal coefficient theorem. This shows that 𝜆(𝜇𝑥 ⊗ 1𝑅)
generates𝐻𝑑(𝑀|𝑥; 𝑅) for each 𝑥. We show continuity as follows: LetU and
(𝜇𝑈)𝑈∈U be a witness that 𝜇 is continuous. By naturality of 𝜆, we get,

Here we use the symbol
𝜌𝑦 for the restriction

maps in both
𝐻𝑑(−) and𝐻𝑑(−;𝑅).

for
each 𝑈 ∈U and each 𝑥 ∈ 𝑈, the equality

𝜌𝑥(𝜆(𝜇𝑈 ⊗ 1𝑅)) = 𝜆(𝜌𝑥(𝜇𝑈) ⊗ 1𝑅) = 𝜆(𝜇𝑥 ⊗ 1𝑅).

Example 2.1.11 (Orientation of 𝑆𝑑). For each 𝑑 ⩾ 1, recall that𝐻𝑑(𝑆𝑑; 𝑅)
is isomorphic to 𝑅. Moreover, the restriction 𝜌𝑥∶ 𝐻𝑑(𝑆𝑑; 𝑅) →𝐻𝑑(𝑆𝑑|𝑥; 𝑅)
is an isomorphism for each 𝑥 ∈ 𝑆𝑑. Therefore, each choice of generator
[𝑆𝑑] ∈ 𝐻𝑑(𝑆𝑑; 𝑅) gives rise to an orientation 𝜇 of 𝑆𝑑 with 𝜇𝑥 ≔ 𝜌𝑥([𝑆𝑑]).

Proof. For each 𝑥 ∈ 𝑆𝑑, the subspace 𝑆𝑑 ∖ {𝑥} is homeomorphic to ℝ𝑑 by a
stereographic projection, and hence contractible. By inspecting the reduced
long exact sequence for the pair 𝑆𝑑|𝑥, and using that 𝐻̃𝑑 = 𝐻𝑑 as 𝑑 ⩾ 1, we
conclude that 𝜌𝑥∶ 𝐻𝑑(𝑆𝑑; 𝑅) →𝐻𝑑(𝑆𝑑|𝑥; 𝑅) is indeed an isomorphism.

This shows that each 𝜇𝑥 is a generator of 𝐻𝑑(𝑆𝑑|𝑥; 𝑅). Continuity is
satisfied by construction: Let U ≔ {𝑆𝑑} and 𝜇𝑆𝑑 ≔ [𝑆𝑑], then 𝜇𝑥 = 𝜌𝑥(𝜇𝑆𝑑 )
holds for each point 𝑥 ∈ 𝑆𝑑.

Example 2.1.11 can easily be adapted to the manifolds 𝑇𝑑 and ℂP𝑑, using
that𝐻𝑑(𝑇𝑑; 𝑅) and𝐻2𝑑(ℂP𝑑; 𝑅) are isomorphic to 𝑅. This will be studied
more systematically in the next section.

2 .2 The fundamental class

In example 2.1.11, we saw that each orientation on 𝑆𝑑 is induced by a gener-
ator of𝐻𝑑(𝑆𝑑; 𝑅). This is not the case in example 2.1.6, where𝐻𝑑(ℝ𝑑; 𝑅) = 0.
The essential difference between these two examples is that 𝑆𝑑 is compact
andℝ𝑑 is not. This leads us to the following central theorem of this section:
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Theorem 2.2.1. Let𝑀 be a 𝑑-dimensional manifold with an 𝑅-orientation
𝜇. If𝑀 is compact, then there is a unique homology class [𝑀] ∈ 𝐻𝑑(𝑀;𝑅)
such that 𝜇𝑥 = 𝜌𝑥([𝑀]) holds for each 𝑥 ∈𝑀.

When it comes to terminology, here is a word of warning: One often
considers a more general notion of manifolds, which are allowed to have
‘boundary’.

𝐷𝑑 is a ‘manifold with
boundary’, but not
a manifold for us.In that context, ‘compact manifolds without boundary’ (the

manifolds theorem 2.2.1 is about) are usually called ‘closed manifolds’. »geschlossen«, not
»abgeschlossen«.

Definition 2.2.2. The unique homology class [𝑀] ∈ 𝐻𝑑(𝑀;𝑅) from
theorem 2.2.1 is called the fundamental class of𝑀. Keep in mind that the

fundamental class does
not only depend on𝑀,
but on the choice of
𝑅-orientation.

Theorem 2.2.1 is a special case of the following statement, which we will
need in that generality during the proof of Poincaré duality:

Proposition 2.2.3. Let𝑀 be a 𝑑-dimensional manifold with an 𝑅-orien-
tation 𝜇. Then for each compact subset 𝐾 ⊆ 𝑀, there is a unique element
𝜇𝐾 ∈ 𝐻𝑑(𝑀|𝐾; 𝑅) such that 𝜇𝑥 = 𝜌𝑥(𝜇𝐾) holds for all 𝑥 ∈ 𝐾.

The proof of proposition 2.2.3 requires the following relative version of
the Mayer–Vietoris sequence, which has not been discussed last semester:

Proposition 2.2.4 (Relative Mayer–Vietoris). Let 𝑋 be a space and let
𝐴,𝐵 ⊆ 𝑋 be subspaces such that {𝐴,𝐵} is a cover of 𝐴∪𝐵. Then we have a
long exact sequence of 𝑅-modules (abbreviating𝐻• ≔𝐻•(−;𝑅))

⋯ 𝐻𝑛+1(𝑋,𝐴) ⊕𝐻𝑛+1(𝑋,𝐵) 𝐻𝑛+1(𝑋,𝐴 ∪ 𝐵)

𝐻𝑛(𝑋,𝐴 ∩ 𝐵) 𝐻𝑛(𝑋,𝐴) ⊕𝐻𝑛(𝑋,𝐵) ⋯

← → ←→
𝚥𝐴∗ −𝚥𝐵∗ ←

→ ←→
(𝚤𝐴∗, 𝚤𝐵∗)

← →

where all instances of 𝚤 and 𝚥 are inclusions of pairs. We similarly have a long
exact sequence in cohomology with all arrows inverted.

Proof. Writing 𝑆• ≔ 𝑆•(−;𝑅), we have an exact sequence of chain complexes Exactness follows from
𝑆•(𝐴∩𝐵) = 𝑆•(𝐴)∩𝑆•(𝐵)
and the general fact that
for an 𝑅-module 𝐿 and
submodules 𝑃,𝑄 ⊆ 𝐿,
the diagonal map
𝐿→ 𝐿/𝑃 ⊕ 𝐿/𝑄 has
kernel 𝑃∩𝑄 and
cokernel the difference
projection to 𝐿/(𝑃 +𝑄).

0 → 𝑆•(𝑋,𝐴 ∩ 𝐵) → 𝑆•(𝑋,𝐴) ⊕ 𝑆•(𝑋,𝐵) →
𝑆•(𝑋)
𝑆•(𝐴) + 𝑆•(𝐵)

→ 0,

the firstmap given by 𝑐 ↦ (𝑐, 𝑐) and the secondmap given by (𝑐, 𝑐′) ↦ 𝑐−𝑐′.
The last term of the above sequence projects onto 𝑆•(𝑋,𝐴 ∪ 𝐵), and since
{𝐴,𝐵} is assumed to be a cover of 𝐴∪𝐵, the locality principle and the five
lemma tells us that this projection induces an isomorphism in homology.

This is the same
argument as in
lemma 1.9.6.

If we conjugate the long exact sequence induced by the above short exact
sequence with that isomorphism, we obtain the desired exact sequence.

To obtain the long exact sequence in cohomology, we note that the above
short exact sequence is degreewise split since 𝑆𝑛(𝑋)/(𝑆𝑛(𝐴) + 𝑆𝑛(𝐵)) is a
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free 𝑅-module, generated by all singular simplices that do not entirely lie in
𝐴 or in 𝐵. Thus, if we apply (−)∗ =Hom𝑅(−,𝑅) to the sequence, we obtain
a long exact sequence by remark 1.2.6.

Denoting the above projection by 𝜋𝑅, it remains to see that 𝜋∗𝑅 induces
an isomorphism in homology. Here we use that 𝜋𝑅 = 𝜋ℤ ⊗ℤ 𝑅, so under the
natural isomorphismHom𝑅((−) ⊗𝑅,𝑅) ≅Homℤ(−,𝑅) from corollary 1.1.7,
𝜋∗𝑅 is identified with Homℤ(𝜋ℤ, 𝑅). Now the claim follows from the uni-
versal coefficient theorem (over ℤ) and the five lemma.

Lemma 2.2.5. LetLecture 6 𝑀 be a 𝑑-dimensional manifold and let
The claim about𝐻𝑛>𝑑 is
needed in the inductive

proof of the lemma.

𝐾 ⊆ 𝑀 be a
compact subset. Then the following holds:

a. 𝐻𝑛(𝑀|𝐾; 𝑅) = 0 for 𝑛 > 𝑑.
b. The map (𝜌𝑥)𝑥∈𝐾∶ 𝐻𝑑(𝑀|𝐾; 𝑅) →∏𝑥∈𝐾𝐻𝑑(𝑀|𝑥; 𝑅) is injective.

Proof of proposition 2.2.3 assuming lemma 2.2.5. By the continuity of 𝜇, we
find an open cover U of𝑀 and classes 𝜇𝑈 ∈ 𝐻𝑑(𝑀|𝑈; 𝑅) for each 𝑈 ∈U
such that 𝜇𝑥 = 𝜌𝑥(𝜇𝑈) holds for each 𝑥 ∈ 𝑈.

As

Since𝑀 is locally
euclidean, we can cover
𝑀 by open balls 𝐵 such
that each 𝐵̄ is contained
in some 𝑈 ∈U . Then 𝐾

is covered by finitely
many subsets of the
form 𝐵∩𝐾, and the

closure of each of them
is compact and

contained in some 𝑈.

𝐾 is compact, we find a finite cover𝐾 = 𝐾1 ∪⋯∪𝐾𝑛 such that each
𝐾𝑖 is compact and contained in some 𝑈𝑖 ∈U , and we put 𝜇𝐾𝑖 ≔ 𝜌𝐾𝑖 (𝜇𝑈𝑖 ).
The goal is to ‘amalgamate’ all of them to 𝜇𝐾. This is done inductively: For
a fixed 𝑟 ⩽ 𝑛 let 𝐿 ≔ 𝐾1 ∪⋯∪𝐾𝑟−1 and assume 𝜇𝐿 ∈ 𝐻𝑑(𝑀|𝐿; 𝑅) such that
𝜇𝐾𝑖 = 𝜌𝐾𝑖 (𝜇𝐿) holds for each 𝑖 < 𝑟. Because𝑀∖𝐿 and𝑀∖𝐾𝑟 are open, the
Mayer–Vietoris sequence 2.2.4 for𝑀|𝐿∩𝐾𝑟 =𝑀|𝐿 ∪𝑀|𝐾𝑟 , tells us that

𝑀|𝐿 ∩𝑀|𝐾𝑟 =𝑀|𝐿∪𝐾𝑟 𝐻𝑑(𝑀|𝐿∪𝐾𝑟 ; 𝑅) →𝐻𝑑(𝑀|𝐿; 𝑅) ⊕𝐻𝑑(𝑀|𝐾𝑟 ; 𝑅) →𝐻𝑑(𝑀|𝐿∩𝐾𝑟 ; 𝑅)

is exact. The second arrow takes (𝜇𝐿, 𝜇𝐾𝑟 ) to 𝜌𝐿∩𝐾𝑟 (𝜇𝐿) − 𝜌𝐿∩𝐾𝑟 (𝜇𝐾𝑟 ). For
each point 𝑥 ∈ 𝐿 ∩ 𝐾𝑟, we see that 𝜌𝑥𝜌𝐿∩𝐾𝑟 (𝜇𝐿) = 𝜇𝑥 = 𝜌𝑥𝜌𝐿∩𝐾𝑟 (𝜇𝐾𝑟 ), so

We apply lemma 2.2.5 to
the compactum 𝐿 ∩𝐾𝑟.

lemma 2.2.5:b tells us that the above difference is 0. By exactness, we find
a class 𝜇𝐿∪𝐾𝑟 ∈ 𝐻𝑑(𝑀|𝐿∪𝐾𝑟 ; 𝑅) with 𝜌𝐿(𝜇𝐿∪𝐾𝑟 ) = 𝜇𝐿 and 𝜌𝐾𝑟 (𝜇𝐿∪𝐾𝑟 ) = 𝜇𝐾𝑟 .
This concludes the induction step, and after finitely many steps, we reach
𝜇𝐾. Finally, the uniqueness of 𝜇𝐾 follows directly from lemma 2.2.5:b.

The proof of lemma 2.2.5 relies on the following inductive principle:

Lemma 2.2.6 (Subset induction). Let𝑋 be a set and let A ⊆ 2𝑋 be a set of
subsets of𝑋. Let 𝑃 be a claim about subsetsThis means 𝑃 takes a

subset of𝑋 and returns
either ‘true’ or ‘false’.

of𝑋 and assume that:
• 𝑃 holds for each 𝐴 ∈A.
• If 𝑃 holds for 𝐴, 𝐵, and 𝐴∩𝐵, then 𝑃 holds for 𝐴∪𝐵.
• We have∅ ∈A, and if 𝐴,𝐵 ∈A, then 𝐴∩𝐵 ∈A.

Then 𝑃 holds for finite unions of subsets that belong to A.

Proof. We proceed by induction over the size 𝑟 of the union. Here the case
𝑟 = 0 holds true since∅ ∈A. For the induction step, assume that 𝑃 holds
for unions of size 𝑟 − 1. If 𝐴1,… ,𝐴𝑟 ∈A, then 𝑃 holds for 𝐴𝑟 ∈A and for
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𝐵 ≔ 𝐴1 ∪⋯∪𝐴𝑟−1 by the induction hypothesis. Moreover, each 𝐴𝑟 ∩𝐴𝑖
is an element of A, so again by the induction hypothesis, 𝑃 holds for the
union⋃𝑟−1𝑖=1 𝐴𝑟 ∩𝐴𝑖 = 𝐴𝑟 ∩𝐵. By the second assumption, it follows that 𝑃
holds for 𝐴𝑟 ∪𝐵 = 𝐴1 ∪⋯∪𝐴𝑟; this concludes the induction step.

Proof of lemma 2.2.5. We proceed in five steps as follows:
1. The claim holds for𝑀=ℝ𝑑 if 𝐾 is convex.
2. If the claim holds for 𝐾,𝐿 ⊆𝑀 and 𝐾∩𝐿, then it holds for 𝐾∪𝐿.
3. The claim holds for𝑀=ℝ𝑑 and 𝐾 a finite union of convex sets.
4. The claim holds for𝑀=ℝ𝑑 and general 𝐾.
5. The claim holds for general𝑀 and 𝐾.

Step 1: Applying If 𝐾 is empty, then the
claim holds because
𝐻𝑛(𝑀|∅; 𝑅) = 0 for all 𝑛.

a translation if necessary, we may assume that 𝐾 contains
0, and we show that the inclusions of pairsℝ𝑑|𝐾 →ℝ𝑑|0 induces isomorph-
isms in homology, which already shows the claim. In order to do so, we
note that since𝐾 is bounded, we may assume that𝐾 lies inside the open
unit ball. We then have, for each 𝑛 ∈ ℤ, a commutative diagram

𝐻𝑛(𝐷𝑑|𝐾; 𝑅) 𝐻𝑛(ℝ𝑑|𝐾; 𝑅)

𝐻𝑛(𝐷𝑑, 𝑆𝑑−1; 𝑅)

𝐻𝑛(𝐷𝑑|0; 𝑅) 𝐻𝑛(ℝ𝑑|0; 𝑅),

←→

←→ ←→

←→

←→ ←→

where all maps are induced by inclusions. As the two horizontal arrows
in the square are isomorphisms by excision, it suffices to show that the
middle vertical map is bijective. As the lower diagonal map in the triangle
is bijective, we only have to show that the upper diagonal map is bijective.

This,

⌄
⌄

⌄⌄⌄

⌄
⌄
⌄

⌄ ⌄ ⌄

⌄however, follows by the five lemma from the fact that the inclusion
𝑆𝑑−1 ⊂ 𝐷𝑑 ∖𝐾 is an equivalence, as witnessed by the deformation retraction

Here we use that 𝐾 is
convex to ensure that if
𝑥 ∉ 𝐾, then 𝜂𝑠(𝑥) ∉ 𝐾
for each 𝑠 ∈ [0, 1].

𝜌𝑠(𝑥) = (1 − 𝑠) ⋅ 𝑥 + 𝑠 ⋅
𝑥
‖𝑥‖
.

Step 2: Since𝑀∖𝐾 and𝑀∖𝐿 are open, we have aMayer–Vietoris sequence
2.2.4 which for each 𝑛 ∈ ℤ in particular provides an exact sequence

𝐻𝑛+1(𝑀|𝐾∩𝐿; 𝑅) →𝐻𝑛(𝑀|𝐾∪𝐿; 𝑅) →𝐻𝑛(𝑀|𝐾) ⊕𝐻𝑛(𝑀|𝐿; 𝑅)

If 𝑛 > 𝑑, then𝐻𝑛(𝑀|𝐾∪𝐿; 𝑅) is surrounded by trivial modules and hence
itself trivial. In the case 𝑛 = 𝑑, we see that since𝐻𝑑+1(𝑀|𝐾∩𝐿; 𝑅) is trivial, Here we use that we

prove a and b at the
same time.

the
map𝐻𝑑(𝑀|𝐾∪𝐿; 𝑅) →𝐻𝑑(𝑀|𝐾; 𝑅)⊕𝐻𝑑(𝑀|𝐿; 𝑅) taking 𝑢 to (𝜌𝐾(𝑢), 𝜌𝐿(𝑢))
is injective. Hence, if 𝑢 ≠ 0, then either 𝜌𝐾(𝑢) ≠ 0 or 𝜌𝐿(𝑢) ≠ 0, and hence
we find a point 𝑥 either in 𝐾 or in 𝐿, i.e. in 𝐾∪𝐿, such that 𝜌𝑥(𝑢) ≠ 0.

Step 3: Using that intersections of convex and compact subsets are again
convex and compact, this step follows by subset induction 2.2.6, where steps
1 and 2 cover the first two assumptions of this inductive principle.
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Step 4: The goal is to show that for each 𝑢 ∈ 𝐻𝑛(ℝ𝑑|𝐾; 𝑅), we find a finite
union 𝐵 ⊇ 𝐾 of closed balls 𝐵1,… ,𝐵𝑘 with 𝐵𝑖 ∩𝐾 ≠ ∅ for each 𝑖, and a
class 𝑢̂ ∈ 𝐻𝑛(ℝ𝑑|𝐵; 𝑅) with 𝑢 = 𝜌𝐾(𝑢̂). Then we can use step 3Balls are convex. to see that
for 𝑛 > 𝑑, we have 𝐻𝑛(ℝ𝑑|𝐵; 𝑅) = 0, and so 𝑢 = 0. Secondly, if 𝑛 = 𝑑 and
𝑢 ≠ 0, then 𝑢̂ ≠ 0, so by step 3, there is an 𝑖 and an 𝑥 ∈ 𝐵𝑖 with 𝜌𝑥(𝑢̂) ≠ 0.
This shows that 𝜌𝐵𝑖 (𝑢̂) ≠ 0. Since 𝐵𝑖 ∩𝐾 ≠ ∅, we find a point 𝑦 ∈ 𝐵𝑖 ∩𝐾,
and because 𝜌𝑦∶ 𝐻𝑑(ℝ𝑑|𝐵𝑖 ; 𝑅) →𝐻𝑑(ℝ

𝑑|𝑦; 𝑅) is an isomorphism,

This holds for any point
𝑦 ∈ 𝐵𝑖, again because
ℝ𝑑 ∖𝐵𝑖 ↪ℝ𝑑 ∖ {𝑦} is a
homotopy-equivalence. it follows

that 𝜌𝑦(𝑢) = 𝜌𝑦𝜌𝐾(𝑢̂) = 𝜌𝑦𝜌𝐵𝑖 (𝑢̂) is non-trivial as desired.
We

Exercise 5.4 in AT.
still have to construct 𝐵 and 𝑢̂. To do so, recall that 𝑢 is represented by

a chain 𝑐 ∈ 𝑆𝑛(ℝ𝑑) ⊗ℤ 𝑅 such that

𝐾

𝐿
𝐵1 𝐵2

𝐵3

𝑑𝑐 ∈ 𝑆𝑛−1(ℝ𝑑 ∖𝐾) ⊗ℤ 𝑅. Therefore, we
can find singular simplices 𝜎𝑗∶ Δ𝑛−1 →ℝ𝑑 ∖𝐾 and scalars 𝑎𝑗 ∈ 𝑅 such that
𝑑𝑐 = ∑𝑟𝑗=1 𝜎𝑗 ⊗ 𝑎𝑗. Then 𝐿 ≔ ⋃𝑟𝑗=1 im(𝜎𝑗) is a finite union of compact subsets,
and so 𝑈≔ ℝ𝑑 ∖ 𝐿 is open. Around each 𝑥 ∈ 𝑈, we find an open ball such
that its closure is contained in 𝑈; this constitutes an open cover of 𝑈. The
compactum𝐾 ⊆ 𝑈 is covered by finitely many such balls, whose closures we
call 𝐵1,… ,𝐵𝑘, and we put 𝐵 ≔ 𝐵1 ∪⋯∪𝐵𝑘 ⊆ 𝑈. We can assume that each
𝐵𝑖 intersects𝐾 non-trivially; otherwise we just omit that ball. By definition
of 𝐿, the chain 𝑑𝑐 even lies in 𝑆𝑛−1(𝐿) ⊗ℤ 𝑅 ⊆ 𝑆𝑛−1(ℝ𝑑 ∖𝐵) ⊗ℤ 𝑅, and so 𝑐
even represents a class 𝑢̂ ∈ 𝐻𝑛(ℝ𝑑|𝐵; 𝑅), satisfying 𝜌𝐾(𝑢̂) = 𝑢 as desired.

Step 5: We find an open coverU of𝑀 by subsets homeomorphic toℝ𝑑. As
in the proof of proposition 2.2.3,

This part of the proof of
proposition 2.2.3 did not

use the lemma at all.
we cover 𝐾 by finitely many compact sub-

sets𝐾1,… ,𝐾𝑟, each of which lying inside some𝑈 ∈U . It then follows from
excision and step 4 that the claim holds for each𝐾𝑖, and it follows by subset
induction

We do subset induction
for the set of compact
subsets of 𝐾 that lie in

some 𝑈 ∈U .

2.2.6 and step 2 that the claim holds for 𝐾 = 𝐾1 ∪⋯∪𝐾𝑟.

In the remainder of this section, we discuss the case where𝑀 is a compact
and connected 𝑑-dimensional manifold.

Proposition 2.2.7. Let 𝑀 be a compact and connected 𝑑-dimensional
manifold with an 𝑅-orientation 𝜇. Then𝐻𝑑(𝑀;𝑅) is freely generated by the
fundamental class [𝑀], in particular isomorphic to 𝑅 as an 𝑅-module.

Lemma 2.2.8. Let𝑀 be a compact and connected 𝑑-dimensional manifold.
Then for each 𝑥 ∈𝑀, the map 𝜌𝑥∶ 𝐻𝑑(𝑀;𝑅) →𝐻𝑑(𝑀|𝑥; 𝑅) is injective.

Proof of lemma 2.2.8. Let 𝑢 ∈ 𝐻𝑑(𝑀;𝑅) with 𝜌𝑥(𝑢) = 0. Moreover, let 𝑆 be
the set of all points 𝑦 ∈ 𝑀 such that 𝜌𝑦(𝑢) = 0. It is our goal to show that
𝑆 =𝑀; then we can apply lemma 2.2.5:b to conclude that 𝑢 = 0.

To do so, we note that each 𝑦 is contained in some small ball 𝐵 as in
lemma 2.1.8. For each 𝑧 ∈ 𝐵, the restrictionThe superscript 𝐵

indicates that the source
of the restriction is
𝐻𝑑(𝑀|𝐵; 𝑅).

𝜌𝐵𝑧 ∶ 𝐻𝑑(𝑀|𝐵; 𝑅) →𝐻𝑑(𝑀|𝑧; 𝑅)
is an isomorphism and we have 𝜌𝑧(𝑢) = 𝜌𝐵𝑧 (𝜌𝐵𝑦)−1𝜌𝑦(𝑢). This shows that
𝑦 ∈ 𝑆 if and only if 𝐵 ⊆ 𝑆 and 𝑦 ∈ 𝑀∖ 𝑆 if and only if 𝐵 ⊆𝑀∖ 𝑆, in other
words: both 𝑆 and𝑀∖𝑆 are open. Since𝑀 is connected and 𝑆 contains at
least one point (namely 𝑥), it indeed follows that 𝑆 =𝑀.
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Proof of proposition 2.2.7. For each point 𝑥 ∈𝑀, the restriction morphism As𝑀 is connected, we
have in particular
𝑀≠∅.

𝐻𝑑(𝑀;𝑅) →𝐻𝑑(𝑀|𝑥; 𝑅) is injective by lemma 2.2.8. As it takes [𝑀] to the
generator 𝜇𝑥, it is also surjective and therefore an isomorphism. This shows
that𝐻𝑑(𝑀;𝑅) is freely generated by [𝑀].

Proposition 2.2.9. Let𝑀 be a compact, connected 𝑑-dimensional mani-
fold. If 𝑅 has no zero divisors, 𝑅 has no zero divisors if

𝑟 ⋅ 𝑠 = 0 implies that
𝑟 = 0 or 𝑠 = 0 holds. This
is e.g. satisfied by ℤ,ℚ,
and ℤ𝑝 for 𝑝 a prime.

then the following statements are equivalent:
1. 𝑀 is 𝑅-orientable.
2. 𝐻𝑑(𝑀;𝑅) is isomorphic to 𝑅.
3. 𝐻𝑑(𝑀;𝑅) is non-trivial.

Proof. Statement 1 implies statement 2 by proposition 2.2.7, and statement
2 implies statement 3 because 𝑅 was assumed to be non-trivial. It remains
to show that if𝐻𝑑(𝑀;𝑅) is non-trivial, then𝑀 has an 𝑅-orientation.

To do so, fix a point 𝑦 ∈ 𝑀, a generator 𝜇𝑦 ∈ 𝐻𝑑(𝑀|𝑦; 𝑅), and a non-
trivial class 𝑢 ∈ 𝐻𝑑(𝑀;𝑅). By lemma 2.2.8, 𝜌𝑦∶ 𝐻𝑑(𝑀;𝑅) →𝐻𝑑(𝑀|𝑦; 𝑅) is
injective, so 𝜌𝑦(𝑢) is again non-trivial. We hence find a non-trivial scalar
𝑟 ∈ 𝑅with 𝜌𝑦(𝑢) = 𝑟 ⋅𝜇𝑦. Next we consider the subset 𝑆 of all𝑥 ∈𝑀 such that
there is a generator 𝜇𝑥 ∈ 𝐻𝑑(𝑀|𝑦; 𝑅) with 𝜌𝑥(𝑢) = 𝑟 ⋅ 𝜇𝑥. By an argument
similar to the one in the proof of lemma 2.2.8, it follows that 𝑆 =𝑀.

Choosing for each 𝑥 ∈𝑀 a generator 𝜇𝑥 with 𝜌𝑥(𝑢) = 𝑟 ⋅ 𝜇𝑥, we obtain
a family 𝜇 = (𝜇𝑥)𝑥∈𝑀, of which it remains to check continuity. To do so,
we pick for each point 𝑥0 ∈ 𝑀 a neighbourhood 𝐵 as in lemma 2.1.8 and
we put 𝜇𝐵 ≔ 𝜌−1𝑥0 (𝜇𝑥0 ) ∈ 𝐻𝑑(𝑀|𝐵; 𝑅). Then 𝜌𝑥0 (𝑟 ⋅ 𝜇𝐵) = 𝑟 ⋅ 𝜇𝑥0 = 𝜌𝑥0𝜌𝐵(𝑢),
and hence 𝑟 ⋅ 𝜇𝐵 = 𝜌𝐵(𝑢), implying that 𝑟 ⋅ 𝜌𝑥(𝜇𝐵) = 𝜌𝑥(𝑢) = 𝑟 ⋅ 𝜇𝑥 holds for
each 𝑥 ∈ 𝐵. This equality takes place in𝐻𝑑(𝑀|𝑥; 𝑅) ≅ 𝑅, so since 𝑟 ≠ 0 and
𝑅 has no zero divisors, it follows that 𝜌𝑥(𝜇𝐵) = 𝜇𝑥.

Remark 2.2.10. The condition that the ring has no zero divisors is truly
necessary for proposition 2.2.9 to hold: ℝP2 is a compact and connected
2-dimensional manifold, but𝐻2(ℝP2;ℤ4) is isomorphic

This can be seen by the
universal cofficient
theorem.

to ℤ2 i.e. neither
trivial nor isomorphic to the ring ℤ4.

Example 2.2.11. Recall that the compact and connected 𝑑-dimensional
manifold ℝP𝑑 satisfies 𝐻𝑑(ℝP𝑑) ≅ ℤ if 𝑑 is odd and 𝐻𝑑(ℝP𝑑) = 0 if 𝑑 is
even. Hence ℝP𝑑 is (ℤ-)orientable if and only if 𝑑 is odd.

In contrast to that,𝐻𝑑(ℝP𝑑;ℤ2) ≅ ℤ2, regardless of the pairity of 𝑑. This
is not surprising, as each manifold is ℤ2-orientable, see proposition 2.1.9.

2 .3 The cap product

To

Lecture 7

establish the desired isomorphisms𝐻𝑛(𝑀) ≅ 𝐻𝑑−𝑛(𝑀), we need maps
between cohomology and homology. Here we use that the cohomology of a
space acts on its homology via the cap product. It is constructed as follows
(again we abbreviate 𝑆• ≔ 𝑆•(−;𝑅), ⊗ ≔ ⊗𝑅, and (−)∗ ≔Hom𝑅(−,𝑅)):
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Construction 2.3.1. Let𝑋 be a space. Using the diagonal map Δ𝑋, the
Alexander–Whitney map AW∶ 𝑆•(𝑋 ×𝑋) → 𝑆•(𝑋) ⊗ 𝑆•(𝑋), and the evalu-
ation ev∶ 𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋) → 𝑅,

As in construction 1.4.2,
𝑅 is regarded as a chain

complex concentrated in
degree 0. we define the cap product as

As in reminder 1.4.1, 𝜆
takes [𝑣]⊗ [𝑤] to [𝑣 ⊗𝑤].

(−) ⌢ (−)∶ 𝐻•(𝑋;𝑅) ⊗𝐻•(𝑋;𝑅)

← →𝜆 𝐻(𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋))

← →𝐻(id⊗𝑆•(Δ𝑋)) 𝐻(𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋 ×𝑋))

← →𝐻(id⊗AW) 𝐻(𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋) ⊗ 𝑆•(𝑋))

← →𝐻(ev⊗ id) 𝐻•(𝑋;𝑅).

Due

Here we use that
𝑅⊗ 𝑆•(𝑋) is canonically

isomorphic to 𝑆•(𝑋).
to the negative grading of cohomology, the cap product is degreewise

of the form𝐻𝑛(𝑋;𝑅) ⊗𝐻𝑑(𝑋;𝑅) →𝐻𝑑−𝑛(𝑋;𝑅).

Proposition 2.3.2. The cap product enjoys the following properties:

1. [Push–pull formula] For 𝑓∶ 𝑋→ 𝑌, 𝑏 ∈ 𝐻•(𝑌;𝑅), and 𝑥 ∈ 𝐻•(𝑋;𝑅),
we have 𝑓∗(𝑓∗𝑏 ⌢ 𝑥) = 𝑏 ⌢ 𝑓∗𝑥.

2. [Kronecker formula] Let 𝜀∶ 𝐻0(𝑋;𝑅) → 𝑅 be the augmentation. For
each 𝑎 ∈ 𝐻𝑛(𝑋;𝑅) and 𝑥 ∈ 𝐻𝑛(𝑋;𝑅), we have 𝜀(𝑎 ⌢ 𝑥) = ⟨𝑎,𝑥⟩.

The augmentation takes
each path component of
𝑋 to the unit 1 ∈ 𝑅.

3. [𝐻•(𝑋)-module structure] Let 𝑥 ∈ 𝐻•(𝑋;𝑅). Then 1𝑋 ⌢ 𝑥 = 𝑥 and
for 𝑎, 𝑏 ∈ 𝐻•(𝑋;𝑅) we have (𝑎 ⌣ 𝑏) ⌢ 𝑥 = 𝑎 ⌢ (𝑏 ⌢ 𝑥).

A combination of statements 2 and 3 tells us that ⟨𝑎 ⌣ 𝑏,𝑥⟩ = ⟨𝑎, 𝑏 ⌢ 𝑥⟩
whenever the cohomological degrees of 𝑎 and 𝑏 sum up to the degree of 𝑥.

Proof. The push–pull formula follows directly from the naturality of Δ𝑋
and AW and the naturality of the evaluation map from remark 1.4.3.

For the Kronecker formula, note that the augmentation 𝜀 is induced by
a chain map 𝑆•(𝑋) → 𝑅 that we also call 𝜀, where 𝑅 is regarded as a chain
complex concentrated in degree 0. The composition of natural maps

𝑆•(𝑋) 𝑆•(𝑋 ×𝑋) 𝑆•(𝑋) ⊗ 𝑆•(𝑋) 𝑆•(𝑋)

←→
𝑆•(Δ𝑋) ←→AW ←→id⊗𝜀

induces the identity on𝐻0, and hence is naturally chain homotopic to the
identity by the method of acyclic models. Thus, in the diagram

𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋) 𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋) ⊗ 𝑆•(𝑋) 𝑆•(𝑋)

𝑆•(𝑋)∗ ⊗ 𝑆•(𝑋) 𝑅,

← →
id⊗[AW∘𝑆•(Δ𝑋)]

←

→id

←→ id⊗id⊗𝜀

←→ev⊗id

←→ 𝜀

← →ev

the triangle commutes up to chain homotopy, while the square commutes
strictly. Taking homology of the diagram and precomposing with the trans-
formation 𝜆, the ‘bottom path’ in the diagram is precisely Kronecker pairing
in homology, while the ‘top path’ agrees with 𝑎 ⊗ 𝑥↦ 𝜀(𝑎 ⌢ 𝑥).
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The last property is easiest to prove when using the explicit model for
the Alexander–Whitney map from exercise 3.3; this is exercise 5.1.

Even though this construction is enough to state Poincaré duality, we
need a slightly more general relative version to prove it.

Construction 2.3.3. Let𝑋 be a space and 𝐴 ⊆ 𝑋 be a subspace. Then
Δ𝑋(𝐴) = 𝐴×𝐴 ⊆ 𝐴×𝑋, and so Δ𝑋 is a map of pairs (𝑋,𝐴) → (𝑋,𝐴) ×𝑋.
Moreover, as a special case of construction 1.9.5, the ‘absolute’ Eilenberg–Zil-
ber map and the Alexander–Whitney map descend to natural chain maps

One might wonder why
the projection 𝜋 that
appeared in section 1.9
does not enter here. This
is due to the fact that the
‘second’ subspace is
empty here.

𝑆•(𝑋,𝐴) ⊗ 𝑆•(𝑋)
𝑆•(𝑋 ×𝑋)
𝑆•(𝐴 ×𝑋)

= 𝑆•((𝑋,𝐴) ×𝑋).

←→EZ←→AW

which are natural chain homotopy inverses of each other. We then define
the relative cap product as the composition

Note that the target of
this composition is the
absolute homology of𝑋.
In this setting the
relative parts ‘cancel out’.

𝐻•(𝑋,𝐴;𝑅) ⊗𝐻•(𝑋,𝐴;𝑅)

← →𝜆 𝐻(𝑆•(𝑋,𝐴)∗ ⊗ 𝑆•(𝑋,𝐴))

← →𝐻(id⊗𝑆•(Δ𝑋)) 𝐻(𝑆•(𝑋,𝐴)∗ ⊗ 𝑆•((𝑋,𝐴) ×𝑋))

← →𝐻(id⊗AW) 𝐻(𝑆•(𝑋,𝐴)∗ ⊗ 𝑆•(𝑋,𝐴) ⊗ 𝑆•(𝑋))

← →𝐻(ev⊗ id) 𝐻•(𝑋;𝑅).

We also need a relative version for two of the formulæ of proposition 2.3.2:

Proposition 2.3.4. The relative cap product has the following properties:

1. [Push–pull formula] For Here the first 𝑓∗ treats 𝑓
as an ‘absolute’ map, i.e.
a map𝑋→𝑌.

𝑓∶ (𝑋,𝐴) → (𝑌,𝐵), 𝑏 ∈ 𝐻•(𝑌,𝐵;𝑅), and
𝑥 ∈ 𝐻•(𝑋,𝐴;𝑅), we have 𝑓∗(𝑓∗𝑏 ⌢ 𝑥) = 𝑏 ⌢ 𝑓∗𝑥 inside𝐻•(𝑌;𝑅).

2. [Kronecker formula] For each 𝑎 ∈ 𝐻𝑛(𝑋,𝐴;𝑅) and 𝑥 ∈ 𝐻𝑛(𝑋,𝐴;𝑅),
we have 𝜀(𝑎 ⌢ 𝑥) = ⟨𝑎,𝑥⟩, where 𝜀∶ 𝐻0(𝑋;𝑅) → 𝑅 is as before. There is also a relative

version of the interplay
of cup and cap product,
but we shall not use it.

Proof. The push–pull formula again follows from the naturality of the en-
tire construction, see [15, 4.3.5] for details. For the Kronecker formula, we
use that the chain homotopy that arises from the acyclic models theorem
in the proof of proposition 2.3.2 is natural, and hence descends to a chain
homotopy after passing to the relative chain complexes.

2 .4 Poincaré duality for compact manifolds

Having

If you read that at some
later point in life: Our
manifolds have no
boundary, so you might
say ‘closed’ here.

introduced the fundamental class and the cap product, we are now
ready to state Poincaré duality in its full beauty for compact manifolds:

33



Theorem 2.4.1 (Poincaré duality). Let 𝑀 be a compact 𝑑-dimensional
manifold with an 𝑅-orientation. Let [𝑀] ∈ 𝐻𝑑(𝑀;𝑅) be the corresponding
fundamental class. Then the following map is an isomorphism for each 𝑛 ∈ ℤ:

𝐻𝑛(𝑀;𝑅) →𝐻𝑑−𝑛(𝑀;𝑅), 𝑎 ↦ 𝑎 ⌢ [𝑀].

The proof of Poincaré duality still requires further methods, and similar
to theorem 2.2.1, we have to prove a more general version relative to com-
plements of compact subsets; this is our task for the upcoming sections. In
this section, we see many consequences of Poincaré duality.

Corollary 2.4.2. For each 𝑑 ⩾ 0 and each commutative ring 𝑅,We clearly do not have
to introduce the ring for

the first isomorphism.

we have
isomorphisms of graded-commutative algebras

𝐻•(ℝP𝑑;ℤ2) ≅ ℤ2[𝑎]/(𝑎𝑑+1), |𝑎| = 1

𝐻•(ℂP𝑑; 𝑅) ≅ 𝑅[𝑎]/(𝑎𝑑+1). |𝑎| = 2

Proof. Both statements are proven in the same way, and we only prove the
second one, using again the short notation 𝐻• ≔ 𝐻•(−;𝑅). We proceed
by induction over 𝑑 ⩾ 0, where the case of 𝑑 = 0 is verified by noting that
ℂP0 is a single point, and the case 𝑑 = 1 is verified by noting that ℂP1 is
homeomorphic to 𝑆2, having the cohomology ring Λ𝑅[𝑎] = 𝑅[𝑎]/(𝑎2).

For the induction step, assume that 𝑑 ⩾ 2 and that the statement holds
for 𝑑 − 1. Since ℂP𝑑 arises from ℂP𝑑−1 by attaching a 2𝑑-cell, the induced
maps𝚥∶ ℂP𝑑−1 ↪ℂP𝑑 is

the inclusion of the
(2𝑑 − 1)-skeleton.

𝚥∗∶ 𝐻𝑛(ℂP𝑑) →𝐻𝑛(ℂP𝑑−1) are isomorphisms for 𝑛 ⩽ 2𝑑 − 2. Thus,
if we pick a generator 𝑎 ∈ 𝐻2(ℂP𝑑), then 𝚥∗𝑎 generates𝐻2(ℂP𝑑−1) and the
induction hypothesis tells us that 𝚥∗(𝑎𝑖) = (𝚥∗𝑎)𝑖 generates𝐻2𝑖(ℂP𝑑−1) for
𝑖 < 𝑑. Again using that 𝚥∗ is an isomorphism in that degrees, it follows that
𝐻2𝑖(ℂP𝑑) is generated by 𝑎𝑖 for 𝑖 < 𝑑.

It remains to show that 𝑎𝑑 generates𝐻2𝑑(ℂP𝑑) ≅ 𝑅, this is where Poin-
caré duality comes into play: ℂP𝑑 is a compact, connected 2𝑑-dimensional
manifold, which is ℤ-orientable by proposition 2.2.9 as𝐻2𝑑(ℂP𝑑;ℤ) ≅ ℤ,
and hence 𝑅-orientable by remark 2.1.10. Let [ℂP𝑑] be an 𝑅-fundamental
class. Then proposition 2.3.2 implies that ⟨𝑎𝑑, [ℂP𝑑]⟩ = ⟨𝑎, 𝑎𝑑−1 ⌢ [ℂP𝑑]⟩.

Let 𝑢 be a generator;
then 𝑎𝑑 = 𝑘 ⋅ 𝑢 for some
𝑘 ∈ 𝑅, and so we get

⟨𝑎𝑑,[ℂP𝑑]⟩=𝑘 ⋅⟨𝑢,[ℂP𝑑]⟩
showing that if the left

side is invertible, then 𝑘
is invertible, and so 𝑎𝑑

is itself a generator.

As𝐻1(ℂP𝑑;ℤ) is trivial, the Kronecker map𝐻2(ℂP𝑑) →𝐻2(ℂP𝑑)∗ is an
isomorphism by corollary 1.6.8, so since 𝑎 is a generator, ⟨𝑎,−⟩ takes gen-
erators of𝐻2(ℂP2) to invertible scalars. But because 𝑎𝑑−1 is a generator by
the induction hypothesis, 𝑎𝑑−1 ⌢ [ℂP𝑑] is a generator by Poincaré duality,
and hence ⟨𝑎𝑑, [ℂP𝑑]⟩ is invertible, showing that 𝑎𝑑 is a generator.

Corollary 2.4.3. ℂP2 is not homotopy-equivalent to 𝑆2 ∨ 𝑆4.

Proof. As in corollary 1.8.14, for each map 𝑓∶ 𝑆4 →ℂP2, the map𝐻4(𝑓;ℤ)
is trivial since𝐻4(ℂP2;ℤ) is generatedHere we use

corollary 2.4.2 only in
the case of 𝑅 = ℤ.

by 𝑎2 and 𝑓∗𝑎 ∈ 𝐻2(𝑆4;ℤ) = 0. On
the other hand, the inclusion 𝑆4 → 𝑆2 ∨ 𝑆4 has a left-inverse by collapsing
𝑆2, and hence induces a surjective (hence non-trivial) map in𝐻4(−;ℤ).
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Figure 2.1. On the left side, we see a triangulation of 𝑇2 by 24 triangles (the
horizontal edges and the vertical edges of the big square are identified as usual).
On the right side, we see the dual triangulation by 12 hexagons, one around
each of the old vertices (the old triangulation is still visible in the background).

Corollary 2.4.4. There This is the famous Hopf
map, whose fibres are
depicted on the front
cover of these notes.

is a map 𝑆3 → 𝑆2 that is not null-homotopic.

Proof. Recall that ℂP2 arises from 𝑆2 by attaching a single 4-cell. Now let
𝜂∶ 𝑆3 → 𝑆2 be the attaching map for that 4-cell. If 𝜂 were null-homotopic,
then by homotopy invariance of the cell attachment Exercise 9.3 in AT,ℂP2 is equivalent to the
space that arises from 𝑆2 by attaching a 4-cell via the constant attachingmap.
This space, however, would be 𝑆2 ∨ 𝑆4, contradicting corollary 2.4.2.

Corollary 2.4.5. Let

We do not require
𝑀 to be orientable.

Again: Our manifolds
have no boundary.

𝑀 be an odd-dimensional compact manifold. Then
the Euler characteristic of𝑀 is trivial, i.e. 𝜒(𝑀) = 0.

Proving corollary 2.4.5 constitutes exercise 5.2; however, we require the
following lemma in order to ensure that the statement is well-defined:

Lemma 2.4.6. If𝑀 is a compact 𝑑-dimensional manifold, then each𝐻𝑛(𝑀)
is a finitely generated abelian group, and𝐻𝑛(𝑀) is trivial for 𝑛 > 𝑑.

Proof. The first statement follows from the combination [5, iv.8.10+v.4.11],
which we shall not discuss here. The second statement is a special case of
lemma 2.2.5:a, using that𝑀|𝑀 = (𝑀,∅).

We close this section by providing some informal geometric intuition
for Poincaré duality; this is how the phenomenon was discovered.

Idea 2.4.7. Let

This example also plays
an important rôle in
music theory, as it shows
the duality between
Euler’s Tonnetz and the
chicken-wire torus,
which contains the
Cayley graph for the
PLR-group, see [2].

𝑀 be a compact triangulated surface. The triangulation
gives rise to a CW structure on𝑀, with one 2-cell for each triangle, and we
denote the cellular chain complex of𝑀 by 𝐶•(𝑀). Each choice of charac-
teristic maps identifies 𝐶•(𝑀) with the chain complex with ℤ⟨𝐼𝑛(𝑀)⟩ in
degree 𝑛 (here 𝐼𝑛(𝑀) is the set of 𝑛-cells). The 𝑛th differential in 𝐶•(𝑀) is
then encoded by scalars 𝑐𝑛𝑖𝑗 ∈ ℤ, one for each (𝑖,𝑗) ∈ 𝐼𝑛(𝑀) × 𝐼𝑛−1(𝑀).

The crucial idea for Poincaré duality is to construct a dual CW structure
on𝑀 as indicated in figure 2.1: The new 0-cells are the barycentres of the
triangles, and we draw a 1-cell between two such 0-cells whenever their
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original triangles share an edge. This procedure subdivides𝑀 into polygons,
one around each of the old vertices; these are the new 2-cells. We denote
the space𝑀 together with its dual CW structure by𝑀∗

By construction, we have bijections between the set 𝐼𝑛(𝑀∗) and 𝐼2−𝑛(𝑀).
Moreover, an orientationIt is of course not at

all obvious that an
orientation does that.

of𝑀 provides a way to derive from the character-
istic maps of𝑀 a sign convention for how to choose characteristic maps for
𝑀∗ in such a way that after identifying 𝐶𝑛(𝑀∗) ≅ ℤ⟨𝐼2−𝑛(𝑀)⟩, the (𝑖,𝑗)th

entry of the 𝑛th differential agrees with (−1)𝑛−1 ⋅ 𝑐3−𝑛𝑗𝑖 . This provides us with
an isomorphism between 𝐶•(𝑀∗) and the chain complex

⋯→ 0→
[2]
ℤ⟨𝐼0(𝑀)⟩

← →
(−1)⋅(𝑐1𝑗𝑖) [1]

ℤ⟨𝐼1(𝑀)⟩

←→
(𝑐2𝑗𝑖) [0]
ℤ⟨𝐼2(𝑀)⟩→ 0→⋯

By𝑀 is compact, so each
𝐼𝑛(𝑀) is finite.

identifying the basis 𝐼𝑛(𝑀)with its dual, we get an isomorphismbetween
this complex and the dual chain complex 𝐶•(𝑀)∗ shifted by −2; this com-
plex is denoted by 𝐶•(𝑀)∗[−2] in accordance with our notation from sec-
tion 1.6. Summarising all observations, we get a chain of isomorphismsThe first isomorphism

follows from the UCT as
each 𝐶𝑛(𝑀) is free. 𝐻𝑛(𝑀) ≅𝐻𝑛(𝐶•(𝑀)∗) =𝐻2−𝑛(𝐶•(𝑀)∗[−2]) ≅𝐻2−𝑛(𝐶•(𝑀∗)) ≅𝐻2−𝑛(𝑀).

2.5 Cohomology with compact support

As

Lecture 8

mentioned before, we aim for a version of Poincaré duality without the
assumption that the considered manifold𝑀 is compact. In this setting,
one cannot hope to show𝐻𝑛(𝑀) ≅ 𝐻𝑑−𝑛(𝑀); this is already false for ℝ𝑑.
Instead, we have to replace the left side by a quantity that ‘approximates’
𝐻𝑛(𝑀) by𝐻𝑛(𝑀|𝐾) where𝐾 runs over all compact subsets of𝑀. To intro-
duce this quantity, we have tomake precise what approximationmeans here.

Definition 2.5.1. A directed set is a partially ordered set (𝐼,⩽) with the
property that for any two elements 𝑖, 𝑗 ∈ 𝐼, there is a 𝑘 ∈ 𝐼 with 𝑖, 𝑗 ⩽ 𝑘.

We regard 𝐼 as a category, with exactly one arrow 𝑖 → 𝑗 whenever 𝑖 ⩽ 𝑗.
Then an 𝐼-indexed diagram𝑋• in some category C is the same as a family
(𝑋𝑖)𝑖∈𝐼 of objects in C, together with morphisms 𝑋𝑖𝑗∶ 𝑋𝑖 → 𝑋𝑗 for 𝑖 ⩽ 𝑗,
such that𝑋𝑖𝑖 = id𝑋𝑖 and𝑋𝑗𝑘 ∘ 𝑋𝑖𝑗 = 𝑋𝑖𝑘 holds for each 𝑖 ⩽ 𝑗 ⩽ 𝑘.

Example 2.5.2. TheAs𝑋02 = 𝑋12 ∘ 𝑋01, we
do not have to mention

it in the diagram.

natural numbersℕ = {0 ⩽ 1 ⩽ 2 ⩽⋯} form a direc-
ted set. Diagrams overℕ are of the form𝑋0 →𝑋1 →𝑋2 →⋯ .

Example 2.5.3. Let𝑋 be a space. Then the setK(𝑋) of compact subspaces
𝐾 ⊆ 𝑋 is partially ordered by inclusion, and it is even directed as the union
of two compact subspaces is again compact. For each 𝑛 ∈ ℤ, we then have
a K(𝑋)-indexed𝐻𝑛(𝑋|•; 𝑅) diagram of 𝑅-modules given by

𝐾↦𝐻𝑛(𝑋|𝐾; 𝑅),
(𝐿 ⊆ 𝐾) ↦ (𝑋|𝐾 ⊆ 𝑋|𝐿)∗∶ 𝐻𝑛(𝑋|𝐿; 𝑅) →𝐻𝑛(𝑋|𝐾; 𝑅).
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Remark 2.5.4. Let (𝐼,⩽) be a directed set and let 𝑋• be an 𝐼-indexed
diagram. If it exists, a colimit of such a diagram is uniquely determined up
to isomorphism, and we denote it by colim𝐼(𝑋•). It comes with structure
maps (𝜔𝑖∶ 𝑋𝑖 → colim𝐼(𝑋•))𝑖∈𝐼 satisfying the following universal property:

The family 𝜔• is natural, i.e. we have 𝜔𝑗 ∘𝑋𝑖𝑗 = 𝜔𝑖 for each 𝑖 ⩽ 𝑗,
and for each other natural family (𝑔𝑖∶ 𝑋𝑖 → 𝑌)𝑖∈𝐼, there is a
unique map 𝑔∶ colim𝐼𝑋• →𝑌 with 𝑔 ∘ 𝜔𝑖 = 𝑔𝑖 for each 𝑖 ∈ 𝐼.

Construction 2.5.5. Let One can also take the
last colimit construction
from AT:II:5.4:iv, but
this one is better suited
to prove lemma 2.6.6.

(𝐼,⩽) be a directed set and 𝐴• be an 𝐼-indexed
diagram in the category of 𝑅-modules. Then this diagram admits a colimit,
which can be explicitly constructed as follows: It is the quotient of the set
∐𝑖∈𝐼𝐴𝑖 by the equivalence relation

This is indeed an
equivalence relation.

that identifies 𝑥 ∈ 𝐴𝑖 and 𝑦 ∈ 𝐴𝑗 if there
is a 𝑘 ∈ 𝐼 with 𝑖, 𝑗 ⩽ 𝑘 and 𝐴𝑖𝑘(𝑥) = 𝐴𝑗𝑘(𝑦). Denoting the residue class of
𝑥 ∈ 𝐴𝑖 by [𝑥], the 𝑅-module structure on the quotient is declared by

Any 𝑘 ∈ 𝐼 with 𝑖, 𝑗 ⩽ 𝑘
gives the same result.

[𝑥] + [𝑦] ≔ [𝐴𝑖𝑘(𝑥) +𝐴𝑗𝑘(𝑦)]. (𝑥 ∈ 𝐴𝑖, 𝑦 ∈ 𝐴𝑗)
𝑟 ⋅ [𝑥] ≔ [𝑟 ⋅ 𝑥]. (𝑟 ∈ 𝑅,𝑥 ∈ 𝐴𝑖)

The structure maps are given by 𝜔𝑖(𝑥) = [𝑥]. If 𝑓•∶ 𝐴• → 𝐵• is a morph-
ism of 𝐼-indexed diagrams of 𝑅-modules, then we have an induced map This is the unique map

with 𝑓∘𝜔𝐴𝑖 = 𝜔𝐵𝑖 ∘𝑓𝑖 for
each 𝑖 ∈ 𝐼.𝑓∶ colim𝐼(𝐴•) → colim𝐼(𝐵•) by 𝑓([𝑥]) = [𝑓𝑖(𝑥)] for each 𝑥 ∈ 𝐴𝑖.

Construction 2.5.6. Let 𝑋 be a space and 𝑛 ∈ ℤ. Using the diagram
from example 2.5.3, we define the 𝑛th cohomology of𝑋with compact support

𝐻𝑛cs(𝑋;𝑅) ≔ colimK(𝑋)𝐻𝑛(𝑋|•; 𝑅).

For each𝐾 ∈K(𝑋), we have an inclusion 𝚤𝐾∶ 𝑋→𝑋|𝐾, and sowe get amap
𝑔∶ 𝐻𝑛cs(𝑋;𝑅) →𝐻𝑛(𝑋;𝑅) satisfying 𝑔 ∘ 𝜔𝐾 = 𝐻𝑛(𝚤𝐾; 𝑅) for each𝐾, where
𝜔𝐾 are the structure maps. If𝑋 is itself compact, then 𝑔 is an isomorphism;
its inverse is given by the structure map 𝜔𝑋.

Want to calculate𝐻𝑛cs(ℝ𝑑) by using that each compact subset of ℝ𝑑 is
contained in some ball. This requires the following observation:

Remark 2.5.7. Let (𝐼,⩽) be a directed set. A subset 𝐽 ⊆ 𝐼 is called cofinal if
for each 𝑖 ∈ 𝐼, there is an 𝑗 ∈ 𝐽 with 𝑖 ⩽ 𝑗. Then (𝐽,⩽) is again directed.

Let 𝑋• be an 𝐼-indexed diagram. Then each 𝐼-indexed natural family
(𝑔𝑖∶ 𝑋𝑖 → 𝑌)𝑖∈𝐼 restricts to a 𝐽-indexed natural family (𝑔𝑗)𝑗∈𝐽, and con-
versely, each 𝐽-indexed natural family (𝑔𝑗)𝑗∈𝐽 can be uniquely extended to
an 𝐼-indexed natural family by putting 𝑔𝑖 ≔ 𝑔𝑗 ∘ 𝑋𝑖𝑗 for each 𝑖 ∈ 𝐼, where
𝑗 ∈ 𝐽 satisfies 𝑖 ⩽ 𝑗. This

Here we also use that an
𝐼-indexed natural family
of structure maps
contains the same
information as a
𝐽-indexed natural family
of structure maps.

shows that being a colimit over𝑋• is the same as
being a colimit over the restriction of𝑋• to 𝐽.

We also need the following remark, which states that if from some 𝑋𝑖
onwards, the diagram stays ‘constant’, then𝑋𝑖 is a colimit:
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Remark 2.5.8. Let𝑋• be a diagram over a directed set (𝐼,⩽), and let 𝑖 ∈ 𝐼.
If each𝑋𝑖𝑘 with 𝑖 ⩽ 𝑘 is an isomorphism, then𝑋𝑖 together with the maps
𝑋−1𝑖𝑘 ∘ 𝑋𝑗𝑘∶ 𝑋𝑗 →𝑋𝑖, with 𝑘 ∈ 𝐼 satisfying 𝑖, 𝑗 ⩽ 𝑘, is a colimit for𝑋•.

Again,𝑋−1𝑖𝑘 ∘ 𝑋𝑗𝑘 does
not depend on the

choice of 𝑗.

Example 2.5.9. We want to calculate𝐻𝑛cs(ℝ𝑑; 𝑅) for each 𝑛 ∈ ℤ. To do so,
we note that if 𝐵𝑟 denotes the closed ball with radius 𝑟 around 0, then the
subset B≔ {𝐵𝑟}𝑟⩾0 ⊆K(ℝ𝑑) is cofinal since each compactum is contained
in some 𝐵𝑟. Moreover, 𝐵0 = {0} and we know that eachℝ𝑑 ∖𝐵𝑟 →ℝ𝑑 ∖ {0}
is a deformation retract, so by the long exact sequence and the five lemma,
we conclude that each 𝐻𝑛(ℝ𝑑|𝐵0 ; 𝑅) → 𝐻

𝑛(ℝ𝑑|𝐵𝑟 ; 𝑅) is an isomorphism.
By remarks 2.5.7 and 2.5.8, we conclude

𝐻𝑛cs(ℝ𝑑; 𝑅) ≅ colimB𝐻𝑛(ℝ𝑑|•; 𝑅) ≅ 𝐻𝑛(ℝ𝑑|0; 𝑅) ≅ {
𝑅 for 𝑛 = 𝑑,
0 else.

Example 2.5.9 in particular shows that the 𝑑-dimensional manifold ℝ𝑑

indeed statisfies𝐻𝑛cs(ℝ𝑑; 𝑅) ≅ 𝐻𝑑−𝑛(ℝ𝑑; 𝑅) for each 𝑛 ∈ ℤ.

2 .6 Proof of the general Poincaré duality theorem

In this section, we shall finally state and prove the general Poincaré duality
theorem for manifolds without any compactness assumption, which then
also proves theorem 2.4.1. We start by establishing the desired map.

Notation 2.6.1. Let 𝑋 be a space and let 𝑛 ∈ ℤ. For two compact sub-
spaces 𝐿 ⊆ 𝐾 ⊆ 𝑋 we denote the induced morphism

(𝑋|𝐾 ⊆ 𝑋|𝐿)∗∶ 𝐻𝑛(𝑋|𝐿; 𝑅) →𝐻𝑛(𝑋|𝐾; 𝑅)

by 𝜏𝐿𝐾. Recall that these are exactly the morphisms in the K(𝑋)-indexed
diagram𝐻𝑛(𝑋|•; 𝑅) from example 2.5.3.

Construction 2.6.2. Let𝑀 be a 𝑑-dimensional manifold with an 𝑅-
orientation𝜇. For each compact subspace𝐾 ⊆𝑀, proposition 2.2.3 provides
us with a unique class 𝜇𝐾 ∈ 𝐻𝑑(𝑀|𝐾; 𝑅) such that 𝜇𝑥 = 𝜌𝑥(𝜇𝐾) holds for
each 𝑥 ∈ 𝐾. Using the relative cap product 2.3.3, we obtain a map

pd𝐾∶ 𝐻𝑛(𝑀|𝐾; 𝑅) →𝐻𝑑−𝑛(𝑀;𝑅), 𝑎 ↦ 𝑎 ⌢ 𝜇𝐾.

For each compact 𝐿 ⊆ 𝐾, it follows fromFor each 𝑥 ∈ 𝐿, we have
𝜌𝑥𝜌𝐿(𝜇𝐾) = 𝜇𝑥 = 𝜌𝑥(𝜇𝐿).

lemma 2.2.5:b that 𝜌𝐿(𝜇𝐾) = 𝜇𝐿,
so by the push–pull formula 2.3.4:1, we have pd𝐾 ∘ 𝜏𝐿𝐾 = pd𝐿, see proof
below. This shows that the family (pd𝐾∶ 𝐻𝑛(𝑀|𝐾; 𝑅) →𝐻𝑛(𝑀;𝑅))𝐾∈K(𝑀)
is natural, and hence induces a map out of the colimit, called duality map

PD𝑀∶ 𝐻𝑛cs(𝑀;𝑅) →𝐻𝑑−𝑛(𝑀;𝑅).

38



Proof. Let 𝑓∶ 𝑀|𝐾 →𝑀|𝐿 be the inclusion. Because 𝜌𝐿 = 𝑓∗ and 𝜏𝐿𝑀 = 𝑓∗,
the push–pull formula

The ‘outer’ 𝑓∗ appearing
in the push–pull
formula is the identity,
since 𝑓 is the identity
when regarded as an
absolute map𝑀→𝑀.

tells us that 𝜏𝐿𝐾(𝑎) ⌢ 𝑥 = 𝑎 ⌢ 𝜌𝐿(𝑥) holds for each
𝑎 ∈ 𝐻𝑛(𝑀|𝐿; 𝑅) and each 𝑥 ∈ 𝐻𝑑(𝑀|𝐾; 𝑅). In particular, we get

(pd𝐾 ∘ 𝜏𝐿𝐾)(𝑎) = 𝜏𝐿𝐾(𝑎) ⌢ 𝜇𝐾 = 𝑎 ⌢ 𝜌𝐿(𝜇𝐾) = 𝑎 ⌢ 𝜇𝐿 = pd𝐿(𝑎).

Theorem 2.6.3 (General Poincaré duality). Let 𝑀 be a 𝑑-dimensional
manifold with an 𝑅-orientation. Then PD𝑀∶𝐻𝑛cs(𝑀;𝑅)→𝐻𝑑−𝑛(𝑀;𝑅) is an
isomorphism for each 𝑛 ∈ ℤ.

Remark 2.6.4. In the case where𝑀 itself is compact, we note that pd𝑀 is
given by 𝑎 ↦ 𝑎 ⌢ [𝑀], which is exactly the map from the Poincaré duality
theorem for compact manifolds 2.4.1. Since PD𝑀 ∘ 𝜔𝑀 = pd𝑀 and 𝜔𝑀 is an
isomorphism (as seen in construction 2.5.6), the general Poincaré duality
theorem indeed implies the one for compact manifolds.

The proof of the following corollary truly needs the general version of
the Poincaré duality theorem and is the content of exercise 6.3:

Corollary 2.6.5. Let𝑀 be a non-compact and connected 𝑑-dimensional
manifold. If𝑀 is 𝑅-orientable, then𝐻𝑑(𝑀;𝑅) ≅ 0.

The proof of theorem 2.6.3 requires the following lemma, which is the
content of exercise 6.2:

Lemma 2.6.6. Let (𝐼,⩽) be a directed set and let 𝐴• →𝐵• →𝐶• be maps of
𝐼-indexed diagrams of 𝑅-modules. If each 𝐴𝑖 →𝐵𝑖 →𝐶𝑖 is exact, then the in-
ducedmap colim𝐼(𝐴•) → colim𝐼(𝐵•) → colim𝐼(𝐶•) among colimits is exact.

Now we can finally prove the Poincaré duality theorem 2.6.3:

Proof of theorem 2.6.3. Throughout the proof, we skip the coefficient ring.
Similar to the proof of lemma 2.2.5, we shall proceed in five steps:

1. The claim holds for𝑀=ℝ𝑑.
2. If the claim holds for open 𝑈,𝑉 ⊆𝑀 and 𝑈∩𝑉, it holds for 𝑈∪𝑉.
3. Let 𝑈0 ⊆ 𝑈1 ⊆⋯ ⊆𝑀 be a filtration by open sets with𝑀=⋃∞𝑖=0𝑈𝑖.

If the claim holds for each 𝑈𝑖, then it holds for𝑀.
4. The claim holds for open subsets of ℝ𝑑.
5. The claim holds for each manifold𝑀.

Step 1: As The structure maps
𝐻𝑛(ℝ𝑑|𝐾) →𝐻𝑛(ℝ𝑑|0)
are given by 𝜏−1𝐵0 ∘ 𝜏𝐵𝐾,
where 𝐵 is some closed
ball containing 𝐾.

we saw in example 2.5.9, 𝐻𝑛(ℝ𝑑|0) is a model for the colimit
𝐻𝑛cs(ℝ𝑑), and when using this model, the morphism PDℝ𝑑 agrees with
the map𝐻𝑛(ℝ𝑑|0) →𝐻𝑑−𝑛(ℝ𝑑) defined by 𝑎 ↦ 𝑎 ⌢ 𝜇0. We hence have to
prove that this map is an isomorphism. Note that the only interesting degree
is 𝑛 = 𝑑, as𝐻𝑑−𝑛(ℝ𝑑) = 0 in all other cases. Consider the composition

𝐻𝑑(ℝ𝑑|0) 𝐻0(ℝ𝑑) 𝑅,←→
(−)⌢𝜇0 ←→𝜀
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where 𝜀 is the augmentation. Since ℝ𝑑 is path-connected, 𝜀 is an isomorph-
ism, so it suffices to see that this composition is an isomorphism. But by
the Kronecker formula 2.3.4:2, this composition agrees with 𝑎 ↦ ⟨𝑎,𝜇0⟩.
Since𝐻𝑑−1(ℝ𝑑|0;ℤ) = 0, corollary 1.6.8 tells us that the Kronecker pairing
𝐻𝑑(ℝ𝑑|0) → 𝐻𝑑(ℝ𝑑|0)∗ is an isomorphism, so since 𝜇0 ∈ 𝐻𝑑(ℝ𝑑|0) is a
generator, the scalar ⟨𝑎,𝜇0⟩ is invertible whenever 𝑎 is a generator. Thus,
the above composition is indeed an isomorphism.

Step 2: Let us write𝑊≔𝑈∪𝑉; then we have a Mayer–Vietoris sequence in
homology for this union, which forms the bottom row of the next diagram.
Our goal is to construct a long exact sequence in𝐻•cs that constitutes the
top row in that diagram, which in the end should look like this:

None of the dashed
arrows is yet defined.

The rows continue
indefinitely to the left

and right side, as usual.

𝐻𝑛cs(𝑈 ∩𝑉) 𝐻𝑛cs(𝑈) ⊕𝐻𝑛cs(𝑉) 𝐻𝑛cs(𝑊) 𝐻𝑛+1cs (𝑈 ∩𝑉)

𝐻𝑑−𝑛(𝑈 ∩𝑉) 𝐻𝑑−𝑛(𝑈) ⊕𝐻𝑑−𝑛(𝑉) 𝐻𝑑−𝑛(𝑊) 𝐻𝑑−𝑛−1(𝑈 ∩𝑉).

←→

←→ PD𝑈∩𝑉

←→

←→ PD𝑈⊕PD𝑉

←→

←→ PD𝑊 ←→ PD𝑈∩𝑉

←→ ←→ ←→

Then the claim follows by an application of the five lemma. To construct the
sequence, we start with compact subsets 𝐾 ⊆ 𝑈 and 𝐿 ⊆ 𝑉. Because𝑊∖𝐾
and𝑊∖𝐿 are open in𝑊, we have a relative Mayer–Vietoris sequence 2.2.4
for𝑊|𝐾∩𝐿 =𝑊|𝐾 ∪𝑊|𝐿 in cohomology, which reads

𝐻𝑛(𝑊|𝐾∩𝐿) →𝐻𝑛(𝑊|𝐾) ⊕𝐻𝑛(𝑊|𝐿) →𝐻𝑛(𝑊|𝐾∪𝐿) →𝐻𝑛+1(𝑊|𝐾∩𝐿).

Now we use that the three inclusions of pairs𝑈|𝐾 →𝑊|𝐾, 𝑉|𝐿 →𝑊|𝐿, and
𝑈∩𝑉|𝐾∩𝐿 →𝑊|𝐾∩𝐿 induce isomorphisms in cohomology by excision. By
conjugating the above sequence with them, we get an exact sequence

𝐻𝑛(𝑈∩𝑉|𝐾∩𝐿)→𝐻𝑛(𝑈|𝐾)⊕𝐻𝑛(𝑉|𝐿)→𝐻𝑛(𝑊|𝐾∪𝐿)→𝐻𝑛+1(𝑈∩𝑉|𝐾∩𝐿).

Note that we get such a sequence for each 𝐾 ∈K(𝑈) and 𝐿 ∈K(𝑉), and
each pair of inclusions𝐾′ ⊆ 𝐾 and 𝐿′ ⊆ 𝐿 induces a morphism among the
respective exact sequences, so we obtain a sequence of diagrams indexed
by the directed set K(𝑈) ×K(𝑉).Here (𝐾′, 𝐿′) ⩽ (𝐾,𝐿) if

𝐾′ ⊆ 𝐾 and 𝐿′ ⊆ 𝐿.
By lemma 2.6.6, the resulting sequence

among colimits is again exact. Finally, we note that each compact subset of
𝑈∩𝑉 is of the form 𝐾∩𝐿, and each compact subset of𝑊 is of the form
𝐾∪𝐿, so the colimit sequence indeed is as in the above diagram.

Here we use that if 𝐼 → 𝐽
is a monotone surjection
of directed sets and𝑋• is

a 𝐽-indexed diagram,
then the canonical map
colim𝐼(𝑋•)→colim𝐽(𝑋•)

is an isomorphism.

It remains to show that the three squares in this diagram commute. For
the first two squares, this is again essentially due to the push–pull formula
for the cap product. The commutativity of the third square requires some
more work, and we refer to [7, Lem. 3.36] for details.

Step 3: We start by constructing for any two open subsets 𝑉,𝑊 ⊆𝑀 with
𝑉 ⊆𝑊 amap

Yes, the direction of the
arrow is correct. 𝜅cs𝑉𝑊∶ 𝐻𝑛cs(𝑉) →𝐻𝑛cs(𝑊) as follows: For each compact𝐾 ⊆ 𝑉,
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the excision property tells us that induced map 𝜂𝐾∶ 𝐻𝑛(𝑊|𝐾) →𝐻𝑛(𝑉|𝐾)
is an isomorphism, so if 𝜔𝐾∶ 𝐻𝑛(𝑊|𝐾) → 𝐻𝑛cs(𝑊) denotes the structure
map for𝐾, then (𝜔𝐾 ∘ 𝜂−1𝐾 )𝐾∈K(𝑉) is a natural family, inducing themap 𝜅cs𝑉𝑊
we aimed for. Next, we observe that if 𝜅𝑉𝑊∶ 𝐻𝑑−𝑛(𝑉) →𝐻𝑑−𝑛(𝑊) denotes
the usual map induced by the inclusion in homology, then the push–pull
formula This requires a small

check, which we leave
as an exercise.

implies the identity 𝜅𝑉𝑊 ∘ PD𝑉 = PD𝑊 ∘ 𝜅cs𝑉𝑊.
Coming back to our filtration (𝑈𝑖)∞𝑖=0, and abbreviating 𝜅𝑖𝑗 ≔ 𝜅𝑈𝑖𝑈𝑗 and

PD𝑖 ≔ PD𝑈𝑖 , we hence get a morphism ofℕ-indexed diagrams

𝐻𝑛cs(𝑈0) 𝐻𝑛cs(𝑈1) 𝐻𝑛cs(𝑈2) ⋯

𝐻𝑑−𝑛(𝑈0) 𝐻𝑑−𝑛(𝑈1) 𝐻𝑑−𝑛(𝑈2) ⋯

←→
𝜅cs01

←→ PD0

←→
𝜅cs12

←→ PD1

←→
𝜅cs23

←→ PD2

←→𝜅01

←→𝜅12

←→𝜅23

By assumption, all vertical maps are isomorphisms, and hence the induced
map PD∞∶ colimℕ𝐻𝑛cs(𝑈•) → colimℕ𝐻𝑑−𝑛(𝑈•) is an isomorphism.

It is now our goal to compare PD∞ with PD𝑀, the map we are actually
interested in. To do so, we note that the inclusions 𝑈𝑖 ⊆𝑀 induce natural
families (𝜅𝑖∶ 𝐻𝑑−𝑛(𝑈𝑖) → 𝐻𝑑−𝑛(𝑀))𝑖∈ℕ and (𝜅cs𝑖 ∶ 𝐻𝑛cs(𝑈𝑖) → 𝐻𝑛cs(𝑀))𝑖∈ℕ,
which induce the horizontal arrows in the following commutative square:

Commutativity can
again explicitly be
checked by using the
push–pull formula.

colimℕ𝐻𝑛cs(𝑈•) 𝐻𝑛cs(𝑀)

colimℕ𝐻𝑑−𝑛(𝑈•) 𝐻𝑑−𝑛(𝑀).

← →
𝜅cs∞

←→ ≅PD∞

←→ PD𝑀

←→𝜅∞

In order to show that PD𝑀 is an isomorphism, it hence suffices to show that
both horizontal arrows are isomorphisms. For both maps, we use the fact
that each compact subset 𝐾 ⊆𝑀 is contained in some 𝑈𝑖(𝐾). This enables
us to explicitly describe the inverse of 𝜅cs∞: On each constituent𝐻𝑛(𝑀|𝐾),
it is given by the composition

𝐻𝑛(𝑀|𝐾) 𝐻𝑛(𝑈𝑖(𝐾)|𝐾) 𝐻𝑛cs(𝑈𝑖(𝐾)) colimℕ𝐻𝑛cs(𝑈•),

←→ ←→ ←→

where the first map is induced by the inclusion of pairs and the other two
map are structure maps into the respective colimits.

For 𝜅∞, we show surjectivity and injectivity as follows: For surjectivity,
note that each class in𝐻𝑑−𝑛(𝑀) is represented by a singular cycle with com-
pact image, and hence comes from a class in some𝐻𝑑−𝑛(𝑈𝑖). For injectivity,
we note that if a singular cycle 𝑐 ∈ 𝑆•(𝑈𝑖) is a boundary 𝑑𝑐′ in 𝑆•(𝑀), then
𝑐′ has a compact image and hence lies in some 𝑆•(𝑈𝑗) with 𝑖 ⩽ 𝑗, showing
that the class represented by 𝑐 is already trivial in𝐻𝑑−𝑛(𝑈𝑗).
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Step 4: Let𝑀⊆ℝ𝑑 be open. As the topology on ℝ𝑑 has a countable basis
of open balls, we find a countable family (𝐵𝑗)∞𝑗=0 of open balls such that
𝑀=⋃∞𝑗=1 𝐵𝑗. If we put 𝑈𝑖 ≔ 𝐵1 ∪⋯∪𝐵𝑖, then 𝑈𝑖 ⊆ 𝑈𝑖+1, so the claim will
follow for𝑀 by step 3 once we have shown that the claim holds for each 𝑈𝑖.

This is done by subset induction 2.2.6 over the set of convex and open
subsets ofℝ𝑑, which proves our claim since each ball 𝐵𝑗 is convex and open.
We have to see that the requirements for a subset induction are satisfied:

• Using the fact that each convex and open subset ofℝ𝑑 is either empty
or homeomorphic to ℝ𝑑,

See [6] for an elementary
proof of that fact.

the claim holds for them by step 1.The claim holds for
𝑀=∅ since source and
target of PD∅ are trivial.

• Step 2 covers the second assumption.
• The empty set is convex and open, and the intersection of two convex

and open subsets is again convex and open.

Step 5: Since𝑀 is second-countable, we can cover𝑀 by countably many
open balls (𝐵𝑗)∞𝑗=0.

In a second-countable
space, each open cover

has a countable subcover,
see [9, Lem. 2.15].

Again, we put 𝑈𝑖 ≔ 𝐵1 ∪⋯∪𝐵𝑖, so the claim will follow
by step 3 once we have shown that the claim holds for each 𝑈𝑖.

Again, this is done by subset induction 2.2.6, this time over the set of
open subsets of𝑀 that are homeomorphic to an open subset of ℝ𝑑; this
proves our claim as each 𝐵𝑗 is of this form. Step 4 tells us that the claim
holds for each such subset, step 2 covers the second assumption for the
subset induction, and we finally observe that the intersection of two such
subsets is again homeomorphic to an open subset of ℝ𝑑.
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Homotopy groups  3
In Lecture 9this chapter, we introduce a new algebraic invariant for spaces, namely
homotopy groups. Their definition is way more straightforward than the
definition of singular (co-)homology. The idea is as follows: If we want to
capture ‘𝑛-dimensional holes’ in our space𝑋 by an ‘𝑛-dimensional net’, then
such a net needs to be pulled together at some distinguished point 𝑥0 ∈ 𝑋.
Accordingly, the 𝑛th homotopy group of a space𝑋 together with a preferred
point 𝑥0 is the set of homotopy classes of maps from the 𝑛-dimensional
cube to𝑋 (this is the net) that takes the boundary of the cube to 𝑥0. If you wonder why this

set is called a ‘group’:
See next page.

Though easily defined, homotopy groups are rather hard to compute. We
shall develop several tools and perform some explicit computations, but
we will not be able to calculate as many homotopy groups as we calculated
homology groups. The main virtue of homotopy groups will be discovered
in the next chapter: Namely that they can actually provide not only necessary,
but even sufficient conditions for a given map to be a homotopy equivalence.

3 . 1 Construction of the homotopy groups

As mentioned above, we need to consider spaces together with a preferred
point to which the boundary of our ‘net’ is to be sent:

Notation 3.1.1. Throughout

𝐼2

𝜕𝐼2

this chapter, let 𝐼 ≔ [0, 1] be the unit interval.
Then 𝐼𝑛 is the 𝑛-dimensional cube for each 𝑛 ⩾ 0. Its boundary 𝜕𝐼𝑛 is the
subspace of all (𝑡1,… , 𝑡𝑛) ∈ 𝐼𝑛 where some 𝑡𝑖 lies in {0, 1}.

Definition 3.1.2. A based space (or set) is a pair (𝑋,𝑥0) where 𝑋 is a
space (or set) and 𝑥0 is a point in𝑋, then called basepoint. We often identify
a based space (𝑋,𝑥0) with its corresponding topological pair (𝑋, {𝑥0}).

Reminder 3.1.3. A map of pairs (𝑋,𝐴) → (𝑌,𝐵) is a map 𝑓∶ 𝑋→ 𝑌 with
𝑓(𝐴) ⊆ 𝐵. For two maps of pairs 𝑓 and 𝑓′, a homotopy 𝜂 = (𝜂𝑠∶ 𝑋→ 𝑌)𝑠∈𝐼
between them has to additionally satisfy

As usual, we require that
𝜂0 = 𝑓, 𝜂1 = 𝑓′, and that
𝜂 is continuous when
regarded as a map
𝑋× 𝐼→ 𝑌.

that each 𝜂𝑠 is a map of pairs.
Being homotopic is an equivalence relation on the set of maps of pairs,

and we call the equivalence classes homotopy classes; we denote the equival-
ence class of a map of pairs 𝑓 by [𝑓].

Definition 3.1.4. Let The number of this
definition is a
coincidence, I swear!

(𝑋,𝑥0) be a based space. For each non-negative
integer 𝑛, we define the 𝑛th homotopy group of (𝑋,𝑥0) by

𝜋𝑛(𝑋,𝑥0) ≔ {
homotopy classes of maps of pairs
𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0)

}.

We regard 𝜋𝑛(𝑋,𝑥0) as a based set, the basepoint being the homotopy class
of the constant map 𝑐𝑛𝑥0 taking each 𝑡 ∈ 𝐼𝑛 to 𝑥0.
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Example 3.1.5. Note that 𝐼0 is a point, while 𝜕𝐼0 is empty. Thus, a map
of pairs (𝐼0, 𝜕𝐼0) → (𝑋,𝑥0) is the same as a point in 𝑋, and a homotopy
between suchmaps of pairs is the same as a path between the corresponding
points. This establishes a bijection between the sets 𝜋0(𝑋,𝑥0) and 𝜋0(𝑋).

Note, however, that
𝜋0(𝑋) is just a set,

while 𝜋0(𝑋,𝑥0) has
been introduced as a

based set.

Now we justify the name ‘homotopy group’ for 𝑛 ⩾ 1:

Construction 3.1.6. Let

𝛼 𝛽

𝑛 ⩾ 1 and let 𝛼,𝛽∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0) be two
maps of pairs. We define their product 𝛼 ∗ 𝛽 via

(𝛼 ∗ 𝛽)(𝑡1,… , 𝑡𝑛) ≔ {
𝛼(2𝑡1, 𝑡2,… , 𝑡𝑛) for 𝑡1 ∈ [0, 12 ],
𝛽(2𝑡1 − 1, 𝑡2,… , 𝑡𝑛) for 𝑡1 ∈ [ 12 , 1].

Then the induced product [𝛼] ⋅ [𝛽] ≔ [𝛼 ∗ 𝛽] is well-defined and endows
𝜋𝑛(𝑋,𝑥0) with the structure of a group, whose neutral element is [𝑐𝑛𝑥0 ].

Proof. If 𝛼̂ is a homotopy between 𝛼 and 𝛼′, and ̂𝛽 is a homotopy between
𝛽 and 𝛽′, then 𝜂𝑠 ≔ 𝛼̂𝑠 ∗ ̂𝛽𝑠 defines a homotopy between 𝛼∗𝛽 and 𝛼′ ∗𝛽′;
this shows that the induced product is well-defined.

For the rest of the proof, let us assume 𝑛 = 1 and write 𝑡 = 𝑡1; as for larger
𝑛, the remaining coordinates 𝑡2,… , 𝑡𝑛 are left unmodified during the entire
construction, and can just be inserted whenever necessary.

For𝛼 𝛽 𝛾

𝛼 𝛽 𝛾

associativity, we have to face the issue that (𝛼 ∗𝛽) ∗ 𝛾 and 𝛼∗ (𝛽∗ 𝛾)
are in fact different; the figure on the margin shows how the three-fold case
distinctions differ. Luckily, our claim is only about homotopy classes, so it
suffices to find a homotopy (of pairs) between these two products of maps.
Inspired by the figure, we arrive at the homotopy

It might be a good
exercise to check that

indeed 𝜂0 = (𝛼 ∗ 𝛽) ∗ 𝛾,
𝜂1 = 𝛼∗ (𝛽∗ 𝛾), and that

each 𝜂𝑠 takes 𝜕𝐼 to 𝑥0.
𝜂𝑠(𝑡) =
{{{
{{{
{

𝛼( 41+𝑠 ⋅ 𝑡) for 𝑡 ∈ [0, 1+𝑠4 ],
𝛽(4 ⋅ (𝑡 − 1+𝑠4 )) for 𝑡 ∈ [ 1+𝑠4 ,

2+𝑠
4 ],

𝛾( 42−𝑠 ⋅ (𝑡 −
2+𝑠
4 )) for 𝑡 ∈ [ 2+𝑠4 , 1].

Similarly, the products 𝛼 ∗ 𝑐𝑛𝑥0 and 𝑐𝑛𝑥0 ∗ 𝛼 differ from 𝛼, but we can define
a homotopy of pairs, say between 𝛼 ∗ 𝑐𝑛𝑥0 and 𝛼, by

𝜂𝑠(𝑡) = {
𝛼((2 − 𝑠) ⋅ 𝑡) for 𝑡 ∈ [0, 12−𝑠 ],
𝑥0 for 𝑡 ∈ [ 12−𝑠 , 1],

showing that [𝑐𝑛𝑥0 ] is indeed the neutral element of the multiplication. Fi-
nally, we consider for each 𝛼 the map 𝛼−∶ 𝑡 ↦ 𝛼(1 − 𝑡)

1

1 𝑢1

𝑢0.5

𝑢0.2

We have 𝜂𝑠(𝑡) = 𝛼(𝑢𝑠(𝑡)),
where 𝑢𝑠∶ 𝐼 → 𝐼 is as in

the above graph.

Then 𝛼 ∗ 𝛼− is
homotopic as a map of pairs to 𝑐𝑛𝑥0 , as witnessed by

𝜂𝑠(𝑡) = {
𝛼(𝑠 ⋅ 2𝑡) for 𝑡 ∈ [0, 12 ],
𝛼(𝑠 ⋅ (2 − 2𝑡)) for 𝑡 ∈ [ 12 , 1].

This shows that [𝛼−] is a right-inverse for [𝛼]; and similarly, one shows that
[𝛼−] is also a left-inverse. This shows that 𝜋𝑛(𝑋,𝑥0) is indeed a group.
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𝑥0

𝑥0

𝑥0

𝑥0
𝛼 𝛽

𝛼

𝛽

𝛼

𝛽
𝛼𝛽≃ ≃ ≃

Figure 3.1. A schematic three-step homotopy between 𝛼 ∗ 𝛽 and 𝛽 ∗ 𝛼.

Remark 3.1.7. The group 𝜋1(𝑋,𝑥0) is also called the fundamental group
of (𝑋,𝑥0) and is much older than the groups 𝜋𝑛(𝑋,𝑥0) for larger 𝑛, which
in turn are sometimes called ‘higher homotopy groups’. The elements of
𝜋1(𝑋,𝑥0) are homotopy classes of loops based at 𝑥0, and the product of
two such elements is given by concatenation of loops. The fundamental
group plays an important rôle in many areas of mathematics, e.g. complex
geometry or geometric group theory.

Proposition 3.1.8. For 𝑛 ⩾ 2, the group 𝜋𝑛(𝑋,𝑥0) is abelian.

Figure 3.1 depicts an three-step homotopy between 𝛼 ∗ 𝛽 and 𝛽 ∗ 𝛼. In-
stead of spelling out these three steps in formulas, this figure inspires us to
formally deduce commutativity from the fact that the constant map to 𝑥0
is both ‘horizontally’ and ‘vertically’ neutral:

Proof. The above product, which we call ∗1 (and we write ⋅1 for the induced
one on 𝜋𝑛(𝑋,𝑥0)) in this proof, only uses the first coordinate of the cube to
‘stack’ the two maps. We can also use the second coordinate, resulting in

(𝛼 ∗2 𝛽)(𝑡1,… , 𝑡𝑛) ≔ {
𝛼(𝑡1, 2𝑡2, 𝑡3,… , 𝑡𝑛) for 𝑡1 ∈ [0, 12 ],
𝛽(𝑡1, 2𝑡2 − 1, 𝑡3,… , 𝑡𝑛) for 𝑡1 ∈ [ 12 , 1].

Again, this descends to a product on 𝜋𝑛(𝑋,𝑥0), which we call ⋅2; again, its
neutral element is [𝑐𝑛𝑥0 ].Moreover, it follows directly from the definition that

(𝛼 ∗1 𝛼′) ∗2 (𝛽 ∗1 𝛽′) = (𝛼 ∗2 𝛽) ∗1 (𝛼′ ∗2 𝛽′), (⋆)

holds for any four maps (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0), and and so the same holds for
the induced products on 𝜋𝑛(𝑋,𝑥0). Thus, we get:

When expressed in
pictures, the equalities ⋆=
become tautological,
and the other three
equalities are exactly the
three steps in figure 3.1.

[𝛼] ⋅1 [𝛽] = ([𝑐𝑛𝑥0 ] ⋅2 [𝛼]) ⋅1 ([𝛽] ⋅2 [𝑐
𝑛
𝑥0 ])

⋆= ([𝑐𝑛𝑥0 ] ⋅1 [𝛽]) ⋅2 ([𝛼] ⋅1 [𝑐
𝑛
𝑥0 ])

= ([𝛽] ⋅1 [𝑐𝑛𝑥0 ]) ⋅2 ([𝑐
𝑛
𝑥0 ] ⋅1 [𝛼])

⋆= ([𝛽] ⋅2 [𝑐𝑛𝑥0 ]) ⋅1 ([𝑐
𝑛
𝑥0 ] ⋅1 [𝛼])

= [𝛽] ⋅1 [𝛼].

Next, we want to turn 𝜋𝑛 into a functor (to sets, groups, or abelian groups,
depending on 𝑛), but in order to do so, we have to take care of the basepoint.
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Definition 3.1.9. If (𝑋,𝑥0) and (𝑌,𝑦0) are two based spaces (or sets), then
a basedmap (𝑋,𝑥0) → (𝑌,𝑦0) is amap

As usual, in the context
of spaces, ‘map’ means

‘continuous map’.
𝑓∶ 𝑋→ 𝑌 satisfying𝑓(𝑥0) = 𝑦0. This

gives rise to a category Top∗ (or Set∗) of based spaces (or sets).
In the topological case, a based map is the same as a map between the

corresponding pairs of spaces. Accordingly, we require for each homotopy
𝜂 of based maps that each intermediate step 𝜂𝑠 is a based map.

Construction 3.1.10. For each basedmap𝑓∶ (𝑋,𝑥0) → (𝑌,𝑦0) of spaces,
we get an induced map among homotopy groups

𝜋𝑛(𝑓)∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑌,𝑦0), [𝛼] ↦ [𝑓 ∘ 𝛼].

This map takes the basepoint [𝑐𝑛𝑥0 ] to the basepoint [𝑐𝑛𝑦0 ], and for 𝑛 ⩾ 1, this
map is a group homomorphism. Thus, 𝜋𝑛 becomes a functor

Grp denotes the
category of groups and

Ab denotes the category
of abelian groups.

𝜋𝑛∶
{{{
{{{
{

Top∗ → Set∗ for 𝑛 = 0,
Top∗ → Grp for 𝑛 = 1,
Top∗ → Ab for 𝑛 ⩾ 2.

Remark 3.1.11. If two basedmaps𝑓 and𝑓′ are homotopic (as basedmaps),
then 𝜋𝑛(𝑓) = 𝜋𝑛(𝑓′) for each 𝑛. This is a special case of proposition 3.2.5.

Next, we want to understand homotopy groups of products. For this,
we use that in each of three the target categories above, the (categorical)
product is given by the cartesian product of the underlying sets together
with the ‘component-wise’ extra structure. We arrive at the following:

Lemma 3.1.12. LetThe symbol 𝐼 is reserved
for [0, 1], hence we call

the indexing set I.

(𝑋𝑖, 𝑥𝑖)𝑖∈I be a family of based spaces, and for each 𝑖 ∈ I
let pr𝑖∶ ∏𝑗∈I𝑋𝑗 →𝑋𝑖 be the projection. For each 𝑛 ⩾ 0, the induced map

Here we use that each
pr𝑖 is a based map, so it

induces a map in 𝜋𝑛.

(𝜋𝑛(pr𝑖))𝑖∈I ∶ 𝜋𝑛(∏
𝑖∈I
𝑋𝑖, (𝑥𝑖)𝑖∈I)⟶∏

𝑖∈I
𝜋𝑛(𝑋𝑖, 𝑥𝑖)

is an isomorphism (of based sets, of groups, or of abelian groups, respectively).

Proof. The map is a morphism in the target category, and in all three target
categories, bijective morphisms are isomorphisms; hence it remains to show
that our map is bijective. To do so, we note that ([𝛼𝑖])𝑖∈I ↦ [(𝛼𝑖)𝑖∈I ] is well-
defined by the universal property of the product (applied to both families
of maps and families of homotopies) and an inverse.

Remark 3.1.13. The situation is rather different for disjoint unions∐𝑖∈𝐼𝑋𝑖:
ForThis follows straight

from the fact that
both 𝐼𝑛 and 𝐼𝑛 × 𝐼

are path-connected.

𝑛 ⩾ 1, the homotopy group 𝜋𝑛 only ‘sees’ the path-component of the
basepoint. More precisely, if𝑋0 ⊆ 𝑋 is the path-component of 𝑥0, then the
map 𝜋𝑛(𝑋0, 𝑥0) → 𝜋𝑛(𝑋,𝑥0) induced by inclusion is an isomorphism.
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We close this section by a reinterpretation of 𝜋𝑛 in terms of spheres:

Remark 3.1.14. Recall For 𝑛 = 0, we still get the
bijection below; here 𝑞 is
the inclusion map
𝐼0 ↪ 𝐼0 ⊔ {∗} = 𝑆0.

that 𝐼𝑛/𝜕𝐼𝑛 is homeomorphic to 𝑆𝑛 for 𝑛 ⩾ 1, so
find a quotient map 𝑞∶ 𝐼𝑛 → 𝑆𝑛 taking 𝜕𝐼𝑛 to a single point ∗ ∈ 𝑆𝑛.

For each based space (𝑋,𝑥0), the assignment 𝛼↦ 𝛼∘𝑞 defines a bijection
between the set of based maps (𝑆𝑛, ∗) → (𝑋,𝑥0) and the set of maps of pairs
(𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0); and two based maps 𝛼 and 𝛼′ are homotopic if and
only if 𝛼 ∘ 𝑞 and 𝛼′ ∘ 𝑞 are homotopic.

Here we use that id𝐼 × 𝑞
is again a quotient map,
which holds by exercise
3.5 of the AT lecture.

Thus, we obtain a bijection between
𝜋𝑛(𝑋,𝑥0) and the set of homotopy classes of based maps (𝑆𝑛, ∗) → (𝑋,𝑥0).

In

⌄Θ

that description, the product on 𝜋𝑛(𝑋,𝑥0) takes the following form:
Let 𝑆𝑛−1 ×{0} ⊆ 𝑆𝑛 be the equator; then 𝑆𝑛/(𝑆𝑛−1 ×{0}) is homeomorphic to
𝑆𝑛 ∨ 𝑆𝑛, each wedge summand being a quotient of one of the hemispheres.
The projection Θ∶ 𝑆𝑛 → 𝑆𝑛 ∨ 𝑆𝑛 is called pinch map (»Schnürabbildung«)
and depicted at the margin. If we arrange 𝑞 such that 𝑞([0, 12 ] × 𝐼

𝑛−1) and
𝑞([ 12 , 1] × 𝐼

𝑛−1) are the twohemispheres of 𝑆𝑛, then the product on𝜋𝑛(𝑋,𝑥0)
translates to [𝛼] ⋅ [𝛽] = [(𝛼 ∨ 𝛽) ∘ Θ] for any two homotopy classes 𝛼 and 𝛽
of based maps (𝑆𝑛, ∗) → (𝑋,𝑥0).

Here 𝛼∨𝛽∶ 𝑆𝑛 ∨ 𝑆𝑛 →𝑋
is 𝛼 on the first and 𝛽 on
the second wedge
summand.

3 .2 Conjugation by paths

The

Lecture 10

definition of 𝜋𝑛(𝑋,𝑥0) involved a choice of basepoint, and we want see
how much the homotopy group can change if we vary that choice. In the
following construction, we shall see that each path between two possible
basepoints induces a homomorphism between these homotopy groups:

Construction 3.2.1. Let

𝛼

⌄
𝑣

𝑥1

𝑥0

𝑋 be a space and let 𝑣∶ 𝐼 → 𝑋 be a path from
𝑥0 to 𝑥1. For each map of pairs 𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0), we define the map of
pairs 𝑣#𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥1) as depicted in the figure on the margin, i.e.
apply 𝛼 to a smaller cube and interpolate between the larger and smaller
cube using 𝑣 on each radial ray. Formally, 𝑣#𝛼 is defined as

This even makes sense
for 𝑛 = 0; here 𝑣#𝛼 = 𝛼.

(𝑣#𝛼)(𝑡1,… , 𝑡𝑛) ≔ {
𝛼(3𝑡1 − 1,…,3𝑡𝑛 − 1) for (𝑡1,… , 𝑡𝑛) ∈ [ 13 ,

2
3 ]
𝑛,

𝑣(3 ⋅max𝑖 |𝑡𝑖 − 12 | −
1
2 ) else.

If 𝛼 and 𝛼′ are homotopic as maps of pairs, then 𝑣#𝛼 and 𝑣#𝛼′ are homo-
topic as maps of pairs. Hence we obtain a well-defined map

𝑣#∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑋,𝑥1), [𝛼] ↦ [𝑣#𝛼].

By comparing

𝛼 𝛽

𝛼 𝛽

(𝑣#𝛼) ∗ (𝑣#𝛽) and 𝑣#(𝛼 ∗ 𝛽), as depicted in the two margin
figures, we see that these two maps of pairs are homotopic, and hence the
map 𝑣#∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑋,𝑥1) is a group homomorphism for 𝑛 ⩾ 1.

We might already suspect that each 𝑣# is even an isomorphism of groups,
the inverse given by 𝑣−# where 𝑣− is the reversed path. This is indeed true,
but we want to study that phenomenon in its natural generality.
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Construction 3.2.2. Let𝑋 be a space. Its fundamental groupoid Π1(𝑋)
is the following small category:

• The objects of Π1(𝑋) are the points of𝑋.

• MorphismsMorphisms from 𝑥0
to 𝑥0 are precisely
homotopy classes
of maps of pairs
(𝐼, 𝜕𝐼) → (𝑋, {𝑥0}).

from 𝑥0 to 𝑥1 are homotopy classes of paths 𝑣∶ 𝐼 → 𝑋
from 𝑥0 to 𝑥1, denoted by [𝑣], where two paths 𝑣 and 𝑣′ are con-
sidered homotopic if there is a homotopy 𝜂, which additionally satis-
fies 𝜂𝑠(0) = 𝑥0 and 𝜂𝑠(1) = 𝑥1 for all 𝑠 ∈ 𝐼.

• For arrowsThis change of order is
due to the unfortunate

Western tradition of
writing 𝑔 ∘𝑓 for a

composition of arrows
that are of the form

𝑋 𝑌 𝑍.←→
𝑓 ←→

𝑔

[𝑣]∶ 𝑥0 →𝑥1 and [𝑤]∶ 𝑥1 →𝑥2, the composition [𝑤] ∘ [𝑣]
is defined as [𝑣 ∗𝑤]∶ 𝑥0 →𝑥2, where 𝑣 ∗𝑤 is the concatenation.

For each 𝑥0 ∈ 𝑋, the identity morphism of the object 𝑥0 is the equivalence
class [𝑐1𝑥0 ] of the constant path. Moreover, each morphism [𝑣] in Π1(𝑋) is
an isomorphism; its inverse is given by [𝑣−], where 𝑣− is the reversed path.

For each 𝑥0 ∈ 𝑋, the automorphism group of the object 𝑥0 in Π1(𝑋) is
the opposite fundamental group 𝜋1(𝑋,𝑥0)op, i.e. [𝑤] ∘ [𝑣] = [𝑣] ⋅ [𝑤].

Proof. Checking thatΠ1(𝑋) is indeed a category and that [𝑣−] = [𝑣]−1 uses
exactly the same three homotopies as in the proof of construction 3.1.6.

Proposition 3.2.3. ForBe aware that it can still
happen that 𝜋𝑛(𝑋,𝑥0)
and 𝜋𝑛(𝑋,𝑥1) are not

isomorphic – namely if
𝑥0 and 𝑥1 lie in different
path-components of𝑋.

each space 𝑋 and every 𝑛 ⩾ 0, the assignments
𝑥0 ↦𝜋𝑛(𝑋,𝑥0) and [𝑣] ↦ 𝑣# constitute a functor fromΠ1(𝑋) to Set∗,Grp,
or Ab. In particular, each 𝑣#∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑋,𝑥1) is an isomorphism.

Proof. This boils down to showing the following:
• If 𝑣 and 𝑣′ are equivalent paths, then 𝑣# = 𝑣′# on 𝜋𝑛,
• (𝑐1𝑥0 )#[𝛼] = [𝛼] for any 𝛼 ∈ 𝜋𝑛(𝑋,𝑥0),
• (𝑣 ∗𝑤)#[𝛼] = 𝑤#(𝑣#[𝛼]) for any suitable 𝑣, 𝑤, and 𝛼.

For each of these statements, one can find homotopies very similar to the
ones we have constructed above.

Notation 3.2.4. If𝑋 is a path-connected space, then the isomorphism
type of 𝜋𝑛(𝑋,𝑥0) does not depend on 𝑥0, and we denote it by 𝜋𝑛(𝑋).

Next, we want to use the above construction to compare the induced
maps 𝜋𝑛(𝑓) and 𝜋𝑛(𝑔) in the case where 𝑓 and 𝑔 are homotopic, without
assuming anything that concerns the basepoint:

Proposition 3.2.5. Let 𝑓,𝑔∶ 𝑋→ 𝑌 be two maps and let 𝜂 be anyNote that we do not
require 𝜂 to be a

homotopy between
maps of pairs, but
just a homotopy.

homo-
topy between them. For each 𝑥0 ∈ 𝑋, we consider the path 𝑣(𝑠) = 𝜂𝑠(𝑥0) from
𝑓(𝑥0) to 𝑔(𝑥0). Then for each 𝑛 ⩾ 0, the following triangle commutes:

𝜋𝑛(𝑌,𝑓(𝑥0))

𝜋𝑛(𝑋,𝑥0)

𝜋𝑛(𝑌,𝑔(𝑥0)).

←→ 𝑣#≅

← →𝜋𝑛(𝑓)

←

→𝜋𝑛(𝑔)
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Proof. For any 𝑠 ∈ 𝐼, consider the path 𝑤𝑠∶ 𝐼 → 𝑌 with 𝑤𝑠(𝑡) ≔ 𝜂𝑠+𝑡−𝑠𝑡(𝑥0),
i.e.𝑤𝑠 goes from 𝜂𝑠(𝑥0) to𝑔(𝑥0). Moreover,𝑤0 agrees with 𝑣, while𝑤1 is the
constant path at 𝑔(𝑥0). Then for each map of pairs 𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0),
the homotopy 𝜃 with Here we use that 𝜂𝑠 ∘ 𝛼 is

a map of pairs from
(𝐼𝑛, 𝜕𝐼𝑛) to (𝑌,𝑤𝑠(0)).

𝜃𝑠 ≔ (𝑤𝑠)#(𝜂𝑠 ∘ 𝛼) satisfies 𝜃𝑠(𝜕𝐼𝑛) = {𝑔(𝑥0)} for each
𝑠 ∈ 𝐼, and we have 𝜃0 = 𝑣#(𝑓 ∘ 𝛼) and 𝜃1 = (𝑐𝑔(𝑥0))#(𝑔 ∘ 𝛼). Finally, as 𝑐𝑔(𝑥0)
induces the identity on 𝜋𝑛(𝑌,𝑔(𝑥0)), we get

𝜋𝑛(𝑔)([𝛼]) = [𝜃1] = [𝜃0] = (𝑣# ∘ 𝜋𝑛(𝑓))([𝛼]).

Proposition 3.2.5 has the following useful consequences:

Corollary 3.2.6. If𝑓∶ 𝑋→ 𝑌 is a homotopy equivalence, then the induced
map 𝜋𝑛(𝑓)∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑌,𝑓(𝑥0)) is an isomorphism for each 𝑛 ⩾ 0 and
each choice of basepoint 𝑥0 ∈ 𝑋.

Proof. We first show that 𝜋𝑛(𝑓) is injective. To do so, let 𝑔 be a homotopy
inverse of 𝑓 and let 𝜂 be a homotopy between id𝑋 and 𝑔 ∘ 𝑓. Then propos-
ition 3.2.5 tells us that We regard 𝑔 as a based

map of the form
(𝑌,𝑓(𝑥0)) → (𝑋,𝑔𝑓(𝑥0)).

𝜋𝑛(𝑔) ∘ 𝜋𝑛(𝑓) = 𝑣# for 𝑣(𝑠) ≔ 𝜂𝑠(𝑥0); so since 𝑣# is
an isomorphism, 𝜋𝑛(𝑓) is injective and 𝜋𝑛(𝑔) is surjective.

Now we apply what we just have shown to the homotopy equivalence 𝑔
and conclude that 𝜋𝑛(𝑔) is injective; this together with the above equality
implies that 𝜋𝑛(𝑓) is surjective.

Corollary 3.2.7. If𝑋 is contractible, then each 𝜋𝑛(𝑋,𝑥0) is trivial. The trivial based set is a
set with one point.

Proof. This follows from the previous corollary and the fact that all homo-
topy groups of the one-point space are trivial.

We close this section by restricting our attention again to a single basepoint
and tracking all automorphisms of 𝜋𝑛(𝑋,𝑥0) that are induced by loops at
𝑥0. This is easiest to phrase in terms of group actions:

Reminder 3.2.8. An action of a group 𝐺 on a set𝑋 is a map 𝐺×𝑋→𝑋,
which we denote by (𝑔,𝑥) ↦ 𝑔 • 𝑥, satisfying the following:

1. [Associativity] (𝑔 ⋅𝑔′) •𝑥 = 𝑔• (𝑔′ •𝑥) for each 𝑔,𝑔′ ∈ 𝐺 and 𝑥 ∈ 𝑋.
2. [Unitality] 1𝐺 • 𝑥 = 𝑥 for each 𝑥 ∈ 𝑋. 1𝐺 denotes the neutral

element of 𝐺.The action is called trivial if 𝑔 • 𝑥 = 𝑥 holds for each 𝑔 ∈ 𝐺 and each 𝑥 ∈ 𝑋.

Construction 3.2.9. For each based space (𝑋,𝑥0) and each 𝑛 ⩾ 1, we
have an action of 𝜋1(𝑋,𝑥0) on 𝜋𝑛(𝑋,𝑥0) by [𝑣] • [𝛼] ≔ 𝑣−#[𝛼].

Associativity and
unitality follow from
the functoriality of
[𝑣] ↦ 𝑣#, and we need
to invert the path in
order to repair
[𝑤] ∘ [𝑣] = [𝑣] ⋅ [𝑤].
Alternatively, one can
define a right action.

Example 3.2.10. For 𝑛 = 1, this action is given by the conjugation

[𝑣] • [𝛼] = [𝑣] ⋅ [𝛼] ⋅ [𝑣]−1,

as one can see directly from the bare definition of 𝑣#𝛼 in construction 3.2.1.
In particular, the action is trivial if and only if 𝜋1(𝑋,𝑥0) is abelian.
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3 .3 The Hurewicz homomorphism

We want to get a better understanding of homotopy groups by comparing
them to singular homology, a construction we already know and love. In
fact, we can produce a map that compares the two constructions:

Construction 3.3.1. For each 𝑛 ⩾ 0, we fix a generator 𝑢𝑛 of 𝐻̃𝑛(𝑆𝑛) ≅ ℤ.
Then for each based space (𝑋,𝑥0),Here we interpret

elements in 𝜋𝑛(𝑋,𝑥0)
as homotopy classes

of based maps
(𝑆𝑛, ∗) → (𝑋,𝑥0)

as in remark 3.1.14

we define the Hurewicz map

H∶ 𝜋𝑛(𝑋,𝑥0) → 𝐻̃𝑛(𝑋), [𝛼] ↦ 𝐻̃𝑛(𝛼)(𝑢𝑛).

The collection of these maps is natural, i.e. if 𝑓∶ (𝑋,𝑥0) → (𝑌,𝑦0) is a map
of based spaces, then the following square commutes:

𝜋𝑛(𝑋,𝑥0) 𝜋𝑛(𝑌,𝑦0)

𝐻̃𝑛(𝑋) 𝐻̃𝑛(𝑌).

←→
𝜋𝑛(𝑓)

←→H(𝑋,𝑥0)

←→ H(𝑌,𝑦0)

← →
𝐻̃𝑛(𝑓)

Proof. If 𝛼 and 𝛼′ are homotopic as maps of pairs (𝑆𝑛, ∗) → (𝑋,𝑥0), then
they are in particular homotopic as bare maps 𝑆𝑛 → 𝑋. Because 𝐻̃𝑛 is a
homotopy-invariant functor, it follows that 𝐻̃𝑛(𝛼) = 𝐻̃𝑛(𝛼′), and hence the
Hurewicz map is well-defined. Naturality immediately follows from the
fact that 𝜋𝑛(𝑓)([𝛼]) = [𝑓 ∘ 𝛼] and 𝐻̃𝑛(𝑓 ∘ 𝛼) = 𝐻̃𝑛(𝑓) ∘ 𝐻̃𝑛(𝛼).

Proposition 3.3.2. For 𝑛 ⩾ 1, the Hurewicz map is a homomorphism, and
hence called Hurewicz homomorphism.

Proof. Recall the description of the product on 𝜋𝑛(𝑋,𝑥0) in terms of the
pinch map Θ from remark 3.1.14. Then the goal is to show that for two
based maps 𝛼,𝛽∶ (𝑆𝑛, ∗) → (𝑋,𝑥0), the following square commutes

𝐻̃𝑛(𝑆𝑛) 𝐻̃𝑛(𝑆𝑛 ∨ 𝑆𝑛)

𝐻̃𝑛(𝑆𝑛) ⊕ 𝐻̃𝑛(𝑆𝑛) 𝐻̃𝑛(𝑋),

← →
𝐻̃𝑛(Θ)

←→𝑣↦(𝑣,𝑣) ←→ 𝐻̃𝑛(𝛼∨𝛽)

← →
𝐻̃𝑛(𝛼)+𝐻̃𝑛(𝛽)

because if it does, then we reach the desired identity by

H([𝛼] ⋅ [𝛽]) = (𝐻̃𝑛(𝛼 ∨ 𝛽) ∘ 𝐻̃𝑛(Θ))(𝑢𝑛)
= (𝐻̃𝑛(𝛼) + 𝐻̃𝑛(𝛽))(𝑢𝑛, 𝑢𝑛)
=H([𝛼]) +H([𝛽]).
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In order to show this, recall from the AT lecture that AT:III.8.14we have the following
mutually inverse maps between the bottom left and the top right corner
of the square: Let 𝚤𝑘∶ 𝑆𝑛 ↪ 𝑆𝑛 ∨ 𝑆𝑛 denote the inclusion into the 𝑘th wedge
summand and let 𝑐𝑘∶ 𝑆𝑛 ∨ 𝑆𝑛 → 𝑆𝑛 the collapsing of the wedge summand
with index not being 𝑘. Then the desired maps are given by

𝐻̃𝑛(𝑆𝑛) ⊕ 𝐻̃𝑛(𝑆𝑛) 𝐻̃𝑛(𝑆𝑛 ∨ 𝑆𝑛).

← →
𝜙≔𝐻̃𝑛(𝚤1)+𝐻̃𝑛(𝚤2)

←→

𝜓≔(𝐻̃𝑛(𝑐1),𝐻̃𝑛(𝑐2))

Now the desired commutativity follows from the following observations:
• 𝜙 ∘ 𝜓 is the identity on 𝐻̃𝑛(𝑆𝑛);
• (𝛼∨𝛽) ∘ 𝚤1 = 𝛼 and (𝛼∨𝛽) ∘ 𝚤2 = 𝛽, so 𝐻̃𝑛(𝛼∨𝛽) ∘𝜙 = 𝐻̃𝑛(𝛼)+𝐻̃𝑛(𝛽);
• 𝑐𝑘 ∘ Θ

The homotopy claimed
in this last step has been
spelled out in the proof
of AT:iii.9.1 for 𝑛 = 1.

is homotopic to id𝑆𝑛 , and so (𝜓 ∘ 𝐻̃𝑛(Θ))(𝑣) = (𝑣, 𝑣).

Corollary 3.3.3. The This statement is false
for 𝑑 = 0, since 𝜋0(𝑆0)
has only two elements,
even though 𝑢0 is in the
image of H. The key
difference is that H is
not a homomorphism in
this case.

Hurewicz homomorphism H∶ 𝜋𝑑(𝑆𝑑, ∗) → 𝐻̃𝑑(𝑆𝑑)
is surjective for each 𝑑 ⩾ 1.

Proof. It hits the generator 𝑢𝑑 = 𝐻̃𝑑(id𝑆𝑑 )(𝑢𝑑) =H([id𝑆𝑑 ]).

We shall discover in section 3.7 that H∶ 𝜋𝑑(𝑆𝑑, ∗) → 𝐻̃𝑑(𝑆𝑑) is even an
isomorphism for each 𝑑 ⩾ 1. This is also an instance of the famousHurewicz
theorem that we shall discuss in chapter 5.

We close this section with the following proposition, whose proof is the
content of exercise 7.3 and which states that the Hurewicz homomorphism
is insensitive to the conjugation maps from the previous section:

Proposition 3.3.4. Let𝑋 be a space and let 𝑣∶ 𝐼 → 𝑋 be a path from 𝑥0
to 𝑥1. Then the following triangle commutes for each 𝑛 ⩾ 0:

𝜋𝑛(𝑋,𝑥0) 𝜋𝑛(𝑋,𝑥1)

𝐻̃𝑛(𝑋).

← →
𝑣#

←

→H(𝑋,𝑥0)

←→

H(𝑋,𝑥1)

3 .4 Relative homotopy groups

Inspired by the Hurewicz homomorphism, we would like to mimic several
constructions for singular homology in the world of homotopy groups. Our
first goal is to define relative homotopy groups 𝜋𝑛(𝑋,𝐴,𝑥0) for a pair (𝑋,𝐴)
of spaces with a basepoint 𝑥0 inside 𝐴, and a long exact sequence involving
these groups. Such a sequence would involve a connecting homomorphism
𝜕𝑛∶ 𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛−1(𝐴,𝑥0), and this leads us to the following idea:

The set𝜋𝑛(𝑋,𝐴,𝑥0) should contain homotopy classes ofmaps𝛼∶ 𝐼𝑛 →𝑋
sending nearly the entire boundary of 𝐼𝑛 to 𝑥0, yet we allow the map to
vary inside 𝐴 at the face 𝐼𝑛−1 × {1}; then the connecting homomorphism is
given by restricting 𝛼 to that face. In the following, we make that precise.
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Reminder 3.4.1. AAT:III.7.18 triple is given by (𝑋,𝐴,𝐴′) where 𝑋 is a space and
𝐴′ ⊆ 𝐴 ⊆ 𝑋. A map of triples (𝑋,𝐴,𝐴′) → (𝑌,𝐵,𝐵′) is a map 𝑓∶ 𝑋→ 𝑌
satisfying 𝑓(𝐴) ⊆ 𝐵 and 𝑓(𝐴′) ⊆ 𝑓(𝐵′). A homotopy 𝜂 between maps of
triples has to additionally satisfy that each 𝜂𝑠 is a map of triples.

Being homotopic as maps of triples is an equivalence relation on the set
of maps of triples, and we call the equivalence classes homotopy classes; we
denote the equivalence class of a map 𝑓 by [𝑓].

Definition 3.4.2. A based pair is a tuple (𝑋,𝐴,𝑥0) where (𝑋,𝐴) is a pair
of spaces, together with a point 𝑥0 ∈ 𝐴. We often identify a based pair
(𝑋,𝐴,𝑥0) with its corresponding triple (𝑋,𝐴, {𝑥0}).

A map (𝑋,𝐴,𝑥0) → (𝑌,𝐵,𝑦0) of based pairs is a map of the correspond-
ing triples; this constitutes a category Top2,∗. Accordingly, we require for
each homotopy 𝜂 of based pairs that each 𝜂𝑠 is a map of based pairs.

Notation 3.4.3. For
𝐼1

𝐽1

𝐼2

𝐽2

each 𝑛 ⩾ 1, let 𝐽𝑛 ⊆ 𝜕𝐼𝑛 be the complement of the
interior ̊𝐼𝑛−1 × {1}. Put differently, 𝐽𝑛 ≔ (𝐼𝑛−1 × {0}) ∪ (𝜕𝐼𝑛−1 × 𝐼).

This is everything we need to define the relative homotopy groups:

Definition 3.4.4. For each 𝑛 ⩾ 1 and each based pair (𝑋,𝐴,𝑥0), we define
the 𝑛th relative homotopy group 𝜋𝑛(𝑋,𝐴,𝑥0) by

𝜋𝑛(𝑋,𝐴,𝑥0) ≔ {
homotopy classes of maps of triples
𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0)

}.

WeHere we regard 𝑐𝑛𝑥0
as a map of triples.

regard 𝜋𝑛(𝑋,𝐴,𝑥0) as a based set, the basepoint being [𝑐𝑛𝑥0 ]. Note that
𝜋𝑛(𝑋,𝐴,𝑥0) has only been defined for 𝑛 ⩾ 1; for in the case of 𝑛 = 0, we
have 𝜕𝐼𝑛 = 𝐽𝑛 = ∅ and hence would just recover 𝜋0(𝑋,𝑥0).

Construction 3.4.5. Let

𝛼 𝛽
𝑥0

𝛼,𝛽∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0) be two maps of
triples. If 𝑛 ⩾ 2, then we can employ the formula from construction 3.1.6
to define their product 𝛼 ∗ 𝛽.

To define 𝛼 ∗ 𝛽, we need
that both 𝛼(1, 𝑡2,… , 𝑡𝑛)
and 𝛽(0, 𝑡2,… , 𝑡𝑛) agree

with 𝑥0, but for 𝑛 = 1,
we only know 𝛼(1) ∈ 𝐴.

By the very same proof, this descends to a
product [𝛼] ⋅ [𝛽] ≔ [𝛼 ∗ 𝛽] turning 𝜋𝑛(𝑋,𝐴,𝑥0) into a group.

In the case of 𝑛 ⩾ 3, we might also use the second coordinate to define
a product, and so we can repeat the proof of proposition 3.1.8 to conclude
that 𝜋𝑛(𝑋,𝐴,𝑥0) is abelian.

Construction 3.4.6. For each map 𝑓∶ (𝑋,𝐴,𝑥0) → (𝑌,𝐵,𝑦0) of based
pairs and 𝑛 ⩾ 1, we get an induced map among relative homotopy groups

𝜋𝑛(𝑓)∶ 𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛(𝑌,𝐵,𝑦0), [𝛼] ↦ [𝑓 ∘ 𝛼].

This map takes the basepoint [𝑐𝑛𝑥0 ] to the basepoint [𝑐𝑛𝑦0 ] and for 𝑛 ⩾ 2, this
map is a group homomorphism. Thus, 𝜋𝑛 becomes a functor from Top2,∗
to the category Set∗, Grp, or Ab, respectively, depending on 𝑛.

Again, it follows straight from the definition that if two maps of based
pairs 𝑓 and 𝑓′ are homotopic,

As said before, each
intermediate step of the
homotopy is required to
be a map of based pairs. then 𝜋𝑛(𝑓) = 𝜋𝑛(𝑓′) agree for each 𝑛.
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Remark 3.4.7. The group 𝜋𝑛(𝑋, {𝑥0}, 𝑥0) agrees with 𝜋𝑛(𝑋,𝑥0), showing
that the 𝑛th relative homotopy group functor is an extension of the old
𝑛th homotopy group functor along the inclusion Top∗ ↪ Top2,∗ given by
(𝑋,𝑥0) ↦ (𝑋, {𝑥0}, 𝑥0). This justifies that both functors are called 𝜋𝑛.

For small 𝑛, one has to be a bit careful what the target category for these
functors are. For example, the relative 𝜋1 is only an extension of 𝜋1 once we
forget the group structure; i.e. we have a commutative square of functors:

Top∗ Grp

Top2,∗ Set∗

↩→

←→
𝜋1

←→ forget

←→𝜋1

Now Lecture 11we come to the construction of the connecting homomorphism:

Construction 3.4.8. For each 𝑛 ⩾ 1, the inclusion of 𝐼𝑛−1 as the top face
of 𝐼𝑛 is a map of pairs 𝛿𝑛∶ (𝐼𝑛−1, 𝜕𝐼𝑛−1) → (𝜕𝐼𝑛, 𝐽𝑛).

In explicit formulas,
𝛿𝑛 takes (𝑡1,… , 𝑡𝑛−1)
to (𝑡1,… , 𝑡𝑛−1, 1).

Thus, for each map of
triples 𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0), the composition 𝛼 ∘𝛿𝑛 is a map of pairs
(𝐼𝑛−1, 𝜕𝐼𝑛−1) → (𝐴,𝑥0). This construction descends to a map

𝜕𝑛∶ 𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛−1(𝐴,𝑥0), [𝛼] ↦ [𝛼 ∘ 𝛿𝑛],

which we call connecting homomorphism. For 𝑛 ⩾ 2, the map 𝜕𝑛 is indeed
a homomorphism, justifying its name.

Proof. If 𝛼 and 𝛼′ are homotopic via a homotopy 𝜂, then 𝜂• ∘ 𝛿𝑛 witnesses 𝜂• ∘ 𝛿𝑛 refers to the
homotopy (𝜂𝑠 ∘ 𝛿𝑛)𝑠∈𝐼.that 𝛼∘𝛿𝑛 and 𝛼′∘ 𝛿𝑛 are homotopic as maps of pairs; hence the connecting

homomorphism is well-defined. To see that the connecting homomorphism
is a homomorphism for 𝑛 ⩾ 2, we note that (𝛼 ∗ 𝛽) ∘ 𝛿𝑛 = (𝛼 ∘ 𝛿𝑛) ∗ (𝛽 ∘ 𝛿𝑛)
holds even without quotienting out the homotopy relation.

Construction 3.4.9. Let (𝑋,𝐴,𝑥0) be a based pair. Then the connecting
homomorphism and the maps induced by the inclusions (𝐴,𝑥0) ↪ (𝑋,𝑥0)
and (𝑋, {𝑥0}, 𝑥0) ↪ (𝑋,𝐴,𝑥0) give rise to a long sequence

⋯→𝜋𝑛(𝐴,𝑥0) → 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑋,𝐴,𝑥0)
𝜕𝑛⟶𝜋𝑛−1(𝐴,𝑥0) →⋯ ,

which ends with⋯→𝜋1(𝑋,𝐴,𝑥0) → 𝜋0(𝐴,𝑥0) → 𝜋0(𝑋,𝑥0). All involved
maps are maps of based sets, and all maps on the left side of 𝜋1(𝑋,𝑥0) are
group homomorphisms. Moreover, this sequence is natural with respect to
maps of based pairs 𝑓∶ (𝑋,𝐴,𝑥0) → (𝑌,𝐵,𝑦0).

We would like to state and prove that this sequence is exact. To do so, we
have to make explicit what this means if the ingredients are no groups:
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Definition 3.4.10. If 𝑓∶ (𝑋,𝑥0) → (𝑌,𝑦0) is a map of based sets, then its
kernel ker(𝑓) is defined to be the preimage 𝑓−1(𝑦0). This enables us to gen-
eralise the definition of exactness from last termAT:III.7.7 to sequences of basedmaps.

Remark 3.4.11. A sequence 𝐺→𝐺′ →𝐺″ of groups is exact at 𝐺′ in the
usual sense if and only if the underlying sequence of based maps is exact;
hence definition 3.4.10 truly generalises the old notion of exactness.

Nonetheless, one has to be a bit careful when using exactness for maps
of based sets that do not come from group homomorphisms:

Example 3.4.12. For a generic map𝑓∶ (𝑋,𝑥0) → (𝑌,𝑦0) among based sets,
triviality of ker(𝑓) doesHere 0 denotes the

trivial based set ({0}, 0).
not imply that 𝑓 is injective. As a counterexample,

let𝑋≔ {0, 1, 2} and 𝑌 ≔ {0, 1}, both with basepoint 0, and let 𝑓(0) ≔ 0 and
𝑓(1),𝑓(2) ≔ 1. Then ker(𝑓) = 0, i.e. the sequence 0 →𝑋→𝑌 is exact, but
𝑓 is not injective. In two situations, however, we have more luck:

• If 𝑓 underlies a group homomorphism, this issue does not occur.
• If 0 →𝑋→ 0 is exact, then𝑋 is indeed trivial (exercise).

Now we can state and prove the main result of this section:

Theorem 3.4.13. The sequence from construction 3.4.9 is exact.

Proof. Let 𝚤𝑛∶ 𝜋𝑛(𝐴,𝑥0)→𝜋𝑛(𝑋,𝑥0) and 𝚥𝑛∶ 𝜋𝑛(𝑋,{𝑥0},𝑥0)→𝜋𝑛(𝑋,𝐴,𝑥0)
be the maps induced by the inclusions. Our goal is to show exactness at
each of the three recurring steps (for each 𝑛 ⩾ 1)

By our index choices
below, 𝑛 ⩾ 1 covers the

entire sequence. of the sequence:

We start by showing exactness at each 𝜋𝑛−1(𝐴,𝑥0): In order to show that
im(𝜕𝑛) ⊆ ker(𝚤𝑛−1), let 𝛽∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0) be a map of triples, then
𝛽 ∘ 𝛿𝑛 is nullhomotopic inside 𝑋 by 𝜂𝑠(𝑡1,… , 𝑡𝑛−1) = 𝛽(𝑡1,… , 𝑡𝑛−1, 𝑠). To
show that ker(𝚤𝑛) ⊆ im(𝜕𝑛), let 𝛼∶ (𝐼𝑛−1, 𝜕𝐼𝑛−1) → (𝐴,𝑥0) be a map and let
𝜂

𝑥0≡𝜂0

𝜂

𝛼=𝜂1

be a homotopy from 𝑐𝑥0 to 𝛼 inside𝑋. Then𝛽(𝑡1,… , 𝑡𝑛) ≔ 𝜂𝑡𝑛 (𝑡1,… , 𝑡𝑛−1)
is a map of triples satisfying 𝛽 ∘ 𝛿𝑛 = 𝛼.

Next, we show exactness at 𝜋𝑛(𝑋,𝐴,𝑥0): For each 𝛽∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0),
the map 𝛽 ∘ 𝛿𝑛 is constantly 𝑥0; this shows that im(𝚥𝑛) ⊆ ker(𝜕𝑛). For the
other inclusion, let 𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0) be a map of triples and let
𝜂∶ (𝐼𝑛−1, 𝜕𝐼𝑛−1) × 𝐼 → (𝐴,𝑥0) be a from 𝛼 ∘𝛿𝑛 to 𝑐𝑥0 . Now consider the map
of pairs 𝛽∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0) given by

𝑥0≡𝜂0
𝜂

𝛼
𝛼∘𝛿𝑛=𝜂1 𝛽(𝑡1,… , 𝑡𝑛) ≔ {

𝛼(𝑡1,… , 𝑡𝑛−1, 2𝑡𝑛) for 𝑡𝑛 ∈ [0, 12 ],
𝜂2𝑡𝑛−1(𝑡1,… , 𝑡𝑛−1) for 𝑡𝑛 ∈ [ 12 , 1].

Then 𝛽 is homotopic as a map of triples (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0) to 𝛼 itself,
a homotopy given by ‘moving 𝜂 out on top’. Formally we put

𝜃𝑠(𝑡1,… , 𝑡𝑛) ≔ {
𝛼(𝑡1,… , 𝑡𝑛−1,

2𝑡𝑛
1+𝑠 ) for 𝑡𝑛 ∈ [0, 1+𝑠2 ],

𝜂2𝑡𝑛−1−𝑠(𝑡1,… , 𝑡𝑛−1) for 𝑡𝑛 ∈ [ 1+𝑠2 , 1].
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Finally, we show exactness at 𝜋𝑛(𝑋,𝑥0): To show that im(𝚤𝑛) ⊆ ker(𝚥𝑛), we
note that each 𝛽∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝐴,𝑥0) is nullhomotopic as a map of triples
(𝐼, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0) by moving the last coordinate to 0; formally Here we use that 𝛽 lands

in 𝐴 to ensure that 𝜂𝑠
sends 𝜕𝐼𝑛 to 𝐴.𝜂𝑠(𝑡1,… , 𝑡𝑛) = 𝛽(𝑡1,… , 𝑡𝑛−1, (1 − 𝑠) ⋅ 𝑡𝑛).

Conversely let𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝑋,𝑥0) be amap of pairs that is nullhomotopic
as a map of triples, and let 𝜂 be a homotopy from 𝑐𝑥0 to 𝛼. Then we define
𝛽(𝑡1,… , 𝑡𝑛) ≔ 𝜂𝑡𝑛 (𝑡1,… , 𝑡𝑛−1, 1), which is amapof pairs To show 𝛽(𝜕𝐼𝑛) = {𝑥0},

use that 𝜕𝐼𝑛 agrees with
(𝐼𝑛−1 × 𝜕𝐼) ∪ (𝜕𝐼𝑛−1 × 𝐼).

(𝐼𝑛, 𝜕𝐼𝑛) → (𝐴,𝑥0).
Finally, we have a homotopy 𝜃 from 𝛼 to 𝛽 inside𝑋 by running 𝜂 from 1
until 𝑡𝑛, and then moving the last coordinate from 𝑡𝑛 to 1; formally

Exercise: Check that
indeed 𝜃𝑠(𝜕𝐼𝑛) = {𝑥0}
holds for each 𝑠 ∈ 𝐼.

𝜃𝑠(𝑡1,… , 𝑡𝑛) ≔ {
𝜂2𝑠𝑡𝑛+1−2𝑠(𝑡1,… , 𝑡𝑛) for 𝑠 ∈ [0, 12 ],
𝜂𝑡𝑛 (𝑡1,… , 𝑡𝑛−1, (2 − 2𝑠) ⋅ 𝑡𝑛 + 2𝑠 − 1) for 𝑠 ∈ [ 12 , 1].

Corollary 3.4.14. If the inclusion𝐴↪𝑋 is a homotopy equivalence, then
𝜋𝑛(𝑋,𝐴,𝑥0) is trivial for each 𝑛 ⩾ 1.

Proof. By corollary 3.2.6, the induced maps 𝜋𝑛(𝐴,𝑥0) → 𝜋𝑛(𝑋,𝑥0) are iso-
morphisms, so by exactness, each 𝜋𝑛(𝑋,𝐴,𝑥0) is trivial.

This even holds for
𝜋1(𝑋,𝐴,𝑥0), using
exactness of based sets.

The following useful proposition tells us that even though the last three
maps in the long exact sequence of homotopy groups are no homomorph-
isms, the injectivity issue from example 3.4.12 does not occur often.

Proposition 3.4.15. Let (𝑋,𝐴,𝑥0) be a based pair.

For the very last map
𝜋0(𝐴,𝑥0) → 𝜋0(𝑋,𝑥0),
no similar statement is
to be expected: For
𝑋≔ {𝑥0} ⊔ 𝐼,
𝐴 ≔ {𝑥0, 0, 1},

the induced map on 𝜋0
not injective, but
𝜋1(𝑋,𝐴,𝑥0) is trivial.

1. The induced map 𝚥1∶ 𝜋1(𝑋,𝑥0) → 𝜋1(𝑋,𝐴,𝑥0) is injective if and only
if its kernel ker(𝚥1) is trivial.

2. If 𝜋1(𝑋,𝑥0) is trivial, then 𝜕1∶ 𝜋1(𝑋,𝐴,𝑥0) → 𝜋0(𝐴,𝑥0) is injective.

The proof of this proposition is the content of exercise 8.1. Note that in
𝑥0

𝐴

⌄ ⌄

the second statement, the assumption 𝜋1(𝑋,𝑥0) ≅ 0 is stronger than just
assuming that ker(𝜕1) is trivial. Using the figure at the margin, one can
show that this weaker assumption is not enough to ensure injectivity of 𝜕1.

We close this section with a conjugation action on relative homotopy
groups similar to the absolute case from construction 3.2.1:

Construction 3.4.16. Let
𝛼

⌄ ⌄

⌄
𝑣

𝑥1

𝑥0

⌄

𝛼𝑣𝑥1 𝑥0

(𝑋,𝐴) be a pair and let 𝑣∶ 𝐼 → 𝐴 be a path
(inside𝐴) from 𝑥0 to 𝑥1. For eachmap 𝛼∶ (𝐼𝑛, 𝜕𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥0) of triples,
we define 𝑣#𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝑋,𝐴,𝑥1) as depicted in the figure on the
margin. Again, this descends to a map 𝑣#∶ 𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛(𝑋,𝐴,𝑥1) for
each 𝑛 ⩾ 1, which is a group homomorphism for 𝑛 ⩾ 2.

This turns 𝑥0 ↦𝜋𝑛(𝑋,𝐴,𝑥0) into anΠ1(𝐴)-indexed diagram. Now each
of the three different ingredients in the long exact sequence are actually
Π1(𝐴)-indexed diagrams,

For 𝜋𝑛(𝑋,𝑥0), use that
each path in 𝐴 is also a
path in𝑋.

and all three morphisms are natural (exercise);
so altogether, we have a long exact sequence of Π1(𝐴)-indexed diagrams.
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3 .5 Homotopy excision and Freudenthal

Having successfully constructed a long exact sequence among homotopy
groups for (based) pairs of spaces, one might become optimistic and hope
for an excision theorem for homotopy groups. We start this discussion by
reformulating the excision property for singular homology in a special case:

Reminder 3.5.1. Let 𝑋 be a space and let 𝑈,𝑉 ⊆ 𝑋 be open subspaces
covering𝑋. Then the induced map𝐻𝑛(𝑈,𝑈 ∩𝑉) →𝐻𝑛(𝑋,𝑉) in singular
homology is an isomorphism for each 𝑛 ∈ ℤ.

In order to relate this to
the classical formulation

of excision, put 𝐴 ≔ 𝑉
and𝑊≔𝑋∖𝑈 ⊆ 𝑉.

Our first guess might be that reminder 3.5.1 stays true if we replace𝐻𝑛 by
𝜋𝑛. This however, turns out to be utterly false (for example, it would imply
that 𝜋3(𝑆2) is trivial, something we shall disprove soon). There is, however,
a significantly weaker statement with stronger assumptions, which goes
under the name homotopy excision or Blakers–Massey theorem.

Notation 3.5.2. For a space pair (𝑋,𝐴) and 𝑛 ⩾ 1, we write 𝜋𝑛(𝑋,𝐴) ≅ 0
if 𝜋𝑛(𝑋,𝐴,𝑥0) is trivial for each 𝑥0 ∈ 𝐴.

Theorem 3.5.3 (Homotopy excision). Let𝑋 be a space, which is covered
by two open subspaces 𝑈 and 𝑉, and let 𝑝,𝑞 ⩾ 0. Assume that

For 𝑝 = 0, there is no
condition on (𝑈,𝑈 ∩𝑉);

similarly for 𝑞 = 0.
𝜋𝑛(𝑈,𝑈 ∩𝑉) ≅ 0 for each 1 ⩽ 𝑛 ⩽ 𝑝,
𝜋𝑛(𝑉,𝑈 ∩𝑉) ≅ 0 for each 1 ⩽ 𝑛 ⩽ 𝑞,

Then, for each 𝑥0 ∈ 𝑈∩𝑉, the induced map
Note that if

𝑈∩𝑉 = ∅, then
the statement is void.

𝜋𝑛(𝑈,𝑈 ∩𝑉,𝑥0) → 𝜋𝑛(𝑋,𝑉,𝑥0)

is bijective for 1 ⩽ 𝑛 < 𝑝 + 𝑞 and surjective for 1 ⩽ 𝑛 ⩽ 𝑝 + 𝑞.

There is a rather elementary proof of the homotopy excision theorem due
toDieter Puppe [4], which can also be found in

Puppe’s proof uses path
spaces, which we have

not discussed; but there
is an ‘adjoint’ version of
this step which only uses

tools from this course.

[3, § 6.9]. However, the proof
is truly lengthy and not very illuminating; so I decided not to discuss it in
the lecture. If there is sufficient interest near the end of the term, then I shall
spell out the proof in an extra session (or in the appendix of these notes).

Inspired by homology, we expect a suspension isomorphism for homo-
topy groups, at least in a range. This is indeed possible and goes under the
name Freudenthal suspension theorem. The map is constructed as follows:

Construction 3.5.4. Let (𝑋,𝑥0) be a based space. We consider its sus-
pension 𝑆𝑋 = (𝑋× 𝐼)/∼,(𝑥, 1) ∼ (𝑥′, 1),

(𝑥, 0) ∼ (𝑥′, 0).
the basepoint 𝑥̂0 being the residue class of (𝑥0, 12 ).

The goal is to construct, for each 𝑛 ⩾ 0, a suspension map

S∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛+1(𝑆𝑋, 𝑥̂0).
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To do so, we cover 𝑆𝑋 by two open cones 𝑈 and 𝑉, say 𝑈 is the image of
𝑋×⟮ 13 , 1] and𝑉 is the image of𝑋×[0, 23 ⟯ under the projection to 𝑆𝑋. Then
𝑈∩𝑉 contains the basepoint 𝑥̂0 and the basedmap𝑓∶ (𝑋,𝑥0) → (𝑈∩𝑉, 𝑥̂0)
taking 𝑥 to the residue class of (𝑥, 12 ) is a homotopy equivalence (the target
being identified with𝑋× ⟮ 13 ,

2
3 ⟯). Now consider the following diagram:

𝜋𝑛+1(𝑉, 𝑥̂0)

𝜋𝑛+1(𝑈, 𝑥̂0) 𝜋𝑛+1(𝑆𝑋, 𝑥̂0)

𝜋𝑛+1(𝑈,𝑈 ∩𝑉, 𝑥̂0) 𝜋𝑛+1(𝑆𝑋,𝑉, 𝑥̂0)

𝜋𝑛(𝑋,𝑥0) 𝜋𝑛(𝑈 ∩𝑉, 𝑥̂0) 𝜋𝑛(𝑉, 𝑥̂0)

𝜋𝑛(𝑈, 𝑥̂0),

←→

←→ ←→ 𝚥𝑛+1

←→
𝑔∗

←→ 𝜕𝑛+1 ←→

←→
𝑓∗
≅

←→
where 𝑔 is the canonical inclusion and the two vertical columns are parts
of the long exact sequences for (𝑈,𝑈 ∩ 𝑉, 𝑥̂0) and (𝑆𝑋,𝑉, 𝑥̂0). Since both
𝑈 and 𝑉 are contractible, it follows from exactness that 𝜕𝑛+1 and 𝚥𝑛+1 are
bijective

In the case of 𝑛 = 0, we
use proposition 3.4.15
for injectivity.and we define S ≔ 𝚥−1𝑛+1 ∘ 𝑔∗ ∘ 𝜕−1𝑛+1 ∘ 𝑓∗. It follows straight from the

definition that S is natural, and that S is a homomorphism for 𝑛 ⩾ 1.

Remark 3.5.5. Interpreting This exercise becomes
easier if we reinterpret
elements in relative
homotopy groups as
classes of maps starting
at (𝐷𝑛, 𝑆𝑛−1, ∗), which
we will do in chapter 4.

elements in 𝜋𝑛(𝑋,𝑥0) as in remark 3.1.14 as
classes of based maps 𝛼∶ (𝑆𝑛, ∗) → (𝑋,𝑥0) and using 𝑆𝑆𝑛 ≅ 𝑆𝑛+1, we shall
see in exercise 12.4a that S has the much more memorable form [𝛼] ↦ [𝑆𝛼].

The aforementioned ‘range’ in the suspension theorem will depend on
the triviality of some homotopy groups of the space to start with:

Definition 3.5.6. Let 𝑑 ⩾ 0. A space𝑋 is called 𝑑-connected if𝑋 is non-
empty and 𝜋𝑛(𝑋,𝑥0) is trivial for each 0 ⩽ 𝑛 ⩽ 𝑑 and each basepoint 𝑥0 ∈ 𝑋.

Example 3.5.7. A space is 0-connected if and only if it is path-connected. Recall that for us,
‘path-connected’
includes ‘non-empty’.

A 1-connected space is often called simply connected. Visually, this means
that each loop in𝑋 can be homotoped to the constant path.

Example 3.5.8. If𝑋 is contractible, then𝑋 is 𝑑-connected for each 𝑑. (We
shall soon see that for CW complexes, the converse implication is also true!)

Remark 3.5.9. If𝑋 is 𝑑-connected, then𝑋 is also (𝑑 − 1)-connected. In
particular, if𝑋 is 𝑑-connected for some 𝑑, then𝑋 is path-connected.

Conversely, once we know that𝑋 is path-connected, it suffices to check
that 𝜋𝑛(𝑋,𝑥0) is trivial for some basepoint 𝑥0 ∈ 𝑋. Triviality for each other
basepoint then follows using the conjugation maps from section 3.2.
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Now we are ready to state and prove the suspension theorem:

Theorem 3.5.10 (Freudenthal). Let 𝑑 ⩾ 1. If a space𝑋 is (𝑑−1)-connected,
then for any 𝑥0 ∈ 𝑋, the map S∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛+1(𝑆𝑋, 𝑥̂0) from construc-
tion 3.5.4 is bijective for 𝑛 < 2𝑑 − 1 and surjective for 𝑛 ⩽ 2𝑑 − 1.

Proof. Three out of four ingredients for S are bijective, regardless of 𝑛, so
we only have to inspect 𝑔∗. To do so, we note that for any 𝑥 ∈ 𝑈 ∩𝑉, we
have 𝜋𝑛(𝑈,𝑈∩𝑉,𝑥) ≅ 𝜋𝑛−1(𝑈 ∩𝑉,𝑥), which is isomorphic to 𝜋𝑛−1(𝑋) and
hence trivial for each 1 ⩽ 𝑛 ⩽ 𝑑. The very same holds for (𝑉,𝑈 ∩𝑉).

By the homotopy excision theorem, it follows that the map in question
𝑔∗∶ 𝜋𝑛+1(𝑈,𝑈 ∩𝑉, 𝑥̂0) → 𝜋𝑛+1(𝑆𝑋,𝑉, 𝑥̂0) is bijective whenever 𝑛 + 1 < 2𝑑
and surjective whenever 𝑛 + 1 ⩽ 2𝑑. Now subtract 1 from both sides.

Corollary 3.5.11. If𝑋 is (𝑑 − 1)-connected, then 𝑆𝑋 is 𝑑-connected.

Proof. As𝑋 is non-empty, 𝑆𝑋 is covered by two cones which intersect non-
trivially, and hence is path-connected. Moreover, 𝜋𝑛−1(𝑋,𝑥0) surjects onto
𝜋𝑛(𝑆𝑋, 𝑥̂0) for 𝑛 ⩽ 2𝑑. Using that 𝜋𝑛−1(𝑋,𝑥0) is trivial for 1 ⩽ 𝑛 ⩽ 𝑑, this
shows that 𝜋𝑛(𝑆𝑋, 𝑥̂0) is trivial for the same values of 𝑛.

Corollary 3.5.12. For 𝑑 ⩾ 1, the 𝑑-sphere 𝑆𝑑 is (𝑑 − 1)-connected and
S∶ 𝜋𝑛(𝑆𝑑) → 𝜋𝑛+1(𝑆𝑑+1) is bijective for𝑛< 2𝑑−1 and surjective for𝑛⩽ 2𝑑−1.
In particular, there is a surjective group homomorphism 𝜋1(𝑆1) → 𝜋𝑑(𝑆𝑑).

We will soon see that 𝜋1(𝑆1) ≅ ℤ; then a combination of corollary 3.5.12
and corollary 3.3.3 will tell us that each 𝜋𝑑(𝑆𝑑) is isomorphic to ℤ.

Proof. The connectivity follows inductively from corollary 3.5.11 and the
fact that 𝑆1 is path-connected. Then another application of theorem 3.5.10
shows that S is bijective (or surjective) in the range that is claimed. This
shows that in the chain of maps

𝜋1(𝑆1)
S
⟶𝜋2(𝑆2)

S
⟶⋯

S
⟶𝜋𝑑−1(𝑆𝑑−1)

S
⟶𝜋𝑑(𝑆𝑑),

the first map is surjective, and all subsequent maps are isomorphisms.

Remark 3.5.13. The latitude 12 of the basepoint 𝑥̂0 ∈ 𝑆𝑋might feel a bit
arbitrary. In fact, in the world of based spaces, it makes more sense to
consider the reduced suspension Σ𝑋 ≔ (𝑋× 𝐼)/(𝑋× 𝜕𝐼 ∪ {𝑥0} × 𝐼). Visually,
the longitude that passes through 𝑥0 is collapsed as well. We have a quotient
map 𝑆𝑋→ Σ𝑋, which is a homotopy equivalence if𝑋 is well-pointed

AT:III.8
.

Postcomposing the suspension map S with the map induced by quotient-
ing further 𝑆𝑋→ Σ𝑋, and reinterpreting elements of 𝜋𝑛(𝑋) as homotopy
classes of based maps 𝑆𝑛 → 𝑋 as in remark 3.1.14, the resulting reduced
suspension map 𝜋𝑛(𝑋) → 𝜋𝑛+1(Σ𝑋) is now of the form [𝛼] ↦ [Σ𝛼].

Each based map
𝑓∶ 𝑋→ 𝑌 induces map
Σ𝑓∶ Σ𝑋→ Σ𝑌, and we

have Σ𝑆𝑛 ≅ 𝑆𝑛+1.
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3 .6 Fibre bundles and Serre fibrations

So

Lecture 12

far, we have not been successful in computing concrete homotopy groups.
Corollary 3.5.12 suggests that our next goal should be 𝜋1(𝑆1). However, the
usual method, namely covering 𝑆1 by two hemispheres, will not work here
as the assumptions for homotopy excision are not satisfied here.

We are therefore in need of a different tool; one we do not know from
homology. Recall that homotopy groups interact particularly well with
products, as we saw in lemma 3.1.12. Now 𝑆1 is not a factor in a product
space whose homotopy groups we know – however, locally this is indeed
the case! We make precise what we mean by this:

Definition 3.6.1. Let Roughly speaking, a
fibre bundle is a map
that locally looks like
a projection out of a
product.

𝐹 be a space. A map of spaces 𝑝∶ 𝐸 → 𝐵 is called
fibre bundle with fibre 𝐹 if there is an open cover (𝑈𝑖)𝑖∈I of 𝐵 and a family
of homeomorphisms (𝜙𝑖∶ 𝑝−1(𝑈𝑖) → 𝑈𝑖 ×𝐹)𝑖∈I such that for each 𝑖 ∈ I, the
following triangle commutes:

𝑝−1(𝑈𝑖) 𝑈𝑖 ×𝐹

𝑈𝑖

← →
𝜙𝑖

←

→𝑝
←→

pr𝑈𝑖

Remark 3.6.2. If 𝑝∶ 𝐸→ 𝐵 is a fibre bundle with fibre 𝐹, then each actual
fibre 𝑝−1(𝑏) = {𝑒 ∈ 𝐸; 𝑝(𝑒) = 𝑏} ⊆ 𝐸, together with the subspace topology,
is indeed homeomorphic to 𝐹; hence the name.

Example 3.6.3. The

• 𝑒0
⌄𝑝

• −1

• 0

• 1

• 2exponential map 𝑝∶ ℝ→ 𝑆1 ⊂ ℂ given by 𝑝(𝑡) = 𝑒2𝜋𝑖𝑡

is a fibre bundle with fibre ℤ, carrying the discrete topology.

Fibre bundles with
discrete fibres are also
called covering maps
(»Überlagerungen«).

Proof. Cover 𝑆1 with the complements of 𝑒0 and 𝑒𝑖𝜋 and call them 𝑈1 and
𝑈2, respectively. Then 𝑝−1(𝑈1) = ⋃𝑘∈ℤ⟮𝑘, 𝑘 + 1⟯ and we have a continuous
map 𝜙1∶ 𝑝−1(𝑈1) → 𝑈1 ×ℤ taking each 𝑡 ∈ ⟮𝑘, 𝑘 + 1⟯ to (𝑝(𝑡), 𝑘); this map
makes the above triangle commutative. Moreover, 𝜙1 has a continuous
inverse: If log∶ 𝑈1 → ⟮0, 2𝜋⟯ denotes the respective branch of the complex
logarithm, then 𝜙−11 (𝑧, 𝑘) = 𝑘 +

1
2𝜋 ⋅ log(𝑧). For 𝑈2 argue similarly.

Example 3.6.4. For each 𝑑 ⩾ 0, recall that ℝP𝑑 is defined as the quotient
of 𝑆𝑑 by the relation 𝑧 ∼ −𝑧. Then the quotient map 𝑝∶ 𝑆𝑑 →ℝP𝑑 is a fibre
bundle with fibre {±1}, carrying the discrete topology.

Proof. For each 0 ⩽ 𝑖 ⩽ 𝑑 consider 𝑈𝑖 ≔ {[𝑧0,… ,𝑧𝑑] ∈ ℝP𝑑; 𝑧𝑖 ≠ 0}. Then
𝑈0,… ,𝑈𝑑 constitutes an open cover of ℝP𝑑, and for each 0 ⩽ 𝑖 ⩽ 𝑑, we
have homeomorphisms 𝜙𝑖∶ 𝑝−1(𝑈𝑖) → 𝑈𝑖 × {±1}making the above triangle
commutative, which are defined by Exercise: Show that 𝜙𝑖

has a continuous inverse.
𝜙𝑖(𝑧0,… ,𝑧𝑑) ≔ ([𝑧0,… ,𝑧𝑑],

𝑧𝑖
|𝑧𝑖|
).
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Example 3.6.5. For each 𝑑 ⩾ 0, recallThis was exercise 9.4
in AT last term.

that ℂP𝑑 is defined as the quotient
of 𝑆2𝑑+1 ⊆ ℂ𝑑+1 by the relation 𝑧 ∼ 𝑎 ⋅ 𝑧 for any 𝑎 ∈ 𝑆1. Then the quotient
map 𝑝∶ 𝑆2𝑑+1 →ℂP𝑑 is a fibre bundle with fibre 𝑆1.When you adapt the

previous proof to this
situation, the quotient

𝑧𝑖
|𝑧𝑖|

now lies in 𝑆1.
We point out that 𝑝∶ 𝑆2𝑑+1 → ℂP𝑑 is also the attaching map for the
(2𝑑 + 2)-cell of ℂP𝑑+1 with respect to the standard CW structure that has
been discussed in exercise 9.4 last term. In the case of 𝑑 = 1, this map is the
famous Hopf mapRecall ℂP1 ≅ 𝑆2, e.g.

because ℂP1 has a CW
structure with one
0-cell and one 2-cell.

𝜂∶ 𝑆3 → 𝑆2 which already appeared in corollary 2.4.4.
The picture on the cover page of these notes depicts several fibres of 𝜂,
which are disjoint circles lying in 𝑆3 (or rather ℝ3, if we skip one point
from the picture). Any two such circles are linked (as shown on the margin),
which visually means that they cannot be separated from each other.

But I digress! Coming back to the general theory, the important homo-
topical property of fibre bundles is the following:

Definition 3.6.6. For each class A of spaces, we say that 𝑝∶ 𝐸→ 𝐵 has
the homotopy lifting property (HLP)with respect toA if for any space𝐴 ∈A,
each commutative square as below has a filler, as denoted by

Commutativity of the
square reads 𝑝 ∘ 𝑓 = 𝜂0;

commutativity of the
triangles reads ̃𝜂0 = 𝑓

and 𝑝 ∘ ̃𝜂𝑠 = 𝜂𝑠 for each 𝑠.

the dashed
arrow, making the two arising triangles commutative:

𝐴× {0} 𝐸

𝐴× 𝐼 𝐵

←→
𝑓

↩→ ←→ 𝑝
←→𝜂
← →̃𝜂

(⋆)

WeIf 𝑝 has the homotopy
lifting property with
respect to all spaces,

then 𝑝 is called a
Hurewicz fibration.

call𝑝 a Serre fibration if it has the homotopy lifting property with respect
to the collection {𝐼𝑛}𝑛⩾0 of cubes.

Remark 3.6.7. If 𝑝 has the homotopy lifting property with respect to a
class A and if (𝑋,𝑋0) is a pair of spaces that is homeomorphic (as a pair)
to (𝐴 × 𝐼,𝐴 × {0}) for some 𝐴 ∈A, then each square where the left vertical
map is𝑋0 ↪𝑋 and the right vertical map is 𝑝∶ 𝐸→ 𝐵 has a filler.

Example 3.6.8. Each projection pr𝐵∶ 𝐵 ×𝐹→ 𝐵 has the homotopy lifting
property with respect to any space. In particular, pr𝐵 is a Serre fibration.

Proof. If 𝑓∶ 𝐴 × {0} → 𝐵×𝐹 and 𝜂∶ 𝐴 × 𝐼 → 𝐵 are as in (⋆), then the map
̃𝜂𝑠(𝑎) = (𝜂𝑠(𝑎),pr𝐹(𝑓(𝑎, 0))) is a filler for the square.

We want to show that each fibre bundle is a Serre fibration. This follows
from the following principle:

Proposition 3.6.9 (Local-to-global principle). Let 𝑝∶ 𝐸→ 𝐵 be a map
and let U be an open cover of 𝐵 such that for each 𝑈 ∈ U, the restriction
𝑝−1(𝑈) → 𝑈 is a Serre fibration. Then 𝑝 itself is a Serre fibration.
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Proof. Assume a commutative square as in (⋆), with 𝐴 replaced by 𝐼𝑛. By
the Lebesgue lemma AT:III.10, we find a positive integer𝑁 such that if we put

𝑊𝜆 ≔
𝑛+1

∏
𝑖=1
[𝜆𝑖−1𝑁 ,

𝜆𝑖
𝑁] ⊆ 𝐼

𝑛 × 𝐼

for This means that 𝜆 < 𝜆′ if
and only if there is an 𝑖
such that 𝜆𝑗 = 𝜆′𝑗 for
𝑗 < 𝑖, and 𝜆𝑖 < 𝜆′𝑖 .

any tuple 𝜆 = (𝜆1,… ,𝜆𝑛+1) with 1 ⩽ 𝜆𝑖 ⩽ 𝑁, then each 𝜂(𝑊𝜆) is con-
tained in some 𝑈 ∈U . Now we order the tuples lexicographically; hence
we can refer to them by the numbers {1,… ,𝑁𝑛+1}.

For each non-negative integer 𝑘, we let𝑊⩽𝑘 be the union of 𝐼𝑛 × {0} and
all𝑊𝑙 with 𝑙 ⩽ 𝑘. Our goal is to inductively find a filler ̃𝜂⩽𝑘 as in

𝐼𝑛 × {0} 𝐸

𝑊⩽𝑘 𝐵,

←→
𝑓

↩→ ←→ 𝑝

←→𝜂

←

→
̃𝜂⩽𝑘

noting that for 𝑘 = 0, we have𝑊⩽0 = 𝐼𝑛 ×{0}, so we can put ̃𝜂⩽0 ≔ 𝑓; and for
𝑘 = 𝑁𝑛+1, we have reached the original square (⋆). 1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

𝑊⩽6

For the induction step
(illustrated for 𝑛 = 1,𝑁 = 4, and 𝑘 = 7 at the margin), assume we already
have a filler for𝑊⩽𝑘−1. Now we observe that the intersection𝑊𝑘 ∩𝑊⩽𝑘−1
is the non-empty union of some front faces of𝑊𝑘, and therefore the pair
(𝑊𝑘,𝑊𝑘 ∩𝑊⩽𝑘−1) is homeomorphic to (𝐼𝑛 × 𝐼, 𝐼𝑛 × {0}); here we leave the
details as an exercise, but we illustrate the

For 1 ⩽ 𝑖 ⩽ 𝑛, the 𝑖th
front face of 𝐼𝑛 contains
all (𝑡1,… , 𝑡𝑛) with 𝑡𝑖 = 0.

homeomorphism at the margin
in the situation that arises from the previous figure.

Nowwe use that 𝜂(𝑊𝑘) is contained in some𝑈 ∈U and that𝑝−1(𝑈) → 𝑈
is a Serre fibration. In combination with remark 3.6.7, applied to the pair
(𝑊𝑘,𝑊𝑘 ∩𝑊⩽𝑘−1), we find a filler ̃𝜂𝑘 of the following form:

𝑊𝑘 ∩𝑊⩽𝑘−1 𝑝−1(𝑈)

𝑊𝑘 𝑈

↩→

←→
̃𝜂⩽𝑘−1

←→ 𝑝

← →𝜂

←

→
̃𝜂𝑘

Finally, we put ̃𝜂⩽𝑘 ≔ ̃𝜂⩽𝑘−1 ∪ ̃𝜂𝑘; this concludes the induction step.

Corollary 3.6.10. Each fibre bundle is a Serre fibration.

Coming back to homotopy groups, the homotopy lifting property with
respect to cubes has the following useful consequence:

Proposition 3.6.11. Let 𝑝∶ 𝐸→ 𝐵 be a Serre fibration. For 𝑏0 ∈ 𝐵, we put
𝐹 ≔ 𝑝−1(𝑏0) and pick 𝑒0 ∈ 𝐹. Then the induced map 𝑝 is a map of based pairs

(𝐸,𝐹, 𝑒0) → (𝐵, {𝑏0}, 𝑏0).
𝜋𝑛(𝑝)∶ 𝜋𝑛(𝐸,𝐹, 𝑒0) → 𝜋𝑛(𝐵, 𝑏0)

is an isomorphism for each 𝑛 ⩾ 1.
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Proof. As a first step, we note that for each 𝑛 ⩾ 1, the pair (𝐼𝑛, 𝐽𝑛) is homeo-
morphic to (𝐼𝑛−1 × 𝐼, 𝐼𝑛−1 × {0}). Again, we leave the details as an exercise,
but we indicate the homeomorphism in the case of 𝑛 = 2 at the margin.

Coming back to the original statement, we first show that𝜋𝑛(𝑝) is surject-
ive: Let 𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝐵, 𝑏0) be a basedmap. Using the above isomorphism
of pairs and remark 3.6.7, we obtain a filler as follows:

The square commutes
since 𝛼(𝑧) = 𝑏0 = 𝑝(𝑒0)
holds for each 𝑧 ∈ 𝐽𝑛.

𝐽𝑛 𝐸

𝐼𝑛 𝐵

←→
𝑐𝑒0

↩→ ←→ 𝑝

←→𝛼

← →
𝛼̃

Then (𝑝 ∘ 𝛼̃)(𝜕𝐼𝑛) = 𝛼(𝜕𝐼𝑛) = {𝑏0}, i.e. 𝛼̃(𝜕𝐼𝑛) ⊆ 𝐹, and we have 𝛼̃(𝐽𝑛) = {𝑒0}
by the commutativity of the upper triangle. Therefore, 𝛼̃ is a map of triples
(𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝐸,𝐹, 𝑒0), and we have 𝜋𝑛(𝑝)([𝛼̃]) = [𝑝 ∘ 𝛼̃] = [𝛼].

ToFor 𝑛 = 1, it does not
suffice to show that the

kernel of 𝜋𝑛(𝑝) is trivial,
so we compare 𝛼 and 𝛼′.

show injectivity of 𝜋𝑛(𝑝), let 𝛼,𝛼′∶ (𝐼𝑛, 𝜕𝐼𝑛, 𝐽𝑛) → (𝐸,𝐹, 𝑒0) be two
maps of triples and assume a homotopy 𝜂 from 𝑝 ∘𝛼 and 𝑝 ∘𝛼′, regarded as
maps of pairs (𝐼𝑛, 𝜕𝐼𝑛) → (𝐵, 𝑏0). We claim that there is a filler as follows:

(𝐼𝑛 × 𝜕𝐼) ∪ (𝐽𝑛 × 𝐼) 𝐸

𝐼𝑛 × 𝐼 𝐵,

↩→

← →

(𝑡,0)↦𝛼(𝑡)
(𝑡,1)↦𝛼′(𝑡)
(𝑡,𝑠)↦𝑒0 for 𝑡∈𝐽𝑛

←→ 𝑝
← →𝜂
←

→
̃𝜂

which then finishes the proof because ̃𝜂 is a homotopy between 𝛼 and 𝛼′

satisfying ̃𝜂𝑠(𝐽𝑛) = {𝑒0} and ̃𝜂𝑠(𝜕𝐼𝑛) ⊆ 𝑝−1(𝑏0); hence [𝛼] = [𝛼′].
To justify the existence of ̃𝜂, we first of all note that the top horizontal

map is well-defined as the three definitions agree on the intersection 𝐽𝑛 ×𝜕𝐼.
Second, the square is commutative since 𝜂 is a homotopy of pairs. Finally,
we use that the pair (𝐼𝑛 ×𝐼, 𝐼𝑛 ×𝜕𝐼∪𝐽𝑛 ×𝐼) is homeomorphic to (𝐼𝑛+1, 𝐽𝑛+1),
the homeomorphism given by exchanging the last two coordinates. Hence
the existence of the filler follows again from remark 3.6.7.

As a consequence, we obtain a further long exact sequence of homotopy
groups, now assigned to a Serre fibration:

Corollary 3.6.12. Let 𝑝∶ 𝐸→ 𝐵 be a Serre fibration, 𝑏0 ∈ 𝐵, 𝐹 ≔ 𝑝−1(𝑏0),
and 𝑒0 ∈ 𝐹. Let 𝚤∶ 𝐹 ↪ 𝐸 be the inclusion. Then we have a long exact sequenceHere 𝑝 is regarded as a

map of based spaces, not
as a map of triples as in
the previous proposiion. ⋯→𝜋𝑛(𝐹, 𝑒0)

𝜋𝑛(𝚤)⟶𝜋𝑛(𝐸, 𝑒0)
𝜋𝑛(𝑝)⟶𝜋𝑛(𝐵, 𝑏0)

𝜕𝑛⟶𝜋𝑛−1(𝐹, 𝑒0) →⋯ ,

which ends with⋯→𝜋0(𝐹, 𝑒0) → 𝜋0(𝐸, 𝑒0) → 𝜋0(𝐵, 𝑏0). The maps 𝜕𝑛 are
homomorphisms for 𝑛 ⩾ 2.
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Proof. To avoid confusion, write 𝜋rel𝑛 (𝑝)∶ 𝜋𝑛(𝐸,𝐹, 𝑒0) → 𝜋𝑛(𝐵, 𝑏0) for the
map appearing in proposition 3.6.11, and 𝜕rel𝑛 ∶ 𝜋𝑛(𝐸,𝐹, 𝑒0) → 𝜋𝑛−1(𝐹, 𝑒0) for
the connecting homomorphism appearing in the long exact sequence of the
based pair (𝐸,𝐹, 𝑒0). Then the desired sequence arises bymerely conjugating
the old long exact sequence at each third position by 𝜋rel𝑛 (𝑝) as follows:

⋯ 𝜋𝑛(𝐸, 𝑒0) 𝜋𝑛(𝐸,𝐹, 𝑒0) 𝜋𝑛−1(𝐹, 𝑒0) ⋯

𝜋𝑛(𝐵, 𝑏0)

←→ ←→

←

→𝜋𝑛(𝑝)

←→
𝜕rel𝑛

←→ 𝜋rel𝑛 (𝑝)≅

←→

← →
≕𝜕𝑛

While 𝜕𝑛 is defined to make the right triangle commute, commutativity of
the left triangle follows from the fact that both ‘paths’ in the triangle describe
the assignment [𝛼] ↦ [𝑝 ∘ 𝛼]. Since 𝜋rel𝑛 (𝑝) and 𝜕rel𝑛 are homomorphisms
for 𝑛 ⩾ 2, the same holds true for 𝜕𝑛.

There is one last subtlety: The old long exact sequence stops at 𝜋0(𝐸, 𝑒0),
while the new one is claimed to continue one step further. We hence have
to check exactness at 𝜋0(𝐸, 𝑒0) by hand; this is exercise 9.2.

Remark 3.6.13. Using Lecture 13how surjectivity of 𝜋rel𝑛 (𝑝) has been shown in pro-
position 3.6.11, the connecting homomorphism 𝜕𝑛∶ 𝜋𝑛(𝐵, 𝑏0) → 𝜋𝑛−1(𝐹, 𝑒0)
has the following explicit description: Given a map 𝛼∶ (𝐼𝑛, 𝜕𝐼𝑛) → (𝐵, 𝑏0),
we have 𝜕𝑛[𝛼] = [𝛼̃ ∘ 𝛿𝑛], where 𝛼̃ is the filler as in

Recall that 𝛼̃(𝜕𝐼𝑛)
is contained in
𝑝−1(𝑏0) = 𝐹.

𝐽𝑛 𝐸

𝐼𝑛 𝐵.

←→
𝑐𝑒0

↩→ ←→ 𝑝

←→𝛼

← →𝛼̃

In the special case of 𝑛 = 1, recall that 𝛼 is nothing but a loop 𝐼 → 𝐵 at 𝑏0,
and since 𝐽1 = {0}, the filler 𝛼̃∶ 𝐼 → 𝐸 is a path with starting point 𝛼̃(0) = 𝑒0
that satisfies 𝑝 ∘ 𝛼̃ = 𝛼, then 𝜕1[𝛼] is the path-component of 𝛼̃(1) in 𝐹. This
path 𝛼̃ is traditionally called lift of 𝛼 (over 𝑝) at 𝑒0.

Squares can have fillers,
but if one focusses only
on 𝛼 and 𝑝, the third
arrow in the arising
triangle is called lift.Using this explicit description of 𝜕1, we can improve proposition 3.4.15:2

in the case where 𝜕1 comes from a Serre fibration and not from a pair:

Proposition 3.6.14. In the long exact sequence above, the connecting map
𝜕1∶ 𝜋1(𝐵, 𝑏0) → 𝜋0(𝐹, 𝑒0) is injective if and only if its kernel ker(𝜕1) is trivial.

Proof. Assume that ker(𝜕1) is trivial and let 𝛼,𝛽∶ 𝐼 → 𝐵 be two loops at 𝑏0
such that 𝜕1[𝛼] = 𝜕1[𝛽]. This means that there are lifts 𝛼̃, ̃𝛽∶ 𝐼 → 𝐸 with
𝛼̃(0) = ̃𝛽(0) = 𝑒0 such that 𝛼̃(1) and ̃𝛽(1) can be connected by a path 𝛾 in 𝐹.
Then 𝛼̃ ∗ 𝛾 ∗ ̃𝛽− is a lift of 𝛼 ∗ 𝑐𝑏0 ∗ 𝛽

− at 𝑒0, which ends in 𝑒0. This shows
that 𝜕1([𝛼] ⋅ [𝛽]−1) = [𝑐𝑒0 ], and hence [𝛼] ⋅ [𝛽]−1 = [𝑐𝑏0 ], i.e. [𝛼] = [𝛽].
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3 .7 Calculations

Now we have finally reached the point at which we can calculate homotopy
groups for several well-known spaces. We start by calculating all homotopy
groups of the circle 𝑆1 ⊂ ℂ (with basepoint ∗ = 𝑒0). We might already
expect that 𝜋1(𝑆1, ∗) is isomorphic to ℤ, each integer 𝑘 ∈ ℤ corresponding
to a loop that runs around the circle 𝑘 times. This is exactly what we are
going to make precise in the following proposition:

Proposition 3.7.1. For each 𝑘 ∈ ℤ consider 𝛼𝑘∶ 𝐼 → 𝑆1 with 𝛼𝑘(𝑡) = 𝑒2𝜋𝑖𝑘𝑡.
Then the map ℤ→ 𝜋1(𝑆1, ∗) defined by 𝑘 ↦ [𝛼𝑘] is a group isomorphism.
All further homotopy groups of 𝑆1 are trivial, i.e. we have

𝜋𝑛(𝑆1, ∗) ≅ {
ℤ for 𝑛 = 1,
0 else.

Proof. First

1

−1

0

1

2 𝑢2,−3 of all, we argue that [𝛼𝑘] ⋅ [𝛼𝑙] = [𝛼𝑘+𝑙] for each 𝑘, 𝑙 ∈ ℤ, showing
that the map in question is a homomorphism. To do so, consider the path
𝑢𝑘,𝑙∶ 𝐼 → ℝ, which is depicted at the margin and formally defined as

𝑢𝑘,𝑙(𝑡) ≔ {
2𝑘𝑡 for 𝑡 ∈ [0, 12 ],
𝑘 + 𝑙 ⋅ (2𝑡 − 1) for 𝑡 ∈ [ 12 , 1].

If 𝑝∶ ℝ→ 𝑆1 denotes the exponential map 𝑝(𝑡) = 𝑒2𝜋𝑖𝑡 as in example 3.6.3,
then 𝛼𝑘 ∗ 𝛼𝑙 = 𝑝 ∘ 𝑢𝑘,𝑙, so a homotopy between 𝛼𝑘 ∗ 𝛼𝑙 and 𝛼𝑘+𝑙 is given by
interpolating between 𝑢𝑘,𝑙 and 𝑡 ↦ (𝑘 + 𝑙) ⋅ 𝑡 and then apply 𝑝, formally:

𝜂𝑠(𝑡) = 𝑝((1 − 𝑠) ⋅ 𝑢𝑘,𝑙(𝑡) + 𝑠 ⋅ (𝑘 + 𝑙) ⋅ 𝑡).

To show that Φ∶ 𝑘 ↦ [𝛼𝑘] is bijective, we consider the long exact sequence
for the exponential map 𝑝∶ ℝ → 𝑆1 from example 3.6.3, with basepoints
𝑒0 ∈ 𝑆1 and 0 ∈ ℤ = 𝑝−1(𝑒0) ⊂ ℝ. If we identify 𝜋0(ℤ) = ℤ, then 𝜕1[𝛼𝑘] = 𝑘,
which follows from the fact that 𝑡 ↦ 𝑘 ⋅ 𝑡 is a lift of 𝛼𝑘 starting at 0. This
shows that 𝜕1 is a left-inverse forΦ. Moreover, sinceℝ is contractible, each
of the maps 𝜕𝑛∶ 𝜋𝑛(𝑆1, ∗) → 𝜋𝑛−1(ℤ, 0) is bijective.Including 𝜕1, using

proposition 3.6.14.
On the one hand, this

shows that Φ is indeed bijective, and on the other hand, this shows that
𝜋𝑛(𝑆1, ∗) = 0 for 𝑛 ⩾ 2 since 𝜋𝑛−1(ℤ, 0) = 0 for those 𝑛.

In the following, we shall consider path-connected spaces𝑋, so the iso-
morphism type of their homotopy groups does not depend on the basepoint.
Consequently, we shall skip the basepoint from the notation.

Corollary 3.7.2. For each 𝑑 ⩾ 0, we have

𝜋𝑛(𝑇𝑑) ≅ {
ℤ𝑑 for 𝑛 = 1,
0 else.
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The previous corollary follows from lemma 3.1.12 and proposition 3.7.1.
Here we already see a difference between homotopy groups and homology:
For example𝐻2(𝑇2) ≅ ℤ, but 𝜋2(𝑇2) is trivial.

Next, wewant to turn our attention to higher-dimensional spheres. Recall
from corollary 3.5.12 that each 𝑆𝑑 is (𝑑 − 1)-connected, i.e. 𝜋𝑛(𝑆𝑑) is trivial
for 𝑛 < 𝑑. To describe 𝜋𝑑(𝑆𝑑), we again interpret its elements as homotopy
classes of based maps 𝑆𝑑 → 𝑆𝑑 as in remark 3.1.14.

Theorem 3.7.3 (Hopf). For Recall that deg(𝛼) is
determined by
𝐻̃𝑑(𝛼)(𝑢𝑑) = deg(𝛼) ⋅ 𝑢𝑑,
where 𝑢𝑑 is a generator
of 𝐻̃𝑑(𝑆𝑑) as before.

each 𝑑 ⩾ 1, the map 𝜋𝑑(𝑆𝑑) → ℤ taking [𝛼] to
its mapping degree deg(𝛼) is an isomorphism of groups. In particular, 𝜋𝑑(𝑆𝑑)
is isomorphic to ℤ, generated by the homotopy class [id𝑆𝑑 ].

Proof. We recall from corollary 3.3.3 that the Hurewicz homomorphism
H∶ 𝜋𝑑(𝑆𝑑) → 𝐻̃𝑑(𝑆𝑑) with [𝛼] ↦ 𝐻̃𝑑(𝛼)(𝑢𝑑) is surjective. When identify-
ing the target withℤ via the generator 𝑢𝑑, this map becomes [𝛼] ↦ deg(𝛼).
It hence is our aim to show thatH is bijective, which then implies the claim.

To do so, we recall from corollary 3.5.12 that iterating the suspension
map gives rise to a surjective homomorphism 𝜋1(𝑆1) → 𝜋𝑑(𝑆𝑑); so since
𝜋1(𝑆1) ≅ ℤ by proposition 3.7.1, it follows that 𝜋𝑑(𝑆𝑑) is isomorphic to some
quotient of ℤ. As it surjects to ℤ, this quotient can only be ℤ itself

This argument also
shows that the iterated
suspension map
𝜋1(𝑆1) → 𝜋𝑑(𝑆𝑑) is
even bijective.

, and
hence H is indeed bijective.

Each surjective
homomorphism ℤ→ℤ
is of the form 𝑘 ↦ 𝑎 ⋅ 𝑘
for 𝑎 = ±1 and hence
already bijective.

We still do not know𝜋𝑛(𝑆𝑑) in the cases where 𝑛 > 𝑑. Unlike in homology,
it will turn out that these groups are not at all trivial. We shall calculate the
smallest case, 𝜋3(𝑆2), using complex projective spaces:

Proposition 3.7.4. Let 𝑑 ⩾ 1. The projective space ℂP𝑑 is 1-connected,
and if 𝑝∶ 𝑆2𝑑+1 →ℂP𝑑 is the fibre bundle from example 3.6.5, then:

• 𝜕2∶ 𝜋2(ℂP𝑑) → 𝜋1(𝑆1) is an isomorphism, Recall that the
fibre of 𝑝 is 𝑆1.• 𝜋𝑛(𝑝)∶ 𝜋𝑛(𝑆2𝑑+1) → 𝜋𝑛(ℂP𝑑) is an isomorphism for 𝑛 ⩾ 3.

In particular, we have

𝜋𝑛(ℂP𝑑) ≅
{{{
{{{
{

0 for 𝑛 = 1,
ℤ for 𝑛 = 2,
𝜋𝑛(𝑆2𝑑+1) for 𝑛 ⩾ 3.

Proof. Note that ℂP𝑑 is path-connected as a quotient of 𝑆2𝑑+1. All other
claims (including𝜋1(ℂP𝑑) ≅ 0) follow straight from the long exact sequence
induced by 𝑝, using proposition 3.7.1 and the fact that 2𝑑 + 1 ⩾ 3.

Example 3.7.5. Recall that in the case of 𝑑 = 1, the space ℂP1 is homeo-
morphic to 𝑆2, and the above bundle map 𝑝 is the Hopf map 𝜂∶ 𝑆3 → 𝑆2.
Then proposition 3.7.4 tells us that the assignment [𝛼] ↦ [𝜂 ∘ 𝛼] is an iso-
morphism 𝜋𝑛(𝑆3) → 𝜋𝑛(𝑆2) for 𝑛 ⩾ 3. In particular, 𝜋3(𝑆2) is isomorphic
to ℤ, generated by the homotopy class [𝜂] of the Hopf map.
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Outlook 3.7.6. The map S∶ 𝜋3(𝑆2) → 𝜋4(𝑆3) is onto by corollary 3.5.12.
We may or may not show in an exercise that 2 ⋅S([𝜂]) is trivial inside 𝜋4(𝑆3).
On the other hand, one can show (for example using Steenrod squares) that
S([𝜂]) itself is not trivial,In fact, one shows that

the suspension of ℂP2 is
still not equivalent to
𝑆3 ∨ 𝑆5, even though all
cup products are killed

by corollary 1.9.2.

so in total𝜋4(𝑆3) is isomorphic toℤ2. All following
suspension maps S∶ 𝜋𝑑(𝑆𝑑−1) → 𝜋𝑑+1(𝑆𝑑) are isomorphisms, and hence
𝜋𝑑+1(𝑆𝑑) ≅ ℤ2 for each 𝑑 ⩾ 3. Using finally that 𝜋4(𝜂)∶ 𝜋4(𝑆3) → 𝜋4(𝑆2) is
an isomorphism by proposition 3.7.4, we have reached the following table:

𝜋1 𝜋2 𝜋3 𝜋4 𝜋5
𝑆1 ℤ 0 0 0 0
𝑆2 0 ℤ ℤ ℤ2 ?
𝑆3 0 0 ℤ ℤ2 ?
𝑆4 0 0 0 ℤ ℤ2
𝑆5 0 0 0 0 ℤ

Table 3.1. 𝜋𝑛(𝑆𝑑) for 1 ⩽ 𝑛,𝑑 ⩽ 5.

ManyThe two question marks
above, however, can be
answered; in both cases,

we again get ℤ2.

homotopy groups of spheres are still unknown; their calculation is
an ongoing project that constitutes an active area within Algebraic Topology.

We close this chapter by calculating the homotopy groups of ℝP𝑑, just
as we calculated the homotopy groups of ℂP𝑑. Note that the case of 𝑑 = 1
is not very interesting since ℝP1 is homeomorphic to 𝑆1.

Proposition 3.7.7. Let 𝑑 ⩾ 2. The projective space ℝP𝑑 is path-connected,
and if 𝑝∶ 𝑆𝑑 →ℝP𝑑 is the fibre bundle from example 3.6.4, then:

• 𝜕1∶ 𝜋1(ℝP𝑑) → 𝜋0({±1}) is bijective,
• 𝜋𝑛(𝑝)∶ 𝜋𝑛(𝑆𝑑) → 𝜋𝑛(ℝP𝑑) is an isomorphism for 𝑛 ⩾ 2.

Using that each group with two elements is isomorphic to ℤ2, we have

𝜋𝑛(ℝP𝑑) ≅ {
ℤ2 for 𝑛 = 1,
𝜋𝑛(𝑆𝑑) for 𝑛 ⩾ 2.

Outlook 3.7.8. As 𝑑 gets bigger, more andmore homotopy groups ofℂP𝑑

andℝP𝑑 become trivial as the connectivity of 𝑆2𝑑+1 and 𝑆𝑑 increases. In fact,
if we define the colimitsℂP𝑑 ⊂ ℂP𝑑+1,

ℝP𝑑 ⊂ ℝP𝑑+1.
ℂP∞ ≔ colim𝑑⩾0ℂP𝑑 and ℝP∞ ≔ colim𝑑⩾0ℝP𝑑,

then one can show that 𝜋2(ℂP∞) ≅ ℤ and 𝜋1(ℝP∞) ≅ ℤ2 are the only non-
trivial homotopy groups left; this will be done carefully in example 4.3.4.

A space having precisely one non-trivial homotopy group, say𝜋𝑛(𝑋) ≅ 𝐴,
is called an Eilenberg–MacLane space of type (𝐴,𝑛). Among CW complexes,
this uniquely determines the homotopy type of𝑋. We have argued that 𝑆1,
or more generally 𝑇𝑑, ℂP∞, and ℝP∞ are Eilenberg–MacLane spaces, of
type (ℤ𝑑, 1), (ℤ, 2), and (ℤ2, 1), respectively.
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Homotopy theory of CW complexes     4
In Lecture 14this chapter, we study CW complexes and maps between them by using
homotopy groups as our main tool. This endeavour is based on the obser-
vation that 𝑛-cells are attached along maps that start from a 𝑆𝑛−1 and hence
represent classes in 𝜋𝑛−1 of a space, see the discussion below. We shall also
see what effect the attachment of cells has on the homotopy groups.

One of the central goals of this chapter is the theorem of Whitehead,
which states that a map 𝑓∶ 𝑋→ 𝑌 between CW complexes is a homotopy
equivalence if and only if each 𝜋𝑛(𝑓) is an isomorphism (with respect to
all basepoints). This is the first time where we have not only a necessary but
even a sufficient criterion for a map to be a homotopy equivalence, which
is expressed purely in terms of algebraic invariants.

4 . 1 Extensions and relative CW complexes

Assumewe have a space𝑋 and a subspace𝐴 ⊆ 𝑋. Moreover, let𝐵 be another
space and we assume a map 𝑢∶ 𝐴→ 𝐵. A typical question is the extension
problem: Is there a map 𝑢̄∶ 𝑋→ 𝐵 such that 𝑢̄|𝐴 = 𝑢? As a diagram:

𝐴 𝐵

𝑋

↩→

←→𝑢
← →

∃?𝑢̄
(⋆)

As a ‘warm-up’, we argue that in the case where𝑋 arises from𝐴 by attaching
an 𝑛-cell via an attaching map 𝛼∶ 𝑆𝑛−1 →𝐴, this question can be answered
in terms of homotopy groups if 𝑛 ⩾ 1. More precisely, regarding elements
in 𝜋𝑛−1 as classes of based maps starting at (𝑆𝑛−1, ∗), the following holds:

Proposition 4.1.1 (Extension lemma). An This statement and its
proof is a generalisation
of exercise 1.2 from AT.

extension 𝑢̄ exists if and only if
the homotopy class [𝑢 ∘ 𝛼] is trivial in 𝜋𝑛−1(𝐵, 𝑏0), where 𝑏0 ≔ (𝑢 ∘ 𝛼)(∗).

Proof. Assume first that [𝑢 ∘ 𝛼] is trivial; then there is a homotopy 𝜂 from
𝑐𝑏0 to 𝑢 ∘ 𝛼. As 𝜂0 is constant, 𝜂∶ 𝑆𝑛−1 × 𝐼 → 𝐵 factors through the cone
𝐶𝑆𝑛−1 = (𝑆𝑛−1 × 𝐼)/(𝑆𝑛−1 × {0}) to a map ̄𝜂∶ 𝐶𝑆𝑛−1 → 𝐵. Now we use that
[𝑧, 𝑠] ↦ 𝑠 ⋅ 𝑧 declares a homeomorphism 𝐶𝑆𝑛−1 →𝐷𝑛, whose inverse we
call 𝜙. Then ( ̄𝜂 ∘ 𝜙)|𝑆𝑛−1 = 𝜂1 = 𝑢 ∘ 𝛼; so the map 𝑢̄ ≔ 𝑢 ∪ ( ̄𝜂 ∘ 𝜙) (defined via
the universal property of the pushout, see the diagram at the margin) is a
an extension of 𝑢 on

𝑆𝑛−1 𝐴

𝐷𝑛 𝑋

𝐵

↩→

←→𝛼

⌜

←→ ←

→

𝑢←→
𝛽←

→̄𝜂 ∘𝜙

←→𝑢̄

𝑋 = 𝐴∪𝛼 𝐷𝑛 as desired.
Conversely, let 𝑢̄ be an extension and let 𝛽∶ 𝐷𝑛 →𝑋 be the characteristic

map for the cell attachment. Then 𝜂∶ 𝑆𝑛−1 ×𝐼 → 𝐵with 𝜂𝑠(𝑧) ≔ (𝑢̄ ∘ 𝛽)(𝑠 ⋅ 𝑧)
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is a homotopy from 𝑐𝑏1 to 𝑢∘𝛼, where 𝑏1 ≔ (𝑢̄ ∘𝛽)(0). If we put 𝑣(𝑠) ≔ 𝜂𝑠(∗),
then by proposition 3.2.5, we have a commutative triangle

𝜋𝑛−1(𝐵, 𝑏1)

𝜋𝑛−1(𝑆𝑛−1, ∗)

𝜋𝑛−1(𝐵, 𝑏0).

←→ 𝑣#≅

← →
𝜋𝑛−1(𝑐𝑏1 )

←

→𝜋𝑛−1(𝑢∘𝛼)

Now we use that 𝑣# takes [𝑐𝑏1 ] to [𝑐𝑏0 ], which holds for 𝑛 − 1 ⩾ 1 since 𝑣#
is a group homomorphism, and for 𝑛 − 1 = 0 since 𝑣# is the identity and 𝑏0
and 𝑏1 lie in the same path-component. Thus,

[𝑢 ∘ 𝛼] = 𝜋𝑛−1(𝑢 ∘ 𝛼)([id𝑆𝑛−1 ]) = 𝑣#[𝑐𝑏1 ] = [𝑐𝑏0 ].

We point out that the extension lemma and its proof straightforwardly
generalises to the case where we attach arbitrarily many 𝑛-cells. For com-
pleteness, let us address the previously excluded case of 𝑛 = 0:

Remark 4.1.2. AttachingOne could say that
‘𝜋−1(𝐵) is trivial’ if

𝐵 ≠ ∅; then this remark
aligns with the previous

proposition.

a 0-cell is the same as adding a disjoint point, so
if𝑋 arises from 𝐴 by attaching a 0-cell, one extends 𝑢 by sending this new
point to any point in 𝐵, which is possible as long as 𝐵 is non-empty.

This shows that extension problems for pairs (𝑋,𝐴)where the ‘difference’
is given by attaching cells are particularly amenable to homotopy theory.
Studying such pairs systematically leads us to the following generalisation
of the notion of a CW complex from AT:IV.1.3:

Definition 4.1.3. A relative CW complex is a pair (𝑋,𝐴) of spaces, together
with a filtration by subspaces

𝐴 = sk−1𝑋 ⊆ sk0𝑋 ⊆ sk1𝑋 ⊆⋯ ⊆ 𝑋,

such that the following holds:

1. 𝑋 = ⋃𝑛 sk𝑛𝑋, andLast term, property 1
was split into 1 and 3.

𝐶 ⊆ 𝑋 is closed if and only if each 𝐶 ∩ sk𝑛𝑋 is
closed inside sk𝑛𝑋. In other words,∐𝑛 sk𝑛𝑋→𝑋 is a quotient map.

2. For each 𝑛 ⩾ 0, the subspace sk𝑛𝑋 arises from sk𝑛−1𝑋 by attaching
cells of dimension 𝑛. More formally, there is a set

Again, we use I since 𝐼 is
reserved for the interval. I𝑛(𝑋,𝐴) = I𝑛 and

a map of pairs
This notation means

that the restriction of 𝛽𝑛
to I𝑛 × 𝑆𝑛−1 is called 𝛼𝑛.

Here I𝑛 is given the
discrete topology.

(𝛽𝑛, 𝛼𝑛)∶ I𝑛 × (𝐷𝑛, 𝑆𝑛−1) → (sk𝑛𝑋, sk𝑛−1𝑋) such that
the arising square is a pushout. It looks as follows:

I𝑛 × 𝑆𝑛−1 sk𝑛−1𝑋

I𝑛 ×𝐷𝑛 sk𝑛𝑋.

←→
𝛼𝑛

↩→

⌜
↩→

←→
𝛽𝑛

In the case where 𝐴 = ∅, we obtain the old definition of a CW complex.
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Remark 4.1.4. We see that each sk𝑛𝑋 is a closed subset of sk𝑛+1𝑋, so each
sk𝑛𝑋 is closed inside𝑋. In particular, 𝐴 ⊆ 𝑋 is closed.

Remark 4.1.5. Coming back to the extension problem (⋆), one would
proceed as follows in the case where (𝑋,𝐴) is a relative CW complex:

• Set sk−1𝑢 ≔ 𝑢, and for each 𝑛 ⩾ 0, check if sk𝑛−1𝑢 can be extended
to sk𝑛𝑢∶ sk𝑛𝑋→ 𝐵. For 𝑛 = 0, this works via remark 4.1.2, and for
𝑛 ⩾ 1, we consider classes in 𝜋𝑛−1(𝐵) as in the extension lemma 4.1.1.

• If sk𝑛𝑢 exists for any 𝑛, then∐𝑛 sk𝑛𝑢∶ ∐𝑛 sk𝑛𝑋→ 𝐵 factors Here we use that sk𝑛𝑢
restricts to sk𝑛−1𝑢.

through
the quotient map∐𝑛 sk𝑛𝑋→𝑋 to an extension 𝑢̄∶ 𝑋→ 𝐵.

We shall see variations of the recipe from remark 4.1.5 soon. The most
relevant examples of relative CW complexes start with an honest CW complex
𝑋 and consider a subcomplex 𝐴. Let us recall what the latter is.

Reminder 4.1.6. Let AT:IV.3.1𝑋 be a CW complex. For any 𝑛 ⩾ 0, an open 𝑛-cell is a
path component of sk𝑛𝑋∖ sk𝑛−1𝑋. A subspace 𝐴 ⊆ 𝑋 is called subcomplex
if it is closed as a subspace of𝑋, and if it is a union of a collection of open
cells in𝑋. In that case, 𝐴 itself has a CW structure by sk𝑛𝐴 ≔ 𝐴∩ sk𝑛𝑋.

Proposition 4.1.7. Let𝑋 be a CW complex and let𝐴 ⊆ 𝑋 be a subcomplex.
Then (𝑋,𝐴) is a relative CW complex, with filtration sk′𝑛𝑋≔ 𝐴∪ sk𝑛𝑋.

Proof. We have ⋃𝑛 sk
′
𝑛𝑋 = 𝑋 and if 𝐶 ⊆ 𝑋 is any subset for which each

𝐶∩ sk′𝑛𝑋 is closed in sk′𝑛𝑋 for each 𝑛, then (by transitivity of the subspace
topology) 𝐶∩ sk𝑛𝑋 is closed in sk𝑛𝑋 for each 𝑛, and so 𝐶 is closed in𝑋.

It remains to show that sk′𝑛𝑋 arises from sk′𝑛−1𝑋 by attaching 𝑛-cells. To
do so, let I𝑛(𝑋) be an index set for the 𝑛-cells of𝑋 and let I𝑛(𝐴) ⊆ I𝑛(𝑋)
be the subset of 𝑛-cells of 𝐴 (it contains exactly those cells whose union is
𝐴). If we put I𝑛(𝑋,𝐴) ≔ I𝑛(𝑋) ∖ I𝑛(𝐴), we have a map of pairs

I𝑛(𝑋,𝐴) × (𝐷𝑛, 𝑆𝑛−1) → (sk′𝑛𝑋, sk′𝑛−1𝑋)

by restricting the old map I𝑛(𝑋) × (𝐷𝑛, 𝑆𝑛−1) → (sk𝑛𝑋, sk𝑛−1𝑋). We claim
that the square corresponding to the above map of pairs is a pushout. To
do so, note that the square can divided into two squares

I𝑛(𝑋,𝐴) × 𝑆𝑛−1 sk𝑛𝐴∪ sk𝑛−1𝑋 sk′𝑛−1𝑋

I𝑛(𝑋,𝐴) ×𝐷𝑛 sk𝑛𝑋 sk′𝑛𝑋,

←→

←→

←→

←→ ←→

← → ← →

and by the pasting law, See exercise 2.3c
from AT.

it suffices to argue that the two small squares are
pushouts. For the left one, one directly checks the universal property (ex-
istence and uniqueness of a certain map out of sk𝑛𝑋), using that sk𝑛𝑋 is a
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pushout of (I𝑛(𝑋) ×𝐷𝑛 ← I𝑛(𝑋) × 𝑆𝑛−1 → sk𝑛−1𝑋). For the right one, we
note that the diagram merely encodes union and intersection ofIn general, if 𝑃,𝑄 ⊆ 𝑋

are closed, then the
following square of

inclusions is a pushout:

𝑃∩𝑄 𝑃

𝑄 𝑃∪𝑄

← →

←→

⌜

←→

← →

subspaces

sk′𝑛𝑋 = sk𝑛𝑋∪ sk′𝑛−1𝑋,
sk𝑛𝐴∪ sk𝑛−1𝑋 = sk𝑛𝑋∩ sk′𝑛−1𝑋.

As all involved subspaces are closed inside𝑋, the arising square is indeed
a pushout. This concludes the proof.

We close this section by recalling notions and observations for classical
CW complexes and translating them to the relative setting:

Definition 4.1.8. LetAT:VI.1.5 (𝑋,𝐴) be a relative CW complex with filtration
sk•𝑋. We call (𝑋,𝐴) finite-dimensional if sk𝑛𝑋 = 𝑋 holds for some 𝑛. The
minimal choice of such 𝑛 is then called the relative dimension dim(𝑋,𝐴).

Definition 4.1.9. AsAT:IV.3 before, an open 𝑛-cell of a relative CW complex
(𝑋,𝐴) is a path-component of sk𝑛𝑋∖ sk𝑛−1𝑋. Each choice of 𝛽𝑛 as in defin-
ition 4.1.3 restricts to a homeomorphism I𝑛(𝑋,𝐴) × 𝐷̊𝑛 → sk𝑛𝑋∖ sk𝑛−1𝑋,
so any open 𝑛-cell is homeomorphic to 𝐷̊𝑛.

By copying the proof of AT:IV.3.4 verbatim, we get the following:

Lemma 4.1.10 (Compactness argument). LetThis is only the first
subclaim in the proof

of AT:IV.3.4.

(𝑋,𝐴) be a relative CW com-
plex and let 𝐾 ⊆ 𝑋 be compact. Then 𝐾 intersects only finitely many open
cells non-trivially. In particular, there is an 𝑛 ⩾ −1 such that 𝐾 ⊆ sk𝑛𝑋.

4.2 Connectivity of cell attachments

InThe easiest example is
(𝑋,𝐴) = (𝑆𝑑, ∗), hence

the choice of letters.

this section, we would like to see to what extend the homotopy groups
of a space change if we attach cells. In the case of singular homology, we
see that if𝑋 arises from 𝐴 by attaching 𝑑-cells, then

𝑋/𝐴 is homeomorphic
to⋁𝑖∈I𝑑 𝑆

𝑑, where I𝑑 is
an index set for the cells.

𝐻𝑛(𝑋,𝐴) ≅ 𝐻̃𝑛(𝑋/𝐴)
is trivial if 𝑛 ≠ 𝑑, and so the only homology groups that can change are the
ones in degrees 𝑑− 1 and 𝑑. The analogous statement for homotopy groups
it not true, but we will at least be able to see that 𝜋𝑛(𝑋,𝐴) is trivial for 𝑛 < 𝑑.
This quantity has only been defined for 𝑛 ⩾ 1, so in order to state this result
in its entirety, we first have to add the degree 𝑛 = 0 to the picture.

Remark 4.2.1. Recall from notation 3.5.2 that we wrote 𝜋𝑛(𝑋,𝐴) ≅ 0 for a
fixed 𝑛 ⩾ 1 if 𝜋𝑛(𝑋,𝐴,𝑥0) is trivial for each 𝑥0 ∈ 𝐴. By the exactness of the
long exact sequence, this is equivalent to demanding that for each 𝑥0 ∈ 𝐴,
the induced map 𝜋𝑛(𝐴,𝑥0) → 𝜋𝑛(𝑋,𝑥0) is surjective and the induced map
𝜋𝑛−1(𝐴,𝑥0) → 𝜋𝑛−1(𝑋,𝑥0) is injective.

This is even true for
𝑛 = 1, as we quantify
over all basepoints.

This leads us to the following extension to the case 𝑛 = 0:
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Notation 4.2.2. We say that 𝜋0(𝑋,𝐴) is trivial, write 𝜋0(𝑋,𝐴) ≅ 0, if the
induced map 𝜋0(𝐴) → 𝜋0(𝑋) is surjective.

Definition 4.2.3. Let 𝑑 ⩾ 0. A pair (𝑋,𝐴) of spaces is called 𝑑-connected
if 𝜋𝑛(𝑋,𝐴) is trivial for each 0 ⩽ 𝑛 ⩽ 𝑑.

This One then also calls the
inclusion map 𝐴↪𝑋
itself 𝑑-connected.

is equivalent to demanding that for each 𝑥0 ∈ 𝐴, the induced map
𝜋𝑛(𝐴,𝑥0) → 𝜋𝑛(𝑋,𝑥0) is bijective for 𝑛 < 𝑑 and surjective for 𝑛 ⩽ 𝑑.

We point out that for pairs, we do not require that 𝑋 is non-empty. In
fact, the pair (∅,∅) is 𝑑-connected for each 𝑑.

Example 4.2.4. A space𝑋 is 𝑑-connected if and only if𝑋 is non-empty
and the pair (𝑋, {𝑥0}) is 𝑑-connected for each 𝑥0 ∈ 𝑋.

The main result of this section is the following:

Proposition 4.2.5. Let (𝑋,𝐴) be a space pair such that𝑋 arises from 𝐴
by attaching (arbitrarily many) 𝑑-cells. Then (𝑋,𝐴) is (𝑑 − 1)-connected.

Proof. Throughout Lecture 15the proof, let 𝛽∶ I𝑑 × (𝐷𝑑, 𝑆𝑑−1) → (𝑋,𝐴) be a charac-
teristic map for the cell attachment.

First, we note that there is nothing to show if 𝑑 = 0; so assume from now
on that 𝑑 ⩾ 1. We argue that the induced map 𝜋0(𝐴) → 𝜋0(𝑋) is indeed
surjective: Each point 𝑥 ∈ 𝑋∖𝐴 is of the form 𝛽(𝑖, 𝑧) for some 𝑖 ∈ I𝑑 and
𝑧 ∈ 𝐷̊𝑑, and each such 𝑧 can be connected by a path to some 𝑧′ ∈ 𝑆𝑑−1.
Postcomposing this path with 𝛽, we get a path from 𝑥 to 𝛽(𝑖, 𝑧′) ∈ 𝐴.

It remains to show that 𝜋𝑛(𝑋,𝐴,𝑥0) is trivial for 1 ⩽ 𝑛 ⩽ 𝑑 − 1 and each
𝑥0 ∈ 𝐴. To do so, we

𝑈

𝑉

cover𝑋 by the two open subsets

The preimages of 𝑈 and
𝑉 along the quotient
map 𝐴⊔ (I𝑑 ×𝐷𝑑) → 𝑋
are open.

𝑈≔ 𝛽(I𝑑 × 𝐷̊𝑑),

𝑉 ≔ 𝐴∪𝛽(I𝑑 × (𝐷𝑑 ∖ 12𝐷
𝑑)),

and it is our aim to employ homotopy excision to this situation, but first
we note that for each 𝑥0 ∈ 𝐴, the inclusion (𝑋,𝐴,𝑥0) ↪ (𝑋,𝑉,𝑥0) is an
equivalence of triples, a homotopy inverse being induced by themap of pairs

𝑟∶ (𝐷𝑑,𝐷𝑑 ∖ 12𝐷
𝑑) → (𝐷𝑑, 𝑆𝑑−1), 𝑧 ↦ {

2𝑧 for 𝑧 ∈ 12𝐷
𝑑,

𝑧
‖𝑧‖ else.

It therefore suffices to show that 𝜋𝑛(𝑋,𝑉,𝑥0) is trivial for 1 ⩽ 𝑛 ⩽ 𝑑 − 1 and
𝑥0 ∈ 𝐴.

To see that the
homotopy that ‘linearly
interpolates between
𝑟(𝑧) and 𝑧’ is continuous,
we use that𝑋× 𝐼 carries
the quotient topology
induced from
(𝐴 × 𝐼) ⊔ (I𝑑 ×𝐷𝑑 × 𝐼),
see exercise 3.5a in AT.

Here we use that since 𝐷̊𝑑 ∖ 12𝐷
𝑑 deformation retracts onto 𝑆𝑑−1,

it follows from corollary 3.5.12 and the long exact sequence for pairs that
𝜋𝑛(𝐷̊𝑑, 𝐷̊𝑑 ∖ 12𝐷

𝑑) is trivial for each 1 ⩽ 𝑛 ⩽ 𝑑 − 1. Since 𝛽 restricts to a
homeomorphism of pairs

I𝑑 × (𝐷̊𝑑, 𝐷̊𝑑 ∖ 12𝐷
𝑑) → (𝑈,𝑈 ∩𝑉),
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it follows that 𝜋𝑛(𝑈,𝑈 ∩𝑉) is trivial for each 1 ⩽ 𝑛 ⩽ 𝑑 − 1. By homotopy
excision (without any condition for the pair (𝑉,𝑈 ∩𝑉)), it follows that the
map 𝜋𝑛(𝑈,𝑈 ∩ 𝑉,𝑥1) → 𝜋𝑛(𝑋,𝑉,𝑥1) is surjective for each 1 ⩽ 𝑛 ⩽ 𝑑 − 1,
and hence 𝜋𝑛(𝑋,𝑉,𝑥1) is trivial for each 𝑥1 ∈ 𝑈∩𝑉.

This is nearly what we want; we need the statement for 𝑥0 ∈ 𝐴. However,
there are to kinds of points 𝑥0 ∈ 𝐴: If 𝑥0 lies in a path-component 𝐴0 ⊆ 𝐴
to which no cell is attached, then 𝐴0 is still a path-component in both 𝑉
and 𝑋, and so 𝜋𝑛(𝑋,𝑉,𝑥0) ≅ 𝜋𝑛(𝐴0,𝐴0, 𝑥0) is trivial. If, however, 𝑥0 lies
in a path-component that is hit by the attaching map, then there is a path
𝑣 inside 𝑉 from 𝑥0 to some 𝑥1 ∈ 𝑈∩𝑉;

We first find a path form
𝑥0 to some 𝛽(𝑖, 𝑧) with
𝑖 ∈ I𝑑 and 𝑧 ∈ 𝑆𝑑−1; then
𝑡 ↦ 𝛽(𝑖, 3−𝑡3 𝑧) is a path
from 𝛽(𝑖, 𝑧) to a point

that lies in 𝑈∩𝑉.
this gives rise to an isomorphism

𝑣#∶ 𝜋𝑛(𝑋,𝑉,𝑥0) → 𝜋𝑛(𝑋,𝑉,𝑥1); now the previous result applies.

Example 4.2.6. As 𝑆𝑑 arises from∗ by attaching a 𝑑-cell, proposition 4.2.5
tells us that 𝑆𝑑 is (𝑑−1)-connected, somethingwe know fromcorollary 3.5.12,
and actually have used in the proof of proposition 4.2.5.

Corollary 4.2.7. Let (𝑋,𝐴) be a relative CW complex and let 𝑑 ⩾ 0. Then
for each 𝑥0 ∈ sk𝑑𝑋, the induced map 𝜋𝑛(sk𝑑𝑋,𝑥0) → 𝜋𝑛(𝑋,𝑥0) is bijective
for 𝑛 < 𝑑 and surjective for 𝑛 ⩽ 𝑑, i.e. (𝑋, sk𝑑𝑋) is 𝑑-connected.

Note that we cannot directly apply the previous proposition since𝑋 can
arise from sk𝑑𝑋 by attaching cells of possibly infinitely many dimensions.
We remedy that difficulty by means of the compactness argument 4.1.10.

Proof. To see surjectivity, let 𝑛 ⩽ 𝑑 and [𝛼] ∈ 𝜋𝑛(𝑋,𝑥0). Since 𝛼(𝐼𝑛) is
compact, lemma 4.1.10 provides us with a 𝑑′ ⩾ 𝑑 such that 𝛼 lands in sk𝑑′𝑋,
so [𝛼] is actually a class in 𝜋𝑛(sk𝑑′𝑋,𝑥0). Now an iterated application of
proposition 4.2.5 tells us that 𝜋𝑛(sk𝑑𝑋,𝑥0) → 𝜋𝑛(sk𝑑′𝑋,𝑥0) is surjective,
and hence [𝛼] is hit by a class in 𝜋𝑛(sk𝑑𝑋,𝑥0) as desired.

For injectivity, let 𝑛 < 𝑑 and let [𝛼], [𝛽] ∈ 𝜋𝑛(sk𝑑𝑋,𝑥0) such that there is
a relative homotopy 𝜂∶ 𝐼𝑛 ×𝐼 →𝑋 between 𝛼 and 𝛽 inside𝑋. Then 𝜂(𝐼𝑛 ×𝐼)
is compact, so again lemma 4.1.10 provides us with with a 𝑑′ ⩾ 𝑑 such that 𝜂
lands in sk𝑑′𝑋, so 𝛼 and 𝛽 are already homotopic inside sk𝑑′𝑋. An iterated
application of proposition 4.2.5 tells us that 𝜋𝑛(sk𝑑𝑋,𝑥0) → 𝜋𝑛(sk𝑑′𝑋,𝑥0)
is injective, hence [𝛼] = [𝛽] inside 𝜋𝑛(sk𝑑𝑋,𝑥0).

4 .3 Inductive construction of CW complexes

Our current perspective on relative CW complexes is as follows: We are
given a space𝑋 and a subspace 𝐴 ⊆ 𝑋; and a certain filtration that interpol-
ates between 𝐴 and𝑋 gives (𝑋,𝐴) the structure of a relative CW complex.
Instead, we would like to start with a space 𝐴, attach cells to it by providing
attaching maps and forming pushouts, and then pass to the colimit. We
start with the first part, namely the cell attachment.
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Construction 4.3.1. Let 𝐴 be a space. Moreover, let I𝑛 be an index set
and let 𝛼∶ I × 𝑆𝑛−1 →𝐴 be a map. Again, we consider the

discrete topology on I.
Let𝑋 be the pushout as in

I × 𝑆𝑛−1 𝐴

I ×𝐷𝑛 𝑋.

←→𝛼

↩→

⌜

←→

←→

Then the resulting map 𝚤∶ 𝐴 →𝑋 is an embedding (i.e. a homeomorphism
onto its image), so when identifying 𝐴 with its image 𝚤(𝐴) ⊆ 𝑋, then 𝑋
arises from the subspace 𝐴 by attaching 𝑑-cells in the sense of section 4.1.

In particular, (𝑋,𝐴) is a relative CW complex with (relative) cells in
dimension 𝑛, and if 𝐴 itself is a (𝑛 − 1)-dimensional CW complex, then𝑋 is
an honest 𝑛-dimensional CW complex, whose 𝑛-cells are indexed by I.

Proof. The map 𝚤 is injective (since the left vertical map is injective) and it
sends closed subsets to closed subsets (since the left does so).

The following example is a special case of exercise 11.2 from AT, i.e. the
construction of Moore spaces, where we have implicitly used this method:

Example 4.3.2. Let 𝑛 ⩾ 2, let 𝐴 = 𝑆𝑛−1, and let 𝛼∶ 𝑆𝑛−1 → 𝑆𝑛−1 be a map
of degree 𝑘 ≠ 0. If we define 𝑋 as above, then 𝑋 has a CW structure with
one 0-cell, one (𝑛 − 1)-cell and one 𝑛-cell; now one employs the cellular
chain complex to show that 𝐻̃𝑛−1(𝑋) ≅ ℤ𝑘 and 𝐻̃𝑖(𝑋) = 0 else.

Next, we make the colimit argument precise, i.e. we establish a way to
define a relative CW complex only by providing all finite skeleta:

Construction 4.3.3. Let (𝑋𝑛)𝑛⩾−1 be a sequence of spaces such that𝑋𝑛
arises from𝑋𝑛−1 by attaching 𝑛-cells for each 𝑛 ⩾ 0. Then we have embed-
dings 𝚤𝑛∶ 𝑋𝑛−1 ↪𝑋𝑛 and we define𝑋 to be the colimit of the diagram

𝑋−1 ↪𝑋0 ↪𝑋1 ↪𝑋2 ↪⋯

More concretely, 𝑋 is the quotient of∐𝑛𝑋𝑛 by the equivalence relation
spanned by 𝑥 ∼ 𝚤𝑛(𝑥). For each 𝑛, we have a structure map 𝜔𝑛∶ 𝑋𝑛 →𝑋,
which is a homeomorphism onto its image. Calling that image sk𝑛𝑋, we
obtain a filtration of𝑋, which has the following properties:

• The canonical map∐𝑛 sk𝑛𝑋→𝑋 is homeomorphic to the quotient
map∐𝑛𝑋𝑛 →𝑋 and hence itself a quotient map.

• Since 𝜔𝑛 takes the subspace𝑋𝑛−1 to the subspace sk𝑛−1𝑋, it follows
that sk𝑛𝑋 arises from sk𝑛−1𝑋 by attaching 𝑛-cells.

Hence (𝑋, sk−1𝑋) is a relative CW complex with sk𝑛𝑋 ≅ 𝑋𝑛. We often skip
𝑋−1 and start with a discrete space𝑋0; then𝑋 itself is a CW complex.
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Proof. As before,𝜔𝑛 is injective since each𝑋𝑛 ↪𝑋𝑛+1 is, and it sends closed
subsets to closed subsets, since𝑋𝑛 is closed in each𝑋𝑘 with 𝑘 ⩾ 𝑛.

As an application, we can now formally introduce and study the spaces
ℝP∞ and ℂP∞ mentioned in outlook 3.7.8.

Example 4.3.4. AsPutting ℝP−1 ≔∅, this
is even true for 𝑑 = 0.

each ℝP𝑑 arises from ℝP𝑑−1 by attaching a 𝑑-cell, the
infinite real-projective space ℝP∞ ≔ colim𝑑(ℝP𝑑) has a CW structure with
sk𝑑ℝP∞ ≅ ℝP𝑑. By corollary 4.2.7, we have 𝜋𝑛(ℝP∞) ≅ 𝜋𝑛(ℝP𝑑) for 𝑛 < 𝑑,
and hence 𝜋1(ℝP∞) ≅ ℤ2, while 𝜋𝑛(ℝP∞) is trivial for all

Here we use
proposition 3.7.7 and the
fact that 𝜋𝑛(𝑆𝑑) is trivial

for 𝑛 < 𝑑.

other 𝑛. This
shows that ℝP∞ is indeed an Eilenberg–MacLane space of type (ℤ2, 1).

Example 4.3.5. In the exact same way, we define ℂP∞ ≔ colim𝑑(ℂP𝑑),
which has a CW structure with sk2𝑑+1ℂP∞ ≅ ℂP𝑑. By corollary 4.2.7, we
have 𝜋2(ℂP∞) ≅ ℤ, while 𝜋𝑛(ℂP∞) is trivial for all other 𝑛. This shows
that ℂP∞ is indeed an Eilenberg–MacLane space of type (ℤ, 2).

Remark 4.3.6. Summarising this section, we can construct a relative CW
complex (𝑋,𝐴) starting with a space 𝐴 inductively as follows:

• Define𝑋−1 ≔ 𝐴. For each 𝑛 ⩾ 0, given𝑋𝑛−1, we provide an attaching
map 𝛼𝑛∶ I𝑛 × 𝑆𝑛−1 →𝑋𝑛−1 and apply construction 4.3.1 to get𝑋𝑛.

• Now we have a sequence (𝑋𝑛)𝑛⩾−1 as in construction 4.3.3 and hence
can pass to the colimit, which we then call𝑋.

4 .4 The homotopy extension property

As we shall see in this section, relative CW complexes are also very amenable
to a different kind of extension problem that is very prominent in homotopy
theory: namely the search of an extension for a given homotopy.

Definition 4.4.1. A map 𝚤∶ 𝐴 →𝑋 is said to have the homotopy extension
property (HEP)with respect to a space 𝑌 if for each map 𝑓∶ 𝑋→ 𝑌 and each
homotopy 𝜂∶ 𝐴 × 𝐼 → 𝑌 with 𝜂0 = 𝑓∘ 𝚤, there is a homotopy ̄𝜂∶ 𝑋 × 𝐼 → 𝑌
with ̄𝜂0 = 𝑓 and ̄𝜂𝑡 ∘ 𝚤 = 𝜂𝑡 for each 𝑡 ∈ 𝐼; in diagrams:

This diagram does not
encode the universal

property of a pushout.
In fact, the square will

almost never be a
pushout, and ̄𝜂 will

almost never be unique.

𝐴 𝐴× 𝐼

𝑋 𝑋× 𝐼

𝑌

←→𝚤

← →𝑎↦(𝑎,0)

←→𝚤× id𝐼

←

→

𝜂

← →
𝑥↦(𝑥,0)←

→𝑓

←

→

∃? ̄𝜂

We call 𝚤 a (Hurewicz) cofibration if it has the homotopy extension property
with respect to all spaces 𝑌.
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The entire wording reminds us of the homotopy lifting property and the
definition of a fibration.

Though rather of a
Hurewicz fibration, as
we require the property
to hold for all spaces.

Indeed, the homotopy extension property can be
re-phrased so that it looks very similar to the homotopy lifting property:

Remark 4.4.2. There is a topology
This topology is called
compact–open topology:
It is generated by the
subsets𝑊𝐾,𝑈 of all 𝛾
with 𝛾(𝐾) ⊆ 𝑈, where
𝐾 ⊆ 𝐼 is any compact
subset and 𝑈 ⊆ 𝑌 is any
open subset.

on the set Map(𝐼,𝑌) of continuous
paths 𝐼 → 𝑌 such that for each space 𝐴, we have a well-defined bijection,
which can be seen as a topological version of the tensor–hom adjunction:

{continuous 𝐴× 𝐼→ 𝑌}
≅
⇄ {continuous 𝐴→Map(𝐼,𝑌)},
𝜂 ↦ [𝑎 ↦ 𝜂(𝑎,−)],

[(𝑎, 𝑡) ↦ 𝜃(𝑎)(𝑡)] ↤ 𝜃.

For each space 𝑌, the evaluation ev0∶Map(𝐼,𝑌) → 𝑌 given by 𝛾 ↦ 𝛾(0) is
continuous.

For each open subspace
𝑈 ⊆ 𝑌, we have
ev−10 (𝑈) =𝑊{0},𝑈.

In this setting, the homotopy extension property with respect
to a space 𝑌 asks for a filler in the square

Being notationally
pedantic, I shall decorate
a filler with a tilde if it is
named after the bottom
map (it lifts that map),
but with a bar if it is
named after the top map
(it extends that map).

𝐴 Map(𝐼,𝑌)

𝑋 𝑌

←→𝚤

←→
𝜂

←→ ev0

← →
𝑓

←

→̄𝜂

When it comes to checking that a given map is a cofibration, we would
like to have a practical criterion. As it turns out, there is a universal space
for which we can ‘test’ the homotopy extension property. We discuss this
rather general construction for a generic map 𝑓∶ 𝑋→ 𝑌 of spaces:

Construction 4.4.3. Let 𝑓∶ 𝑋→ 𝑌 be a map of spaces. 𝑋

𝑌
𝑓(𝑋)

We define the
mapping cylinder 𝑍𝑓 as the quotient of (𝑋 × 𝐼) ⊔ 𝑌 by the relation spanned
by (𝑥, 0) ∼ 𝑓(𝑥). In other words, 𝑍𝑓 arises as a pushout given by

𝑋 𝑋× 𝐼

𝑌 𝑍𝑓.
⌜

←→𝑓

← →𝑥↦(𝑥,0)

←→

← →

Note
In other words, 𝑠 is
determined through the
universal property of the
pushout by the canonical
maps𝑋× 𝐼→ 𝑌× 𝐼 and
𝑌→ 𝑌× 𝐼.

that there is a canonical map 𝑠∶ 𝑍𝑓→ 𝑌×𝐼 given by taking [𝑥, 𝑡] to
(𝑓(𝑥), 𝑡) and [𝑦] to (𝑦, 0). This map is used in the following lemma, which
makes the aforementioned universal rôle of the mapping cylinder precise:

Lemma 4.4.4. For a map 𝚤∶ 𝐴 →𝑋, the following statements are equivalent:
1. 𝚤 is a cofibration.
2. 𝚤 has the homotopy extension property with respect to 𝑍𝚤.
3. The map 𝑠∶ 𝑍𝚤 → 𝑋× 𝐼 has a left-inverse.

A left-inverse is a map 𝑟
in the other direction
satisfying 𝑟 ∘ 𝑠 = id𝑍𝚤.
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Proof. Statement 1 implies statement 2, just because𝑍𝚤 is a space. To seeNow the above pushout
is of the form

𝐴 𝐴× 𝐼

𝑋 𝑍𝚤.
⌜

← →𝑎↦(𝑎,0)

←→𝚤 ←→ 𝜂𝑢

← →
𝑓𝑢

that
statement 2 implies statement 3, let 𝑓𝑢∶ 𝑋→ 𝑍𝚤 and 𝜂𝑢∶ 𝐴 × 𝐼 → 𝑍𝚤 be the
two structure maps 𝑥↦ [𝑥] and (𝑎, 𝑡) ↦ [𝑎, 𝑡], see the square at the margin
(which is the ‘universal’ instance of the outer square in definition 4.4.1; hence
the symbols 𝑓𝑢 and 𝜂𝑢). Then 𝜂𝑢0 = 𝑓𝑢 ∘ 𝚤, so by the homotopy extension
property, we find a map 𝑟∶ 𝑋 × 𝐼 → 𝑍𝚤 with 𝑟0 = 𝑓𝑢 and 𝑟𝑡 ∘ 𝚤 = 𝜂𝑢𝑡 for each
𝑡 ∈ 𝐼. This shows 𝑟 ∘ 𝑠 ∘𝑓𝑢 = 𝑓𝑢 and 𝑟 ∘ 𝑠 ∘ 𝜂𝑢 = 𝜂𝑢, implying that 𝑟 ∘ 𝑠 = id𝑍𝚤.

To see that statement 3 implies statement 1, we let 𝑟∶ 𝑋 × 𝐼 → 𝑍𝚤 be a
left-inverse of 𝑠. Now given a space 𝑌, a map 𝑓∶ 𝑋→ 𝑌, and a homotopy
𝜂∶ 𝐴 × 𝐼 → 𝑌with 𝜂0 = 𝑓∘ 𝚤, then we define amap 𝜂 ∪𝑓 of the form𝑍𝚤 → 𝑌,

(𝜂 ∪𝑓) ∘𝑓𝑢 =𝑓,
(𝜂 ∪𝑓) ∘ 𝜂𝑢 = 𝜂.

and the composition ̄𝜂 ≔ (𝜂 ∪𝑓) ∘ 𝑟∶ 𝑋 × 𝐼 → 𝑌 has the desired properties,
which one checks using (𝑥, 0) = (𝑠 ∘𝑓𝑢)(𝑥) and (𝚤(𝑎), 𝑡) = (𝑠 ∘ 𝜂𝑢)(𝑎, 𝑡).

OurLecture 16 choice of letters suggests to think of cofibrations as of inclusions of
subspaces. This is justified by the following proposition:

Proposition 4.4.5. Each cofibration 𝚤∶ 𝐴 →𝑋 is an embedding, and if𝑋
is Hausdorff, then 𝚤(𝐴) ⊆ 𝑋 is closed.

Proof. It is our goal to show that the corestriction 𝚤∶ 𝐴 → 𝚤(𝐴) is a homeo-
morphism, which is equivalent to showing that 𝚤 × {1}∶ 𝐴× {1} → 𝚤(𝐴) × {1}
is a homeomorphism. The latter, however, agrees with the (co-)restriction
of 𝑠∶ 𝑍𝚤 → 𝑋× 𝐼 to 𝐴× {1} (and to its own image on the target side). Using
lemma 4.4.4, we find a left-inverse 𝑟 of 𝑠, and thenHere we also use that

𝑟|𝚤(𝐴)×{1} indeed lands in
𝐴× {1}.

𝑟|𝚤(𝐴)×{1} is a left-inverse
for 𝚤× {1}, and it even is an honest inverse since 𝚤× {1} is surjective by design.

If 𝑋 is Hausdorff, then 𝑋× 𝐼 is Hausdorff as well, and so the diagonal
Δ𝑋×𝐼 ≔ {(𝑥, 𝑡, 𝑥, 𝑡) ∶ 𝑥 ∈ 𝑋, 𝑡 ∈ 𝐼} is closed inside (𝑋 × 𝐼)2. It hence suffices
to observe that 𝚤(𝐴) is the preimage of Δ𝑋×𝐼 under the map𝑋→ (𝑋× 𝐼)2

that is defined by 𝑥↦ ((𝑠 ∘ 𝑟)(𝑥, 1), (𝑥, 1)).

Conversely, given a space𝑋 and a subspace 𝐴 ⊆ 𝑋, there is a very useful
criterion to check if the inclusion map 𝐴→𝑋 is a cofibration.

Proposition 4.4.6. LetCuriously, one can get
rid of the initial

assumption that 𝐴 ⊆ 𝑋
is closed, at the price of a
much longer proof, see

[7, Prop. a.18] for details.
We will not need this

stronger version.

𝑋 be a space and let 𝐴 ⊆ 𝑋 be closed. Then the
inclusion map 𝚤∶ 𝐴 →𝑋 is a cofibration if and only if the subspace inclusion
(𝐴 × 𝐼) ∪ (𝑋× {0}) ⊆ 𝑋× 𝐼 has a left-inverse.

Proof. We see that (𝐴 × 𝐼) ∩ (𝑋 × {0}) = 𝐴 × {0} and all involved subspaces
are closed. As in the proof of proposition 4.1.7, it follows that the union
(𝐴 × 𝐼) ∪ (𝑋 × {0}) is in fact the pushout of𝑋× {0} ← 𝐴× {0} → 𝐴× 𝐼. By
identifying the left map with 𝚤, this pushout becomes the mapping cylinder
𝑍𝚤; and the map 𝑠∶ 𝑍𝚤 → 𝑋×𝐼 is literally the inclusion of (𝐴×𝐼)∪ (𝑋× {0})
into𝑋× 𝐼. Now we can apply the equivalence from lemma 4.4.4.

Definition 4.4.7. We

This wording is
somewhat unclean, as
we identify a subspace
with its inclusion map.

call 𝐴 ⊆ 𝑋 a cofibration if the inclusion map is a
cofibration; and a closed cofibration, if additionally 𝐴 ⊆ 𝑋 is closed.
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The usefulness of proposition 4.4.6 comes from the fact that it is much
easier to define a map into a subspace (define a map into𝑋× 𝐼 and observe
that it lands in the desired subspace) than to define a map into a pushout.

Example 4.4.8. For each 𝑛 ⩾ 0, we argue that 𝑆𝑛−1 ⊆ 𝐷𝑛 is a closed cofibra-
tion:

⌄

⌄

(0,2)

𝐷2 ×𝐼

By proposition 4.4.6, it suffices to provide a left-inverse for the in-
clusion of (𝑆𝑛−1 × 𝐼) ∪ (𝐷𝑛 × {0}) into 𝐷𝑛 × 𝐼. One possible left-inverse is
depicted at the margin, namely the radial projection from (0, 2) ∈ 𝐷𝑛 ×ℝ.
More precisely, each point 𝑥 ∈ 𝐷𝑛 × 𝐼 is moved along the ray from (0, 2)
through 𝑥 until it hits the subspace (𝑆𝑛−1 × 𝐼) ∪ (𝐷𝑛 × {0}).

Even though the previous paragraph gives a full argument why the in-
clusion of 𝑆𝑛−1 ⊆ 𝐷𝑛 is a cofibration, we point out that even more is true:
If we call the radial projection 𝑟, then 𝜌𝑠(𝑥) ≔ (1 − 𝑠) ⋅ 𝑥 + 𝑠 ⋅ 𝑟(𝑥) defines a
strong deformation retraction from𝐷𝑛 × 𝐼 onto (𝑆𝑛−1 × 𝐼) ∪ (𝐷𝑛 × {0}).

Using that the pairs (𝐷𝑛, 𝑆𝑛−1) are the building blocks for (relative) CW
complexes, we arrive at the main result of this section:

Theorem 4.4.9. If 𝐴 is closed in𝑋 by
remark 4.1.4.

the pair (𝑋,𝐴) is a relative CW complex, then 𝐴 ⊆ 𝑋 is
a closed cofibration.

The proof of theorem 4.4.9 requires the following lemma, whose proof
is the content of exercise 11.2:

Lemma 4.4.10. Assume that the following diagram is a pushout

𝐴 𝐵

𝑋 𝑌,

←→𝑢

←→𝚤
⌜

←→ 𝚥

←→
𝑓

and assume that 𝚤 is a cofibration. Then the following holds:

1. The map 𝚥 is a cofibration as well.
2. If

The second part of the
lemma is not relevant
for the proof of
theorem 4.4.9, but will
be very useful later.

𝑢 is a homotopy equivalence, then 𝑓 is a homotopy equivalence.

Proof of theorem 4.4.9. First, we argue that the inclusion sk𝑛−1𝑋 ⊆ sk𝑛𝑋 is
a cofibration for each 𝑛 ⩾ 0. If I𝑛 is an indexing set for the 𝑛-cells, then the
inclusion I𝑛 × 𝑆𝑛−1 ⊆ I𝑛 ×𝐷𝑛 is a disjoint union of copies of the inclusion
𝑆𝑛−1 ⊆ 𝐷𝑛 and hence again a cofibration.

If (𝚤𝑖∶ 𝐴𝑖 →𝑋𝑖)𝑖∈I is a
family of maps, each of
which is a fibration, then
∐𝑖 𝚤𝑖∶ ∐𝑖𝐴𝑖 →∐𝑖𝑋𝑖 is
again a cofibration.

Now we can apply lemma 4.4.10:1
to the pushout square from definition 4.1.3 and obtain the subclaim.

To show the theorem, let 𝑓∶ 𝑋 → 𝑌 be a map and let 𝜂∶ 𝐴 × 𝐼 → 𝑌 be
a homotopy starting at 𝑓|𝐴. Then we set sk−1𝜂 ≔ 𝜂, and for each 𝑛 ⩾ 0,
we use that sk𝑛−1𝑋 ⊆ sk𝑛𝑋 is a cofibration to inductively find a homotopy
sk𝑛𝜂∶ sk𝑛𝑋× 𝐼→ 𝑌 that extends sk𝑛−1𝜂 and starts at𝑓|sk𝑛𝑋. In order to pass
to𝑋 itself, we note that the map∐𝑛 sk𝑛𝑋× 𝐼→𝑋× 𝐼 is again a quotient
map,

This uses exercise 3.5a
from AT, plus the fact
that the canonical map
from∐𝑛(𝑋𝑛 × 𝐼) to
(∐𝑛𝑋𝑛) × 𝐼 is a
homeomorphism.so∐𝑛 sk𝑛𝜂 induces the desired map ̄𝜂∶ 𝑋 × 𝐼 → 𝑌.
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Note that by proposition 4.1.7, this shows in particular that the inclusion
of a subcomplex of a CW complex is a cofibration.

We

𝑋

𝑌
𝑓(𝑋)

close this section by noting that each map 𝑓∶ 𝑋→ 𝑌 is, at least up to
homotopy, a cofibration; in particular, an inclusion of a subspace. For the
following construction, if may be helpful to recall the visualisation of the
mapping cylinder, so we repeat the figure here.

Construction 4.4.11. Let 𝑓∶ 𝑋→ 𝑌 be a map of spaces. Then 𝑓 factors
through the mapping cylinder, as described in the following triangle:

𝑋 𝑍𝑓

𝑌

←→
𝚤𝑓

←

→𝑓

←→ 𝑝𝑓

Here 𝚤𝑓 is the inclusion at the top of the mapping cylinder, i.e. 𝑥↦ [𝑥, 1],
and 𝑝𝑓 is given by ‘pushing down’, i.e. [𝑦] ↦ 𝑦 and [𝑥, 𝑡] ↦ 𝑓(𝑥).

The crucial point to observe is that 𝚤𝑓 is a cofibrationwith closed image (in
particular, an embedding) and 𝑝𝑓 is a homotopy equivalence. For questions
that only concern the homotopy type, we hence can replace 𝑓 by (𝑍𝑓,𝑋).

Proof. We first argue that 𝑝𝑓 is a homotopy equivalence. There is an evident
candidate for its inverse 𝑠𝑓∶ 𝑌 → 𝑍𝑓, namely the inclusion of the ‘brim of
the cylinder’ 𝑦↦ [𝑦]. Then 𝑝𝑓 ∘ 𝑠𝑓 is the identity on 𝑌, and conversely, we
have a homotopy 𝜂 from the identity on𝑍𝑓 toContinuity of 𝜂 uses that

𝑍𝑓× 𝐼 is a quotient of
(𝑋 × 𝐼 × 𝐼) ⊔ (𝑌 × 𝐼),
which is ensured by

exercise 3.5a from AT.

𝑠𝑓 ∘𝑝𝑓 by ‘moving everything
down’, i.e. 𝜂𝑠([𝑥, 𝑡]) = [𝑥, 𝑠 ⋅ 𝑡] and 𝜂𝑠([𝑦]) = [𝑦].

Coming to 𝚤𝑓, we see that its image is 𝑋 × {1}, which is closed in 𝑍𝑓
by the bare definition of the quotient topology. In order to see that 𝚤𝑓 is a
cofibration, we note that 𝑍𝑓 can equivalently be described as the pushout

𝑋× 𝜕𝐼 𝑌 ⊔𝑋

𝑋× 𝐼 𝑍𝑓⌜

←→⊆

← →
(𝑥,0)↦𝑓(𝑥)
(𝑥,1)↦𝑥

←→ 𝑠𝑓 ⊔𝚤𝑓

← →

We show that the left vertical map is a cofibration: First, we note that𝑋× 𝜕𝐼
is a closed subspace of 𝑋× 𝐼. Second, we use that (𝐼, 𝜕𝐼) ≅ (𝐷1, 𝑆0), so by
example 4.4.8, we find a left-inverse 𝑟∶ 𝐼 × 𝐼 → (𝜕𝐼 × 𝐼) ∪ (𝐼 × {0}) for the
evident inclusion. Then id𝑋 × 𝑟 witnesses, by virtue of proposition 4.4.6,
that the left vertical map in the above pushout square is indeed a cofibration.
ByBoth claims made here

can be checked directly
from the definition of
the HEP, without any

new ideas needed.

lemma 4.4.10, it follows that 𝑠𝑓 ⊔ 𝚤𝑓 is a cofibration. Finally, we use:
• that the inclusion of a disjoint summand is a cofibration, and
• that the composition of two cofibrations is a cofibration,

to conclude that 𝚤𝑓 itself is a cofibration.
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4.5 A glimpse of obstruction theory

Working towards the theorem of Whitehead, we have to discuss a slightly
more sophisticated version of the extension lemma 4.1.1, which in turn is a
special case of an entire area called obstruction theory.

Notation 4.5.1. Let Recall the meaning of
𝜋0(𝑋,𝐴) being trivial
from notation 4.2.2.

𝑓∶ 𝑋→ 𝑌 be a map of spaces and let 𝑛 ⩾ 0. Then the
following statements are equivalent:

1. 𝜋𝑛(𝑍𝑓,𝑋) ≅ 0.
2. 𝜋𝑛(𝑓) is surjective and 𝜋𝑛−1(𝑓) is injective for each basepoint 𝑥0 ∈ 𝑋. For 𝑛 = 0, the condition

on 𝜋𝑛−1(𝑓) is void.In the case where 𝑓 is the inclusion of a subspace, this is equivalent to:
3. 𝜋𝑛(𝑌,𝑋) ≅ 0.

We shall henceforth write 𝜋𝑛(𝑌,𝑋) ≅ 0 even if 𝑓∶ 𝑋→ 𝑌 is not an inclusion.

Proof. In For the equivalence of
2 and 3 see remark 4.2.1.

order to see that statements 1 and 2 are equivalent, note that trivi-
ality of 𝜋𝑛(𝑍𝑓,𝑋) is equivalent to 𝜋𝑛(𝚤𝑓) being surjective and 𝜋𝑛−1(𝚤𝑓) being
injective, where 𝚤𝑓∶ 𝑋→ 𝑍𝑓 is the inclusion at the top of the cylinder as in
construction 4.4.11. But 𝚤𝑓 and 𝑓 differ only by the homotopy equivalence
𝑝𝑓∶ 𝑍𝑓→ 𝑌, and so each 𝜋𝑘(𝚤𝑓) differs from 𝜋𝑘(𝑓) by a bijection.

Now we can state the main theorem of this section, which might look
rather technical at first glance, but will be tremendously useful; for example,
it will enable us to give a rather short proof of Whitehead’s theorem:

Theorem 4.5.2 (Obstruction theory). Let In Hatcher, this goes
under the name
compression lemma.

(𝑋,𝐴) be a relative CW complex,
and assume a commutative square as follows:

It might help to think
of 𝚥 as a subspace
inclusion; then 𝑢 = 𝑓|𝐴
for 𝑓 being a map of
pairs (𝑋,𝐴) → (𝑌,𝐵).

𝐴 𝐵

𝑋 𝑌.

←→𝑢

↩→ ←→ 𝚥

←→
𝑓

Assume
In other words,
either sk𝑛𝑋 = sk𝑛−1𝑋
or 𝜋𝑛(𝑌,𝐵) ≅ 0 holds.

that 𝜋𝑛(𝑌,𝐵) is trivial for each 𝑛 ⩾ 0 such that (𝑋,𝐴) has cells in
dimension 𝑛. Then there is a map ℎ∶ 𝑋→ 𝐵 such that:

1. ℎ|𝐴 = 𝑢, and
2. 𝚥 ∘ ℎ ≃𝑓, through a homotopy 𝜂 satisfying 𝜂𝑠|𝐴 = 𝑓|𝐴 for each 𝑠 ∈ 𝐼.

Before proving the theorem, let us ponder on the statement for a while.

Remark 4.5.3. A homotopy as in the theorem is called stationary on𝐴, and
if such a homotopy exists, one often writes 𝚥 ∘ ℎ ≃𝐴 𝑓. Then the properties
of ℎ can be summarised in the following diagram: The upper triangle

commutes strictly,
while the lower one
commutes up to a
homotopy that is
stationary on 𝐴.

𝐴 𝐵

𝑋 𝑌.

←→𝑢

↩→

≃𝐴

←→ 𝚥

←→
𝑓

← →ℎ
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Example 4.5.4. InUse the LES for (𝑍𝚥,𝐵)
and the fact that 𝑍𝚥 ≃ ∗.

the case where 𝑌 = ∗, and 𝑓 and 𝚥 are the unique maps
to ∗, we see that 𝜋𝑛(𝑌,𝐵) ≅ 0 if and only if 𝜋𝑛−1(𝐵, 𝑏0) ≅ 0 for each 𝑏0 ∈ 𝐵 in
the case of 𝑛 ⩾ 1, and 𝜋0(𝑌,𝐵) ≅ 0 if and only 𝐵 is non-empty. Moreover, the
lower triangle in the above diagram becomes superfluous, as there is only
a single map to the one-point space; hence a map ℎ as above is the same
as an extension of 𝑢. This tells us that in the case of 𝑌 = ∗, theorem 4.5.2
recovers the recipe desribed in remark 4.1.5.

Strictly speaking, the
recipe tells us to only

check triviality of certain
classes in 𝜋𝑛−1(𝐵, 𝑏0);

this of course is for free
if 𝜋𝑛−1(𝐵, 𝑏0) as a whole

is trivial. Another important special case is the following:

Corollary 4.5.5. AssumeIn this case, one also
calls the map 𝚥∶ 𝐵 → 𝑌

itself 𝑑-connected.

a commutative square as in theorem 4.5.2 and
fix 𝑑 ⩾ 0. If dim(𝑋,𝐴) ⩽ 𝑑 and (𝑌,𝐵) is 𝑑-connected, then there exists a map
ℎ∶ 𝑋→ 𝐵 as in the claim.

Outlook 4.5.6. The more ambitious goal of obstruction theory is to
provide a statement in terms of algebraic invariants which is equivalent to
the existence of ℎ. This involves the construction of certain cohomology
classes in𝐻𝑛(𝑋,𝐴;𝜋𝑛(𝑌,𝐵)), called obstructions (»Hindernisse«).

In general, one needs
‘cohomology with

twisted coeffients’; and
for 𝑛 < 3, one has to say
what𝐻𝑛(𝑋,𝐴;𝜋𝑛(𝑌,𝐵))
even means if 𝜋𝑛(𝑌,𝐵) is

not an abelian group.

Famous
examples of obstructions are the Euler class and Stiefel–Whitney classes.

LetLecture 17 us now work towards a proof of theorem 4.5.2. Similar to the absolute
case from remark 3.1.14, we use a reinterpretation of the relative homotopy
groups in terms of discs and spheres:

Remark 4.5.7. Since (𝐼𝑛/𝐽𝑛, 𝜕𝐼𝑛/𝐽𝑛) ≅ (𝐷𝑛, 𝑆𝑛−1), we find a quotient map
𝑞∶ 𝐼𝑛 →𝐷𝑛 taking 𝜕𝐼𝑛 to 𝑆𝑛−1, and 𝐽𝑛 to a single point called ∗, and similar
to the absolute case, the assignment 𝛼↦ 𝛼 ∘ 𝑞 induces a bijection between
the set of homotopy classes of maps (𝐷𝑛, 𝑆𝑛−1, ∗) → (𝑋,𝐴,𝑥0) of based
pairs and the relative homotopy group 𝜋𝑛(𝑋,𝐴,𝑥0).

Lemma 4.5.8 (Compression criterion). For each morphism of based pairs
𝛼∶ (𝐷𝑛, 𝑆𝑛−1, ∗) → (𝑋,𝐴,𝑥0), the following statements are equivalent:

1. [𝛼] is trivial in 𝜋𝑛(𝑋,𝐴,𝑥0),
2. 𝛼 is homotopic to a map with image in 𝐴, through a homotopy 𝜂 that

is stationary on 𝑆𝑛−1, i.e. 𝜂𝑠|𝑆𝑛−1 = 𝛼|𝑆𝑛−1 for each 𝑠 ∈ 𝐼.

Proof. To see that statement 1 implies statement 2, recall the strong deform-
ation retraction 𝜌 of𝐷𝑛 × 𝐼 onto (𝑆𝑛−1 × 𝐼) ∪ (𝐷𝑛 × {0}) from example 4.4.8.
Now if 𝜃∶ 𝐷𝑛 × 𝐼 →𝑋 is a homotopy (between maps of triples) from 𝑐𝑛𝑥0 to
𝛼, then 𝜃 takes (𝑆𝑛−1 × 𝐼) ∪ (𝐷𝑛 × {0}) into 𝐴, and hence 𝜂𝑠(𝑧) ≔ 𝜃(𝜌𝑠(𝑧, 1))
serves as a homotopy as claimed in statement 2.

To see that statement 2 implies statement 1, note that a homotopy as in
statement 2 is in particular a homotopy between maps of triples, hence
[𝛼] is hit by the composition 𝜋𝑛(𝐴,𝑥0) → 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑋,𝐴,𝑥0). This
composition, however, is the zero map by exactness.
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Proof of theorem 4.5.2. We will first prove the theorem for the special case
where 𝐵 is a subspace of 𝑌 and 𝚥 is just the subspace inclusion. To do so, we
shall construct a sequence (𝜂𝑛)𝑛⩾0 of homotopies 𝜂𝑛∶ 𝑋 × 𝐼 → 𝑌 such that:

sk0𝑋

𝜂0

sk1𝑋

𝜂1

sk2𝑋

𝜂2

sk3𝑋

𝜂3

𝑓

homotopy extension
compression criterion
constant

• 𝜂00 = 𝑓 and 𝜂𝑛0 = 𝜂𝑛−11 for 𝑛 ⩾ 1,
• 𝜂𝑛1 (sk𝑛𝑋) ⊆ 𝐵,
• 𝜂𝑛 is stationary on sk𝑛−1𝑋.

Once this goal is achieved, we can form one big homotopy 𝜂∶ 𝑋 × 𝐼 → 𝑌,
which is defined on sk𝑛𝑋× 𝐼 as

Put differently, we go 𝜂0
inside [0, 12 ], then we go
𝜂1 inside [ 12 ,

3
4 ], and so

on, and once we reach
1 − ( 12 )

𝑛+1, we have
successfully moved sk𝑛𝑋
into 𝐵 and stay constant.

𝜂𝑠(𝑥) ≔ {
𝜂𝑘2𝑘+1𝑠−2𝑘+1+2(𝑥) for 𝑠 ∈ [1 − ( 12 )

𝑘, 1 − ( 12 )
𝑘+1], 0 ⩽ 𝑘 ⩽ 𝑛,

𝜂𝑛1 (𝑥) for 𝑠 ∈ [1 − ( 12 )
𝑛+1, 1].

This definition is consistent with restrictions to subskeleta, and hence in-
deed defines a map 𝜂∶ 𝑋 × 𝐼 → 𝑌, which is continuous by the universal
property of the quotient topology since it is continuous on each sk𝑛𝑋× 𝐼.
Moreover, we have 𝜂0 = 𝑓 and 𝜂1(𝑋) ⊆ 𝐵, and 𝜂𝑠|𝐴 = 𝑢 as desired.

Let us now construct the promised sequence (𝜂𝑛)𝑛⩾0 inductively: For
the induction start 𝑛 = 0, note that sk0𝑋 = 𝐴⊔ {𝑥𝑖}𝑖∈I0 , where the second
summand carries the discrete topology. For each 𝑖 ∈ I0, we find a path 𝑣𝑖
from𝑓(𝑥𝑖) to some point 𝑏𝑖 ∈ 𝐵; either because 𝜋0(𝑌,𝐵) is trivial or because
there is no such index 𝑖. Hence 𝜂0𝑠 ≔ 𝑓 on 𝐴 and 𝜂0𝑠 (𝑥𝑖) ≔ 𝑣𝑖(𝑠) serves
as a homotopy on sk0𝑋 which starts at 𝑓|sk0𝑋, moves sk0𝑋 into 𝐵, and is
stationary on 𝐴 = sk−1𝑋. Finally, we use that (𝑋, sk0𝑋) is a relative CW
complex, so by the homotopy extension property, we can By abuse of notation,

we also write 𝜂0 for
the extension of
𝜂0∶ sk0𝑋× 𝐼→ 𝑌
to𝑋× 𝐼.

extend 𝜂0 to a
homotopy on𝑋 that starts with 𝑓; this concludes the start of the induction.

For the induction step, let 𝑛 ⩾ 1 and assume that 𝜂𝑛−1 has been construc-
ted.Note that sk𝑛𝑋 arises from sk𝑛−1𝑋 by attaching𝑛-cells via amap of pairs
𝛽𝑛∶ (I𝑛 ×𝐷𝑛,I𝑛 × 𝑆𝑛−1) → (sk𝑛𝑋, sk𝑛−1𝑋). Using that 𝜂𝑛−11 (sk𝑛−1𝑋) ⊆ 𝐵,
we obtain, for each 𝑖 ∈ I𝑛, a map of based pairs

𝛾𝑖 ≔ (𝜂𝑛−11 ∘ 𝛽𝑛)(𝑖, −)∶ (𝐷𝑛, 𝑆𝑛−1, ∗) → (𝑌,𝐵, 𝛾𝑖(∗)).

By assumption, [𝛾𝑖] is trivial (either because 𝜋𝑛(𝑌,𝐵) is trivial or because
no such index 𝑖 exists), so by the compression criterion 4.5.8, we find a
homotopy 𝜃𝑖∶ 𝐷𝑛 × 𝐼 → 𝑌 that is stationary on 𝑆𝑛−1, starts at 𝛾𝑖, and ends
at a map whose image lies in 𝐵. We define 𝜂𝑛 on sk𝑛𝑋× 𝐼 as in

I𝑛 × 𝑆𝑛−1 × 𝐼 sk𝑛−1𝑋× 𝐼

I𝑛 ×𝐷𝑛 × 𝐼 sk𝑛𝑋× 𝐼

𝑌

↩→

←→
𝛽𝑛×𝐼

⌜

←

→

(𝑥,𝑠)↦𝜂𝑛−1
1 (𝑥)

↩→

← →
𝛽𝑛×𝐼

←

→(𝑖,𝑧,𝑠)↦𝜃𝑖𝑠(𝑧)

←

→
𝜂𝑛
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The outer ‘square’ commutes because each 𝜃𝑖 is stationary on 𝑆𝑛−1; and the
resulting 𝜂𝑛 indeed starts at 𝜂𝑛−11 |sk𝑛𝑋, is stationary on sk𝑛−1𝑋, and ends at a
map taking sk𝑛𝑋 into 𝐵. Finally, we use again that (𝑋, sk𝑛𝑋) is a relative CW
complex to extend 𝜂𝑛 to a homotopy on𝑋 that starts at 𝜂𝑛−11 ; this concludes
the induction step and ends the proof if 𝚥∶ 𝐵 → 𝑌 is a subspace inclusion.

It remains to address the case of general 𝚥. Here we make use of con-
struction 4.4.11, i.e. we replace 𝚥 by the embedding 𝚤𝚥∶ 𝐵 → 𝑍𝚥, noting that
𝜋𝑛(𝑍𝚥,𝐵) again is trivial whenever (𝑋,𝐴) has cells of dimension 𝑛.

After all, 𝜋𝑛(𝑍𝚥,𝐵) ≅ 0
was the definition of
𝜋𝑛(𝑌,𝐵) ≅ 0, see

notation 4.5.1.

Using
the notation from the last section, we alter our original square by adding a
square on its right side, resulting in

𝑠𝚥 has been called the
inclusion of the brim of
the cylinder; it is given

by 𝑦↦ [𝑦]

𝐴 𝐵 𝐵

𝑋 𝑌 𝑍𝚥

↩→

←→𝑢 ←→
id𝐵

←→ 𝚥 ≃ ←→ 𝚤𝚥

←→
𝑓

←→𝑠𝚥

Unfortunately, we cannot directly apply our above reasoning to the ‘outer
rectangle’ as the second square does not commute strictly. However, the
map 𝜅∶ 𝐵 × 𝐼 → 𝑍𝚥 with 𝜅𝑠(𝑏) ≔ [𝑏, 𝑠] satisfies 𝜅0 = 𝑠𝚥 ∘𝚥 and 𝜅1 = 𝚤𝚥. Using
that (𝑋,𝐴) is a relative CW complex, we can extend 𝜅• ∘ 𝑢 to a homotopy 𝜅̄ on
𝑋 satisfying 𝜅̄0 = 𝑠𝚥 ∘𝑓; and if we replace the bottom arrows in the rectangle
by 𝜅̄1∶ 𝑋→ 𝑍𝚥, then the new ‘outer’ rectangle does commute strictly.

𝐴 𝐵

𝑋 𝑍𝚥

↩→

←→𝑢

←→ 𝚤𝚥

←→𝜅̄1
Now

𝜅̄ extends 𝜅, while ̃𝜂 lifts
𝜂 (at least inside [0, 12 ]);

hence the choice of
decoration.

we can finally apply the version of the theorem that we have already
proven, and obtain amap ℎ∶ 𝑋→ 𝐵 such that ℎ|𝐴 = 𝑢 and 𝚤𝚥 ∘ℎ ≃ 𝜅̄1 through
a homotopy ̃𝜂 which is stationary on 𝐴. In the last step, we use the pushing-
down map 𝑝𝚥∶ 𝑍𝚥 → 𝑌, which is a left-inverse for 𝑠𝚥, and obtain the desired
homotopy 𝜂∶ 𝑋 × 𝐼 → 𝑌 between 𝚥 ∘ ℎ and 𝑓 by

In order to see that 𝜂 is
stationary on 𝐴, use that
𝑝𝚥 ∘ 𝜅𝑠 = 𝚥 for each 𝑠 ∈ 𝐼. 𝜂𝑠 ≔ {

𝑝𝚥 ∘ ̃𝜂2𝑠 for 𝑠 ∈ [0, 12 ],
𝑝𝚥 ∘ 𝜅̄2−2𝑠 for 𝑠 ∈ [ 12 , 1].

4.6 The theorem of Whitehead

Now we have all ingredients at hand that are necessary to state and prove
the theorem of Whitehead; which is our goal for this section. We start by
introducing the central assumption of the theorem:

Definition 4.6.1. A map 𝑓∶ 𝑋 → 𝑌 of spaces is called weak homotopy
equivalence if the induced map 𝜋𝑛(𝑓)∶ 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑋,𝑓(𝑥0)) among
homotopy groups is bijective for each 𝑥0 ∈ 𝑋 and each 𝑛 ⩾ 0.

Remark 4.6.2. Using notation 4.5.1, 𝑓∶ 𝑋→ 𝑌 is a weak homotopy equi-
valence if and only if all relative homotopy groups 𝜋𝑛(𝑌,𝑋) are trivial.
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Remark 4.6.3. If 𝑓∶ 𝑋 → 𝑌 is an ‘honest’ homotopy equivalence, then
corollary 3.2.6 tells us that 𝑓 is in particular a weak homotopy equivalence,
justifying the wording ‘weak’.

Theorem 4.6.4 (Whitehead). If𝑓∶ 𝑋→ 𝑌 is a weak homotopy equivalence
between two CW complexes, then 𝑓 is a homotopy equivalence.

The proof is surprisingly short; this is because we already did the bulk of
work when proving theorem 4.5.2 about obstruction theory.

Proof. First, This first part of the
proof shows even a bit
more: If 𝑓∶ 𝑋→ 𝑌 is a
weak homotopy
equivalence and 𝑌 is a
CW complex, then there
is a map 𝑔∶ 𝑌→𝑋 with
𝑓 ∘ 𝑔 ≃ id𝑌.

we apply obstruction theory 4.5.2 to the commutative square

∅ 𝑋

𝑌 𝑌,

←→
←→ ←→ 𝑓

←→
id𝑌

which is possible since 𝑌 is a CW complex and 𝜋𝑛(𝑌,𝑋) is trivial for any 𝑛.
This already provides a map 𝑔∶ 𝑌→𝑋 such that 𝑓 ∘ 𝑔 is homotopic to id𝑌.

We are left to show that 𝑔∘𝑓 is homotopic to id𝑋, which we do as follows:
By proposition 3.2.5, it follows that 𝜋𝑛(𝑓) ∘ 𝜋𝑛(𝑔) is an isomorphism for
each choice of basepoint, and hence 𝜋𝑛(𝑔) is an isomorphism; so in total,
we conclude that 𝑔 is again a weak homotopy equivalence. By the very
same argument as above, we obtain a map 𝑓′∶ 𝑋 → 𝑌 such that 𝑔 ∘ 𝑓′ is
homotopic to id𝑋 and can finally conclude A similar chain of

homotopies could have
been employed to first
show that 𝑓 ≃ 𝑓′; yet I
wanted to finish the
proof in one line.

𝑔 ∘𝑓 ≃ (𝑔 ∘𝑓) ∘ (𝑔 ∘𝑓′) = 𝑔 ∘ (𝑓∘ 𝑔) ∘𝑓′ ≃ 𝑔 ∘𝑓′ ≃ id𝑋.

As mentioned several times before, the significance of Whitehead’s the-
orem cannot be overestimated. It essentially tells us that at least for CW
complexes, homotopy groups capture all relevant homotopical information.

Example 4.6.5. One might get trapped into thinking that it suffices to
merely compare all homotopy groups of two given CW complexes, and once
they are abstractly isomorphic in each degree, conclude that the complexes
to start with are homotopy equivalent. This, however, is false: For example,
the two CW complexes

All four factors that
appear here have a finite
CW structure; now use
exercise 9.2 from AT.

ℝP2 × 𝑆3 and ℝP3 × 𝑆2 have isomorphic homotopy
groups, but are not homotopy equivalent, which we can see by calculating
their homology similar to of exercise 10.2.

If we want to come up with a good definition what it means for two
spaces𝑋 and 𝑌 to be ‘weakly homotopy equivalent’, we run into the issue
that demanding the existence of a weak homotopy equivalence 𝑓∶ 𝑋→ 𝑌
is not symmetric in𝑋 and 𝑌, as there is no evident candidate for an inverse
if 𝑌 is not a CW complex. We hence have to take the equivalence relation
spanned by this condition, ending up with the following:
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Definition 4.6.6. Two spaces𝑋 and 𝑌 are called weakly homotopy equi-
valent if there is a zig-zag 𝑋→ 𝑍1 ←𝑍2 →𝑍3 ←⋯→𝑍𝑛 ←𝑌 of weak
homotopy equivalences.

It
More precisely, there
is a bijection among

path-components, and
if we pick basepoints

in corresponding
path-components, the
homotopy groups are

isomorphic.

follows that weakly homotopy equivalent spaces have isomorphic ho-
motopy groups in each degree. However, even more is true:

Outlook 4.6.7. As we shall see in section 5.1, weak homotopy equival-
ences induce isomorphisms in homology in each degree. This shows that
weakly homotopy equivalent spaces also have isomorphic homology (and
cohomology) groups. Altogether, all our algebraic invariants for spaces are
actually invariants of weak homotopy types.

Spelling out what it means to be weakly homotopy equivalent to a point
∗ is a bit easier, and leads to the following definition:

Definition 4.6.8. We call a space𝑋 weakly contractible if the following
equivalent conditions hold:

• all 𝜋𝑛(𝑋,𝑥0) are trivial, i.e.𝑋 is 𝑑-connected for each 𝑑;
• the unique map𝑋→ ∗ is a weak homotopy equivalence;
• 𝑋 is weakly homotopy equivalent to ∗.

By Whitehead’s theorem, a weakly contractible CW complex is contractible.

Example 4.6.9. There are pathological spaces, which are weakly contract-
ible, but not contractible, such as the Warsaw circle depicted at the margin.

(figure from [7, p. 79])

This coincidentally shows that Whitehead’s theorem is just wrong if we
leave out the assumption that the spaces to start with are CW complexes.

Remark 4.6.10. Let 𝑓∶ 𝑋→ 𝑌 be a weak homotopy equivalence. In order
to apply Whithead’s theorem, it is sufficient that 𝑋 and 𝑌 are homotopy
equivalent to CW complexes. Indeed, if 𝑋̂ and 𝑌̂ are CW complexes and
𝑎∶ 𝑋̂ ⇄ 𝑋 ∶𝑎′ and 𝑏∶ 𝑌̂ ⇄ 𝑌 ∶𝑏′ are mutual homotopy inverses of each
other, then 𝑏′ ∘ 𝑓 ∘ 𝑎∶ 𝑋̂ → 𝑌̂ is a weak homotopy equivalence, and hence
admits an inverse 𝑔; but then 𝑎 ∘ 𝑔 ∘ 𝑏′ is a homotopy inverse for 𝑓 itself.

4 .7 Cellular approximation

Another

Lecture 18

useful consequence of obstruction theory is the cellular approx-
imation theorem, which shall be the focus of this section. It says that each
map between CW complexes is homotopic to a cellular one.

Reminder 4.7.1. A map 𝑓∶ 𝑋→ 𝑌 between two CW complexes is called
cellular if 𝑓(sk𝑛𝑋) ⊆ sk𝑛𝑌 holds for each 𝑛 ⩾ 0.

Theorem 4.7.2 (Cellular approximation). Each map 𝑓∶ 𝑋→ 𝑌 between
CW complexes is homotopic to a cellular one. If 𝐴 ⊆ 𝑋 is a subcomplex and
𝑓|𝐴 is already cellular, then the homotopy can be taken to be stationary on 𝐴.

84



Example 4.7.3. For This is not truly a new
proof of that fact, since
we use connectivity of
(𝑋, sk𝑑𝑋) in the proof of
cellular approximation.

a CW complex𝑋with basepoint ∗ a 0-cell, the cellular
approximation theorem gives a nice argument why 𝜋𝑛(sk𝑑𝑋,∗) → 𝜋𝑛(𝑋,∗)
is surjective for 𝑛 ⩽ 𝑑 and injective for 𝑛 < 𝑑, as shown in corollary 4.2.7:

• Let 𝛼∶ (𝑆𝑛, ∗) → (𝑋,∗) be based. Then 𝛼|{∗} is cellular, so 𝛼 is homo-
topic to a map that lands in sk𝑛𝑋, through a homotopy that fixes ∗.
Thus, if 𝑛 ⩽ 𝑑, then 𝛼 lifts (up to based homotopy) over sk𝑑𝑋.

• Let 𝛼,𝛽∶ (𝑆𝑛, ∗) → (sk𝑑𝑋,∗) be two based maps such that there is
a based homotopy 𝜂∶ 𝑆𝑛 × 𝐼 → 𝑋, i.e. 𝜂0 = 𝛼, 𝜂1 = 𝛽 and 𝜂𝑠(∗) = ∗.
By cellular approximation, 𝛼 and 𝛽 are based homotopic in sk𝑑𝑋
to cellular maps, so we may assume that 𝛼 and 𝛽 are cellular. If we
consider the (𝑛 + 1)-dimensional product CW structure

On 𝐼 we use the CW
structure with sk0𝐼 = 𝜕𝐼,
and the product CW
structure is as in
exercise 9.2 from AT.

on the cyl-
inder 𝑆𝑛 × 𝐼, then the map 𝜂 is already cellular on the subcomplex
(𝑆𝑛 × 𝜕𝐼) ∪ ({∗} × 𝐼). Therefore, 𝜂 is homotopic to a map 𝜂′ that lands
in sk𝑛+1𝑋, through a homotopy that fixes this subcomplex. But this
new 𝜂′ is again a based homotopy between 𝛼 and 𝛽, now inside
sk𝑛+1𝑋. Thus, if 𝑛 < 𝑑, then [𝛼] and [𝛽] agree inside 𝜋𝑛(sk𝑑𝑋,∗).

Curiously, we did not
use that 𝜂′ is homotopic
to 𝜂, but only that it
agrees with 𝜂 on the
subcomplex.

Proof of the cellular approximation theorem. The first part of the theorem
is the special case of 𝐴 = ∅, so it suffices to prove the general second part.
By proposition 4.1.7, the filtration sk′•𝑋 ≔ 𝐴 ∪ sk•𝑋 turns (𝑋,𝐴) into a
relative CW complex with sk′−1𝑋 = 𝐴. As in the proof of obstruction theory,
we shall construct a sequence (𝜂𝑛)𝑛⩾0 of homotopies𝑋× 𝐼→ 𝑌 such that:

• 𝜂00 = 𝑓 and 𝜂𝑛0 = 𝜂𝑛−11 for 𝑛 ⩾ 1,
• 𝜂𝑛1 (sk𝑛𝑋) ⊆ sk𝑛𝑌,
• 𝜂𝑛 is stationary on sk′𝑛−1𝑋.

Once this goal is achieved, we can form one big homotopy 𝜂∶ 𝑋 × 𝐼 → 𝑌
which is defined on sk𝑛𝑋× 𝐼 exactly as in the proof of obstruction theory.

That is: We go 𝜂0 inside
[0, 12 ], then we go 𝜂1
inside [ 12 ,

3
4 ], etc.Note that 𝜂𝑛1 sends sk𝑘𝑋 into sk𝑘𝑌 for 𝑘 ⩽ 𝑛 and 𝜂1 agrees with 𝜂𝑛1 on sk𝑛𝑋,

so 𝜂1 is indeed a cellular map. Moreover, each 𝜂𝑛 is stationary on 𝐴, hence
𝜂 itself is stationary on 𝐴 as desired.

It remains to construct the sequence (𝜂𝑛)𝑛⩾0 inductively. Putting 𝜂−11 ≔ 𝑓,
we unify the first property to “𝜂𝑛0 = 𝜂𝑛−11 for 𝑛 ⩾ 0”, so it suffices to assume
𝜂𝑛−11 and construct 𝜂𝑛 for each 𝑛 ⩾ 0. To do so, we note that 𝜂𝑛−11 takes
sk𝑛𝐴∪ sk𝑛−1𝑋 into sk𝑛𝑌, so we have a commutative square:

sk𝑛𝐴∪ sk𝑛−1𝑋 sk𝑛𝑌

sk𝑛𝑋 𝑌.

←→
𝜂𝑛−1
1

↩→ ↩→

← →
𝜂𝑛−1
1

Here we use that sk𝑛𝑋 arises from sk𝑛𝐴∪ sk𝑛−1𝑋 by attaching Connectivity of the
pair (𝑌, sk𝑛𝑌) uses
connectivity of spheres.

𝑛-cells (as
seen in the proof of proposition 4.1.7) and that (𝑌, sk𝑛𝑌) is 𝑛-connected
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by corollary 4.2.7; hence obstruction theory provides us with a homotopy
𝜂𝑛∶ sk𝑛𝑋× 𝐼 → sk𝑛𝑌 that starts at 𝜂𝑛−11 (restricted to sk𝑛𝑋), is stationary
on sk𝑛𝐴∪ sk𝑛−1𝑋, and satisfies 𝜂𝑛1 (sk𝑛𝑋) ⊆ sk𝑛𝑌.

We have to extend 𝜂𝑛 to a homotopy on𝑋, which is stationary on sk′𝑛−1𝑋.
To do so, we first extend 𝜂𝑛 to sk′𝑛𝑋×𝐼 = (sk𝑛𝑋×𝐼)∪(sk′𝑛−1𝑋×𝐼) by letting
𝜂𝑛𝑠 ≔ 𝜂𝑛−11 on the second constituent; using that these definitions agree on
their intersection,

We also use that both
sk𝑛𝑋× 𝐼 and sk′𝑛−1𝑋× 𝐼

are closed, so the
homotopy defined by

case distinction is
continuous.

which is (sk𝑛𝐴∪ sk𝑛−1𝑋)× 𝐼. In the last step, we use that
(𝑋, sk′𝑛𝑋) is a relative CW complex to extend 𝜂𝑛 to a homotopy on𝑋 that
starts with 𝜂𝑛−11 ; this concludes the inductive argument.

4 .8 CW approximations

WeThis is analogous to the
following fact: Not every

non-negative chain
complex is chain

homotopy equivalent to
a degreewise free one,
but we can construct a
chain map from a free
one to it that induces

isomorphisms in
homology; this is

essentially the existence
of free resolutions.

cannot expect that each space is homotopy equivalent to a CW complex;
otherwise Whitehead’s theorem could be improved to all spaces, and we
have seen a counterexample for that. However, if we replace ‘homotopy
equivalent’ by ‘weakly homotopy equivalent’, the statement becomes true.
In fact, we will show the following:

Theorem 4.8.1 (CW approximation theorem). For each space𝑋, there is a
CW complex 𝑋̂ and a weak homotopy equivalence 𝜀∶ 𝑋̂ → 𝑋.

Definition 4.8.2. The weak homotopy equivalence 𝜀∶ 𝑋̂ → 𝑋 that ap-
pears in theorem 4.8.1 is called a CW approximation of𝑋.

Outlook 4.8.3. Recall the singular set Sing•(𝑋) assigned to a space 𝑋.
Then we have a ‘tautological’ map

𝜀∶ ‖Sing•(𝑋)‖ → 𝑋

from‖Sing•(𝑋)‖ is a quotient
of∐𝑛⩾0 Sing𝑛(𝑋) × Δ

𝑛,
see exercise 4.4 from AT.

the geometric realisation of Sing•(𝑋) back to 𝑋, induced by taking
(𝜎, 𝑡0,… , 𝑡𝑛) ∈ Sing𝑛(𝑋)×Δ𝑛 to 𝜎(𝑡0,… , 𝑡𝑛). One can show that this map is
indeed a weak homotopy equivalence, see [12, Thm. 16.6]. As the geometric
realisation of a semi-simplicial set carries a canonical CW structure,See exercise 10.4 in AT

for the CW structure.
this

gives a functorial way for finding CW approximations.

We shall not follow this approach, for two reasons: On the one hand, its
proof involves introducing several simplicial techniques; and on the other
hand, we can find a ‘more efficient’ CW complex, having fewer cells. We
start our construction with the following observation, which essentially
allows us to ‘kill’ certain homotopy classes by attaching cells:

Remark 4.8.4. Let (𝐴,𝑥0) be a based space and let 𝛼∶ (𝑆𝑑−1, ∗) → (𝐴,𝑥0)
be a based map for 𝑑 ⩾ 1. If 𝑋 arises from 𝐴 by attaching a 𝑑-cell along
𝛼, then [𝛼] is trivial inside 𝜋𝑑−1(𝑋,𝑥0): Indeed, if 𝛽∶ 𝐷𝑑 →𝑋 denotes the
attaching map, then 𝜂𝑠(𝑧) ≔ 𝛽((1 − 𝑠) ⋅ 𝑧 + 𝑠 ⋅ ∗) is a homotopy from 𝛼 to
𝑐𝑥0 that preserves the basepoint.
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Proof of the CW approximation theorem. We will construct a sequence of
maps (𝜀𝑑∶ 𝑋̂𝑑 →𝑋)𝑑⩾0 such that the following holds:

• 𝑋̂0 is discrete, and 𝑋̂𝑑 arises from 𝑋̂𝑑−1 by attaching 𝑑-cells,
• for all basepoints, 𝜋𝑛(𝜀𝑑) is bijective for 𝑛 < 𝑑 and surjective for 𝑛 ⩽ 𝑑.
• 𝜀𝑑 agrees on 𝑋̂𝑑−1 with 𝜀𝑑−1, and

As in construction 4.3.3, the colimit 𝑋̂ has a CW structure whose 𝑑-skeleton
is the image of the structure map 𝜔𝑑∶ 𝑋̂𝑑 → 𝑋̂. Moreover, there is a unique
map 𝜀∶ 𝑋̂ → 𝑋 satisfying 𝜀 ∘ 𝜔𝑑 = 𝜀𝑑 for each 𝑑. We argue that 𝜀 is indeed a
weak equivalence: Let 𝑛 ⩾ 0, then each basepoint of 𝑋̂ is of the form 𝜔𝑑(∗)
for some 𝑑 > 𝑛 and ∗ ∈ 𝑋̂𝑑. Now consider the triangle

𝜋𝑛(𝑋̂𝑑, ∗) 𝜋𝑛(𝑋, 𝜀𝑑(∗)).

𝜋𝑛(𝑋̂,𝜔𝑑(∗))

← →
𝜋𝑛(𝜀𝑑)

←→𝜋𝑛(𝜔𝑑) ← →
𝜋𝑛(𝜀)

Since 𝑛 < 𝑑, the top arrow 𝜋𝑛(𝜀𝑑) is an isomorphism; and since 𝜔𝑑 is a
homeomorphism onto its image sk𝑑𝑋̂, it follows by corollary 4.2.7 that
𝜋𝑛(𝜔𝑑) is an isomorphism; thus 𝜋𝑛(𝜀) is an isomorphism as well.

It remains to inductively construct the announced sequence, and this is
really the heart of the argument: For 𝑑 = 0, we let 𝑋̂0 ≔ 𝜋0(𝑋), together with
the discrete topology, and 𝜀0 is declared by choosing representatives in each
component. Then 𝜋0(𝜀𝑑) already bijective. We hence can argue for each
path-component of𝑋 separately, i.e. we assume that𝑋 is path-connected;
then 𝑋̂0 = {∗}, and we put 𝑥0 ≔ 𝜀0(∗) ∈ 𝑋.

Since each 𝑋̂𝑑 ⊇ 𝑋̂0 is
connected, it suffices to
inspect the induced map
𝜋𝑛(𝑋̂𝑑, ∗) → 𝜋𝑛(𝑋,𝑥0);
for all other basepoints
in 𝑋̂𝑑, the induced map
is related to that one via
conjugation-by-paths.

Let us also do 𝑑 = 1 by hand: Let (𝛾𝑖∶ (𝑆1, ∗) → (𝑋,𝑥0))𝑖∈I be a family
of representatives for a generating set of the group 𝜋1(𝑋,𝑥0). Then we
put 𝑋̂1 ≔⋁𝑖∈I 𝑆

1
𝑖 , which indeed arises from {∗} by attaching 1-cells, and let

𝜀1∶ 𝑋̂1 →𝑋 be themap that agrees with 𝛾𝑖 on the wedge summand 𝑆1𝑖 . Then
𝜋0(𝜀1) is still bijective, but now 𝜋1(𝜀1) is surjective: If ̃𝛾𝑖∶ (𝑆1, ∗) → (𝑋̂1, ∗)
is the inclusion of the 𝑖th summand, then [𝛾𝑖] = 𝜋1(𝜀1)([ ̃𝛾𝑖]).

For the induction step from 𝑑 − 1 to 𝑑, we have to achieve two goals,
namely injectivity in 𝜋𝑑−1 and surjectivity in 𝜋𝑑. To achieve the first, let
(𝛼𝑗∶ (𝑆𝑑−1, ∗) → (𝑋̂𝑑−1, ∗))𝑗∈J be a family of representatives for a generating
set of the kernel of𝜋𝑑−1(𝜀𝑑−1)∶ 𝜋𝑑−1(𝑋̂𝑑−1, ∗) → 𝜋𝑑−1(𝑋,𝑥0). Thenwe form
𝑋̂inj𝑑 by attaching 𝑑-cells along each of the 𝛼𝑗 in order to ‘kill’ them. Since
[𝜀𝑑−1 ∘ 𝛼𝑗] is trivial inside 𝜋𝑑−1(𝑋,𝑥0), the extension lemma 4.1.1 In the version for

arbitrarily many cells,
as noted after its proof.

provides
us with an extension 𝜀inj𝑑 ∶ 𝑋̂inj𝑑 → 𝑋 of 𝜀𝑑−1. We still have to achieve the
second goal, and in order to do so, we proceed as for 𝑑 = 1; that is: we attach
wedge summands 𝑆𝑑𝑖 to 𝑋̂inj𝑑 for a family of generators 𝛾𝑖∶ (𝑆𝑑, ∗) → (𝑋,𝑥0)
of 𝜋𝑑(𝑋,𝑥0) and call the resulting space 𝑋̂𝑑; and we extend 𝜀inj𝑑 onto 𝑋̂𝑑 by
being 𝛾𝑖 on the wedge summand 𝑆𝑑𝑖 . Then 𝑋̂𝑑 indeed arises from 𝑋̂𝑑−1 by
attaching 𝑑-cells (some coming from 𝛼𝑗, some coming from 𝛾𝑖). It remains
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to study the induced maps 𝜋𝑛(𝜀𝑑), and we do so by considering the diagram

𝜋𝑛(𝑋̂𝑑−1, ∗) 𝜋𝑛(𝑋,𝑥0),

𝜋𝑛(𝑋̂𝑑, ∗)

← →
𝜋𝑛(𝜀𝑑−1)

←→ ←

→
𝜋𝑛(𝜀𝑑)

in which the left vertical map is induced by the inclusion. Since (𝑋̂𝑑, 𝑋̂𝑑−1)
is (𝑑−1)-connected, this vertical map is bijective for 𝑑 < 𝑛−1 and surjective
for 𝑑 ⩽ 𝑛 − 1. Now we argue for different 𝑛 separately:

• For 𝑛 < 𝑑− 1, both the vertical map and 𝜋𝑛(𝜀𝑑−1) are bijective, so the
same applies to 𝜋𝑛(𝜀𝑑).

• In degree 𝑑−1, we use that 𝜋𝑑−1(𝜀𝑑−1) is surjective and conclude that
𝜋𝑑−1(𝜀𝑑) has to be surjective as well. Moreover, the vertical map is sur-
jective and sends the entire kernel of 𝜋𝑑−1(𝜀𝑑−1) to 0 by remark 4.8.4.
This shows that 𝜋𝑑−1(𝜀𝑑) is also injective.

• The map 𝜋𝑑(𝜀𝑑) is surjective by the same argument as for 𝑑 = 1.

Remark 4.8.5. The explicit construction in the proof of the CW approxim-
ation theorem shows even more: If𝑋 is 𝑑-connected for some 𝑑 ⩾ 0, then 𝑋̂
can be chosen to have a single 0-cell and no cells in dimensions 1 ⩽ 𝑛 ⩽ 𝑑.
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Homotopy and homology   5
In the final chapter of this course, we will see several connections between
homotopy groups and homology groups. For example, we shall learn under
which conditions the Hurewicz homomorphism H∶ 𝜋𝑛(𝑋,𝑥0) → 𝐻̃𝑛(𝑋)
is an isomorphism. This will lead to the following very useful variation
of Whithead’s theorem: If 𝑋 and 𝑌 are simply-connected CW complexes
and 𝑓∶ 𝑋 → 𝑌 induces isomorphisms in homology, then 𝑓 is already a
homotopy equivalence. At the end, the interplay between homotopy and
homology will be exploited in a very concrete geometric application.

5 . 1 Weak homotopy equivalences in homology

The goal of this section is to show what has been claimed in outlook 4.6.7,
namely that weak homotopy equivalences induce isomorphisms in singular
homology. Here is the precise statement:

Theorem 5.1.1. Let 𝑓∶ 𝑋→ 𝑌 be a weak homotopy equivalence. Then the
induced map𝐻𝑛(𝑓)∶ 𝐻𝑛(𝑋) →𝐻𝑛(𝑌) is an isomorphism for all 𝑛 ∈ ℤ.

In combination with the universal coefficient theorems (for homology
and for cohomology) and the five lemma, this immediately implies:

Corollary 5.1.2. Let If𝑁 has a right
𝑅-module structure,
then𝐻𝑛(𝑓;𝑁) is even an
isomorphism of right
𝑅-modules, and if𝑁 has
a left 𝑅-module
structure, then𝐻𝑛(𝑓;𝑁)
is even an isomorphism
of left 𝑅-modules.

𝑓∶ 𝑋 → 𝑌 be a weak homotopy equivalence and
let𝑁 be an abelian group. Then the maps𝐻𝑛(𝑓;𝑁)∶ 𝐻𝑛(𝑋;𝑁) →𝐻𝑛(𝑌;𝑁)
and𝐻𝑛(𝑓;𝑁)∶ 𝐻𝑛(𝑌;𝑁) →𝐻𝑛(𝑋;𝑁) are isomorphisms for all 𝑛 ∈ ℤ.

Theorem 5.1.1 follows rather directly from the following lemma:

Lemma 5.1.3. Let (𝑋,𝐴) be 𝑑-connected. Then𝐻𝑛(𝑋,𝐴) ≅ 0 for 𝑛 ⩽ 𝑑.

Proof of theorem 5.1.1 assuming lemma 5.1.3. Let 𝑍𝑓 be the mapping cylin-
der of 𝑓 as in construction 4.4.3. Then (𝑍𝑓,𝑋) is 𝑑-connected for each 𝑑, so
by lemma 5.1.3, it follows that𝐻𝑛(𝑍𝑓,𝑋) is trivial for all 𝑛 ∈ ℤ. By the long
exact sequence in homology, we conclude that the map𝐻𝑛(𝑋) →𝐻𝑛(𝑍𝑓)
induced by the inclusion 𝚤𝑓∶ 𝑋 → 𝑍𝑓 is an isomorphism for all 𝑛 ∈ ℤ.
But 𝚤𝑓 differs from 𝑓 only by a homotopy equivalence 𝑝𝑓∶ 𝑍𝑓 → 𝑌, see
construction 4.4.11, so the same applies to𝐻𝑛(𝑓) itself.

Proof of lemma 5.1.3. Recall that each 𝐴class 𝑥 ∈ 𝐻𝑛(𝑋,𝐴) is represented by
a relative cycle, i.e. a chain 𝑐 = ∑𝑟𝑘=1 𝑎𝑘 ⋅ 𝜎𝑘 with 𝑎𝑘 ∈ ℤ and 𝜎𝑘∶ Δ𝑛 → 𝑋,
such that 𝑑𝑐 lies in the subgroup 𝑆𝑛−1(𝐴). This means that in the sum

𝑑𝑐 =
𝑟

∑
𝑘=1

𝑛

∑
𝑖=0
(−1)𝑖 ⋅ 𝑎𝑘 ⋅ (𝜎𝑘 ∘ 𝛿𝑖),
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where 𝛿𝑖∶ Δ𝑛−1 →Δ𝑛 denotes the inclusion of the 𝑖th face, either 𝜎𝑘 ∘𝛿𝑖 lands
in 𝐴, or 𝜎𝑘 ∘ 𝛿𝑖 agrees with some 𝜎𝑙 ∘ 𝛿𝑗 so that the summands cancel out.
Now consider the following 𝑛-dimensional simplical complex

We write 𝑡 for the
tuple (0,… , 𝑡𝑛−1).

𝐾≔ {1,…, 𝑟} × Δ𝑛

(𝑘, 𝛿𝑖(𝑡)) ∼ (𝑙, 𝛿𝑗(𝑡)) if 𝜎𝑘 ∘ 𝛿𝑖 = 𝜎𝑙 ∘ 𝛿𝑗
,

which recovers the union of triangles in the figure at the margin. We have a
map 𝑓∶ 𝐾→ 𝑋 defined by [𝑘, 𝑡] ↦ 𝜎𝑘(𝑡), and if we let 𝜎̃𝑘∶ Δ𝑛 →𝐾 be the
‘tautological’ simplex 𝜎̃𝑘(𝑡) = [𝑘, 𝑡], then 𝑓 ∘ 𝜎̃𝑘 = 𝜎𝑘, and so ̃𝑐 ≔ ∑𝑟𝑘=1 𝑎𝑘 ⋅ 𝜎̃𝑘
is a chain in 𝐾 which gets sent via 𝑆•(𝑓) to 𝑐.

Since we identified all faces of the 𝑛-simplices where 𝜎𝑘 ∘𝛿𝑖 = 𝜎𝑙 ∘𝛿𝑗 holds,
the summands that cancel in 𝑑𝑐 also cancel in 𝑑 ̃𝑐, and therefore 𝑑 ̃𝑐 is a chain
in the subcomplex 𝐿 ⊆ 𝐾, namely the one given by all faces𝜕𝑖Δ𝑛 ⊆ Δ𝑛 is the

𝑖th face of Δ𝑛.
{𝑘} × 𝜕𝑖Δ𝑛 such

that 𝜎𝑘 ∘ 𝛿𝑖 lands in 𝐴 (in the above figure, this would be the boundary of
the pentagon). Hence ̃𝑐 represents a relative homology class ̃𝑥 ∈ 𝐻𝑛(𝐾,𝐿),
and moreover, 𝑓 is a map of pairs (𝐾,𝐿) → (𝑋,𝐴) satisfying

𝐻𝑛(𝑓)( ̃𝑥) = [𝑆•(𝑓)( ̃𝑐)] = [𝑐] = 𝑥.

This is the moment when obstruction theory enters: Because 𝐿 is a subcom-
plex of an 𝑛-dimensional complex, the pair (𝐾,𝐿) admits the structure of
an 𝑛-dimensional relative CW complex by proposition 4.1.7. On the other
hand, (𝑋,𝐴) is at least 𝑛-connected, so by obstruction theory in the form
of corollary 4.5.5, 𝑓 is homotopic to a map 𝑓′ with image in 𝐴, through
a homotopy 𝜂 that is stationary on 𝐿.

𝐿 𝐴

𝐾 𝑋

↩→

≃𝐿

←→
𝑓|𝐿

↩→

←→
𝑓

← →𝑓
′

Then 𝜂 is in particular a homotopy
between maps of pairs (𝐾,𝐿) → (𝑋,𝐴), and hence 𝐻𝑛(𝑓′) = 𝐻𝑛(𝑓). But
the map𝐻𝑛(𝑓′) factors over𝐻𝑛(𝐴,𝐴), which is trivial. This shows that the
class 𝑥 = 𝐻𝑛(𝑓)( ̃𝑥) = 𝐻𝑛(𝑓′)( ̃𝑥) we started with is trivial.

5 .2 The theorem of Hurewicz

The

Lecture 19

next goal in our agenda to study the relation between homotopy groups
and homology is to understand in what situations the Hurewicz homo-
morphism from section 3.3 is an isomorphism. Let us recall the definition:

Reminder 5.2.1. For 𝑑 ⩾ 0, we pick a generator 𝑢𝑑 ∈ 𝐻̃𝑑(𝑆𝑑), and define
the Hurewicz map H∶ 𝜋𝑑(𝑋,𝑥0) → 𝐻̃𝑑(𝑋) as [𝛼] ↦ 𝐻̃𝑑(𝛼)(𝑢𝑑) for each
based space (𝑋,𝑥0). Then H is natural and a homomorphism for 𝑑 ⩾ 1.

The main result of this section is the following theorem:

Theorem 5.2.2 (Hurewicz). Let 𝑑 ⩾ 2. If 𝑋 is a (𝑑 − 1)-connected space,
then 𝐻̃𝑛(𝑋) is trivial for 𝑛 < 𝑑, and for each basepoint 𝑥0 ∈ 𝑋, the Hurewicz
homomorphism H∶ 𝜋𝑑(𝑋,𝑥0) → 𝐻̃𝑑(𝑋) is an isomorphism.
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Remark 5.2.3. As the space𝑋 appearing in the Hurewicz theorem is in
particular connected, the commutative triangle from proposition 3.3.4 tells
us that second part of the theorem could have been equivalently stated for
just a single basepoint. This observation will simplify our proof.

In some situations, this theorem is applied infinitely many times in some
sort of ‘climbing-up process’, as the following example illustrates:

Example 5.2.4. Let𝑋 be a path-connected space such that all odd homo-
topy groups are trivial and all even homology groups of𝑋 are trivial.

Then𝑋 is 1-connected, so by using the Hurewicz theorem for 𝑑 = 2, we
see that 𝜋2(𝑋) ≅ 𝐻̃2(𝑋) is again trivial, so 𝑋 is even 2-connected. Using
once again the first assumption again,𝑋 is even 3-connected. If we continue
in this fashion, we see that in fact all homotopy groups of𝑋 are trivial, i.e.
𝑋 is weakly contractible.

Remark 5.2.5. One might wonder if there is a Hurewicz theorem in the
case of 𝑑 = 1. In other words: If𝑋 is assumed path-connected, what prop-
erties does H∶ 𝜋1(𝑋,𝑥0) → 𝐻̃1(𝑋) enjoy? There are two observations:

• In exercise 3.4d of the AT lecture, you have (without knowing H)
shown that this map is at least surjective.

• As there are path-connected spaces with non-abelian fundamental
group, wheres as the target 𝐻̃1(𝑋) is always abelian, we cannot hope
that this map is an isomorphism in general.

However, non-abelianity of the fundamental group is the only obstacle we
might encounter: One can show by hand (see e.g. [7, Thm. 2a.1]) that the
kernel of H is the commutator

The commutator
subgroup of a group 𝐺 is
the subgroup spanned
by all products of the
form 𝑔ℎ𝑔−1ℎ−1.

subgroup of 𝜋1(𝑋,𝑥0). In other words, the
Hurewicz homomorphism induces an isomorphism from the abelianisation
of 𝜋1(𝑋,𝑥0) to 𝐻̃1(𝑋). However, we will not need this observation.

Before giving a proof of Hurewicz’s theorem 5.2.2, we discuss an example
(which, as it will turn out, is the ‘universal’ one) where it holds.

Example 5.2.6. Let 𝑑 ⩾ 2 and let I be some index set. Then the bouquet
of spheres𝑋≔⋁𝑖∈I 𝑆

𝑑
𝑖 has a CW structure with one 0-cell, and one 𝑑-cell

for each sphere. By proposition 4.2.5, it follows that𝑋 is (𝑑 − 1)-connected.
Denoting the wedge point by ∗, we will argue that the Hurewicz homo-

morphism H∶ 𝜋𝑑(𝑋,∗) → 𝐻̃𝑑(𝑋) is an isomorphism.

Proof. We start by noting that the following square

⨁𝑖∈I 𝜋𝑑(𝑆
𝑑
𝑖 , ∗) 𝜋𝑑(𝑋,∗)

⨁𝑖∈I 𝐻̃𝑑(𝑆
𝑑
𝑖 ) 𝐻̃𝑑(𝑋),

←→⨁𝑖∈I H

←→

←→ H

←→
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in which the horizontal maps are induced by the inclusions 𝑆𝑑𝑖 ↪ 𝑋 of
the wedge summands, commutes by the naturality of the Hurewicz homo-
morphism. Moreover, we already know by Hopf ’s theorem theorem 3.7.3
that the Hurewicz homomorphism for 𝑆𝑑 is an isomorphism in degree 𝑑,
showing that the left vertical map is an isomorphism. Finally, we know from
last term

In AT:III.8.14, this has
only been stated for
finite I, but instead,

one can directly apply
AT:III.8.6 to the pair
(∐𝑖𝐷

𝑑
𝑖 ,∐𝑆𝑑−1𝑖 ).

that the bottom map is an isomorphism. It hence suffices to show
that the top horizontal arrow is an isomorphism. To see that this map is
injective, note that⋁𝑖∈I 𝑆

𝑑
𝑖 maps into∏𝑖∈I 𝑆

𝑑
𝑖 , and the composition

⨁
𝑖∈I
𝜋𝑑(𝑆𝑑𝑖 , ∗) → 𝜋𝑑(⋁

𝑖∈I
𝑆𝑑𝑖 , ∗)→ 𝜋𝑑(∏

𝑖∈I
𝑆𝑑𝑖 , ∗)

≅
⟶∏
𝑖∈I
𝜋𝑑(𝑆𝑑𝑖 , ∗)

agrees with the canonical inclusion of the direct sum into the direct product,
and hence is injective. To see that the map in question is surjective, note
that each 𝛼∶ (𝐼𝑑, 𝜕𝐼𝑑) → (⋁𝑖∈I 𝑆

𝑑
𝑖 , ∗) has a compact image, and therefore is

contained in finitely many wedge summands by the compactness argument
4.1.10. It therefore remains to consider the case where I is finite. In this case,
the above composition is the identity, so since the third map is bijective by
lemma 3.1.12, it suffices to show that the second map is injective to conclude
that the first map is surjective. To do so, we note that⋁𝑖 𝑆

𝑑
𝑖 →∏𝑖 𝑆

𝑑
𝑖 is the

inclusion of the 𝑑-skeleton of the product CW structure, and all further cells
of∏𝑖 𝑆

𝑑
𝑖 have at least dimension 2𝑑. By corollary 4.2.7, the induced map on

𝜋𝑛 is bijective if 𝑛 < 2𝑑−1, which includes the case of 𝑛 = 𝑑 since 𝑑 ⩾ 2.

Remark 5.2.7. The construction of themap⨁𝑖 𝜋𝑑(𝑆
𝑑
𝑖 ) → 𝜋𝑑(⋁𝑖 𝑆

𝑑
𝑖 ) relies

on the fact that the target is an abelian group: the source is a coproduct in
the category of abelian groups, so the map can be defined on summands.

TheAs the abelianisation
of a free product is

canonically isomorphic
to the direct sum of the

abelianisations, this
aligns with remark 5.2.5.

analogous map for 𝑛 = 1 has to employ the corresponding coproduct
in the category of groups, which is known as the free product�𝑖∈I 𝜋𝑑(𝑆

𝑑
𝑖 ). A

proof that the induced map�𝑖 𝜋𝑑(𝑆
𝑑
𝑖 ) → 𝜋𝑑(⋁𝑖 𝑆

𝑑
𝑖 ) is again an isomorph-

ism (of non-abelian groups) uses the famous theorem of Seifert and van
Kampen, which is a central tool in the theory of fundamental groups.

The main step in the proof of Hurewicz’s theorem 5.2.2 is to reduce the
claim to the case of bouquets of spheres. The first reduction goes as follows:

Lemma 5.2.8. It suffices to prove theorem 5.2.2 in the case where𝑋 is a CW
complex with sk𝑑−1𝑋 = {𝑥0} and sk𝑑+1𝑋 = 𝑋.

Proof. As𝑋 is (𝑑 − 1)-connected, we find a CW approximation 𝜀∶ 𝑋̂ → 𝑋
such that sk𝑑−1𝑋̂ = {𝑥0}, see remark 4.8.5. Since 𝜀 induces isomorphisms in
both 𝜋𝑛 and 𝐻̃𝑛 (for all 𝑛), and since H is natural, we can study 𝑋̂ instead.

Moreover, the inclusion of sk𝑑+1𝑋̂ into 𝑋̂ induces isomorphisms in 𝜋𝑛
and 𝐻̃𝑛 as long as 𝑛 ⩽ 𝑑, see corollary 4.2.7, so since all claims of the-
orem 5.2.2 are in that range, we can restrict our attention to sk𝑑+1𝑋̂.
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Next, we would like to use that both sk𝑑𝑋 and𝑋/sk𝑑𝑋 are bouquets of
spheres, and then use long exact sequences for pairs to come to𝑋 itself. In
homology this can be achieved by the following:

Reminder 5.2.9 (Quotient lemma for homology). Let AT:III.8.6𝐴 ⊆ 𝑋 be a cofibra-
tion. Then themorphism

Here 𝐴/𝐴 is the point
corresponding to the
collapsed subspace 𝐴.

𝐻𝑛(𝑋,𝐴) →𝐻𝑛(𝑋/𝐴,𝐴/𝐴) ≅ 𝐻̃𝑛(𝑋/𝐴) induced
by the quotient map𝑋→𝑋/𝐴 is an isomorphism for all 𝑛 ∈ ℤ.

Remark 5.2.10. Last term, the quotient lemma has not been stated under
the assumption that 𝐴 ⊆ 𝑋 is a cofibration, but under the assumption that
we find 𝐵 ⊆ 𝑋 with 𝐴̄ ⊆ 𝐵̊ that strongly deformation retracts onto 𝐴.

A proof of the above version can be found in [3, Prop. 10.4.5]; it uses the
same mapping cone construction that appears in our next proof. If one
does not want to relie on that external proof, let me point out that we will
use the quotient lemma in two situations: namely when 𝑋 arises from 𝐴
by attaching (𝑑 + 1)-cells, and when 𝐴 is the top of a mapping cylinder. In
both cases, one can check that the point-set assumption is satisfied as well.

We hence aim for a quotient lemma for homotopy groups, and as one
might expect, this follows from homotopy excision, but only in a range:

Lemma 5.2.11 (Quotient lemma for homotopy groups). Let We actually do not have
to assume that the
inclusion 𝐴↪𝑋 is
surjective on 𝜋0;
however, this way of
stating the conditions is
a bit cleaner.

𝑝,𝑞 ⩾ 0 and let
𝐴 ⊆ 𝑋 be a cofibration. If (𝑋,𝐴) is 𝑝-connected and 𝐴 is 𝑞-connected, then
the induced map 𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛(𝑋/𝐴,𝐴/𝐴) is bijective for 𝑛 ⩽ 𝑝+𝑞 and
surjective for 𝑛 ⩽ 𝑝 + 𝑞 + 1, for each basepoint 𝑥0 ∈ 𝐴.

The proof of the quotient lemma requires the following version of the
five lemma for relative homotopy groups:

Lemma 5.2.12. Let 𝑓∶ (𝑋,𝐴) → (𝑌,𝐵) be a map of pairs, and assume that
the induced maps 𝜋𝑛(𝑋,𝑥0) → 𝜋𝑛(𝑌,𝑓(𝑥0)) and 𝜋𝑛(𝐴,𝑥0) → 𝜋𝑛(𝐵,𝑓(𝑥0))
are bijective for each 𝑛 ⩾ 0 and each basepoint 𝑥0 ∈ 𝐴. Then the inducedmaps
𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛(𝑌,𝐵,𝑓(𝑥0)) are bijective for each 𝑛 ⩾ 1 and each 𝑥0 ∈ 𝐴.

While this follows for 𝑛 ⩾ 2 from the algebraic five lemma, the case of
𝑛 ⩾ 1 needs some extra care as the involved constituents are no groups. This
is the content of exercise 13.2.

Proof of the quotient lemma. In order to

𝑋

𝐶𝐴find an open cover to apply homo-
topy excision to, we ‘thicken’ the situation by considering the mapping cone
𝐶𝚤 ≔ (𝐶𝐴⊔𝑋)/((𝑎, 0) ∼ 𝚤(𝑎)) of the inclusion map 𝚤∶ 𝐴 → 𝑋. Visually, we
take the mapping cylinder and collapse the top 𝐴× {1}. Then we have the
following two pushout squares:

𝐴/𝐴 is just a point, so
𝐶𝐴→𝐴/𝐴 needs no
specification.

𝐴 𝐶𝐴 𝐴/𝐴

𝑋 𝐶𝚤 𝐶𝚤/𝐶𝐴
⌜

↩→

← →𝑎↦[𝑎,0] ← →

⌜

←→ ←→

← →
𝑥↦[𝑥]

← →
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By the pasting law, the outer rectangle is a pushout; this identifies the bot-
tom composition with the collapsing map𝑋→𝑋/𝐴. Secondly, as the left
vertical map is a cofibration, lemma 4.4.10 tells us that all vertical maps
are cofibrations, in particular embeddings of subspaces. We therefore can
interpret the diagram as two maps of pairs, so for each 𝑥0 ∈ 𝐴, the map in
question can be written as the composition

𝜋𝑛(𝑋,𝐴,𝑥0)⟶𝜋𝑛(𝐶𝚤,𝐶𝐴, 𝑥̄0)⟶𝜋𝑛(𝑋/𝐴,𝐴/𝐴),

where 𝑥̄0 denotes the point [𝑥0, 0] ∈ 𝐶𝚤. Let us first deal with the second
arrow: Since 𝐶𝐴 is contractible and 𝐶𝐴 ⊆ 𝐶𝚤 is a cofibration, another ap-
plicaton of lemma 4.4.10 to the second pushout square tells us that the map
𝐶𝐴→𝑋/𝐴 is a homotopy equivalence. By the five lemma 5.2.12 it follows
that this second arrow is an isomorphism. It therefore suffices to study the
first arrow. To do so, we cover𝐶𝚤 by the open subsets

𝑈

𝑉

𝑈≔ {[𝑎, 𝑡]; 𝑡 < 23 } ∪𝑋
and 𝑉 ≔ {[𝑎, 𝑡]; 𝑡 > 13 } as are depicted at the margin. Then we obtain a map
𝑝∶ 𝑈 → 𝑋 given by ‘pushing down’, formally: 𝑝([𝑎, 𝑡]) ≔ 𝑎. That map 𝑝
takes 𝑈∩𝑉 into 𝐴, so we obtain a square of maps of pairs

(𝑈,𝑈 ∩𝑉) (𝑋,𝐴)

(𝐶𝚤,𝑉) (𝐶𝚤,𝐶𝐴).

←→
𝑝

←→⊆ ←→

← →⊆

This square does not commute strictly, but we have a homotopy between
maps of pairs (𝑈,𝑈 ∩𝑉) → (𝐶𝚤,𝐶𝐴) from the upper to the lower com-
position,

This is well-defined
since 𝑡 < 23 , so in
particular, 𝑡 ≠ 1. given by 𝜂𝑠([𝑎, 𝑡]) ≔ [𝑎, 𝑠𝑡]. Translating this square to homotopy

groups, weAs a notational
mnemonic, 𝑥̂0 is at some
non-trivial height inside
the cone, while 𝑥̄0 is at

the bottom.

put 𝑥̂0 ≔ [𝑥0, 12 ] ∈ 𝑈 ∩𝑉, then 𝑣(𝑠) ≔ 𝜂𝑠(𝑥̂0) is a path from 𝑥̄0
to 𝑥̂0 and a relative version of proposition 3.2.5 (whose proof is exactly the
same) provides us with the following commutative diagram:

𝜋𝑛(𝑋,𝐴,𝑥0) 𝜋𝑛(𝐶𝚤,𝐶𝐴, 𝑥̄0)

𝜋𝑛(𝑈,𝑈 ∩𝑉, 𝑥̂0)

𝜋𝑛(𝐶𝚤,𝑉, 𝑥̂0) 𝜋𝑛(𝐶𝚤,𝐶𝐴, 𝑥̂0).

←→

←

→

𝑣#≅

← →𝜋𝑛(𝑝)

←

→ ←→

Here the upper horizontal arrow is the one in question. Since 𝑝∶ 𝑈 → 𝑋
and its restriction 𝑈∩𝑉 → 𝐴, as well as the inclusion map 𝑉 → 𝐶𝐴 are
homotopy equivalences, it follows from the five lemma 5.2.12 that the upper
diagonal arrow 𝜋𝑛(𝑝) and the lower horizontal map are isomorphisms. It
hence suffices to inspect 𝜋𝑛(𝑈,𝑈 ∩𝑉, 𝑥̂0) → 𝜋𝑛(𝐶𝚤,𝑉, 𝑥̂0) instead, and here
we use homotopy excision. We check the conditions:
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• Each 𝑥 ∈ 𝑈 ∩𝑉 can be connected by a path to some 𝑥̂0, and so we
have 𝜋𝑛(𝑈,𝑈 ∩𝑉,𝑥) ≅ 𝜋𝑛(𝑋,𝐴,𝑥0), which is trivial for 1 ⩽ 𝑛 ⩽ 𝑝.

• Since 𝑉 is contractible, we have 𝜋𝑛(𝑉,𝑈 ∩𝑉,𝑥) ≅ 𝜋𝑛−1(𝑈 ∩𝑉,𝑥) for
each 𝑥 ∈ 𝑈∩𝑉. Now we once again use the homotopy equivalence
𝑝∶ 𝑈 ∩𝑉→𝐴 and obtain that𝜋𝑛−1(𝑈 ∩𝑉,𝑥) ≅ 𝜋𝑛−1(𝐴,𝑝(𝑥)), which
is trivial for 1 ⩽ 𝑛 ⩽ 𝑞 + 1.

Therefore, homotopy excision tells us that the map in question is indeed
bijective for 𝑛 < 𝑝 + 𝑞 + 1 and surjective for 𝑛 ⩽ 𝑝 + 𝑞 + 1, as claimed.

The Lecture 20last ingredient for proving theHurewicz theorem by applying the five
lemma to (𝑋, sk𝑑𝑋) is a relative version of the Hurewicz homomorphism:

Construction 5.2.13. Let (𝑋,𝐴,𝑥0) be a based pair and let 𝑛 ⩾ 1. Recall
from remark 4.5.7 that elements in 𝜋𝑛(𝑋,𝐴,𝑥0) can be reinterpreted as ho-
motopy classes of maps of based pairs 𝛼∶ (𝐷𝑛, 𝑆𝑛−1, ∗) → (𝑋,𝐴,𝑥0). Fixing
a generator 𝑣𝑛 ∈ 𝐻𝑛(𝐷𝑛, 𝑆𝑛−1) ≅ ℤ and define the relative Hurewicz map

H∶ 𝜋𝑛(𝑋,𝐴,𝑥0) →𝐻𝑛(𝑋,𝐴), [𝛼] ↦𝐻𝑛(𝛼)(𝑣𝑛).

Then H is natural and a homomorphism for 𝑛 ⩾ 2 (such that the left side is
a group); both statements are checked as for the absolute case.

If we moreover pick 𝑣𝑛 such that it gets sent to 𝑢𝑛 ∈ 𝐻̃𝑛(𝑆𝑛) ≅ 𝐻𝑛(𝑆𝑛, ∗)
under the quotient map (𝐷𝑛, 𝑆𝑛−1) → (𝑆𝑛, ∗), then the relative Hurewicz
map agrees with the absolute one in the case of 𝐴 = {𝑥0} once we identify
𝐻̃𝑛(𝑋) ≅ 𝐻𝑛(𝑋, {𝑥0});

Here we silently identify
𝐻̃𝑛(𝑋) with𝐻𝑛(𝑋, {𝑥0}).
Since 𝑛 ⩾ 1 anyway, both
just agree with𝐻𝑛(𝑋).

this justifies using the same letter again.

Proof. The Hurewicz map is well-defined on homotopy classes as homotop-
ies between maps of based pairs are in particular homotopies between maps
of pairs; so equivalent maps induce the same map in relative homology.
The naturality of H follows as in the absolute case by direct computation.

The proof that H is a homomorphism for 𝑛 ⩾ 2 is the same as for the
absolute case, but in order to make sense of it, we need a reinterpretation
of the group structure on 𝜋𝑛(𝑋,𝐴,𝑥0) using a pinch map 𝐷𝑛 →𝐷𝑛 ∨𝐷𝑛

given by collapsing𝐷𝑛−1 × {0}, see [7, Prop. 4.36] for details.
Denote the quotient map (𝐷𝑛, 𝑆𝑛−1) → (𝑆𝑛, ∗) by 𝑝. Then the identific-

ation of 𝜋𝑛(𝑋,𝑥0) with 𝜋𝑛(𝑋, {𝑥0}, 𝑥0) from the perspective of discs and
spheres is given by [𝛼] ↦ [𝛼 ∘ 𝑝]. Using the symbols Habs and Hrel for the
absolute and relative Hurewicz maps, respectively, we hence obtain 𝐻𝑛(𝛼) agrees with 𝐻̃𝑛(𝛼)

since 𝑛 ⩾ 1.
Hrel([𝛼 ∘ 𝑝]) = (𝐻𝑛(𝛼) ∘𝐻𝑛(𝑝))(𝑣𝑛) = 𝐻𝑛(𝛼)(𝑢𝑛) =Habs([𝛼]).

For a based pair (𝑋,𝐴,𝑥0), our goal is to assemble all relevant absolute
and relative Hurewicz homomorphisms into a morphism of long exact
sequences. This is achieved as follows:
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Remark 5.2.14. For any 𝑛 ⩾ 1 consider the connecting homomorphism
𝜕∶ 𝐻𝑛(𝐷𝑛, 𝑆𝑛−1) → 𝐻̃𝑛−1(𝑆𝑛−1) from the reduced long exact sequence for
the pair (𝐷𝑛, 𝑆𝑛−1). If we pick 𝑣𝑛 for each 𝑛 ⩾ 1 such that 𝜕𝑣𝑛 = 𝑢𝑛−1Together with the above

convention that 𝑣𝑛 gets
sent to 𝑢𝑛 via the map
(𝐷𝑛, 𝑆𝑛−1) → (𝑆𝑛, ∗), all
choices are determined
by the single choice of

𝑢0 ∈ 𝐻̃0(𝑆0).

holds
for each𝑛 ⩾ 1, then for based pair (𝑋,𝐴,𝑥0), theHurewicz homomorphisms
give rise to a morphism of long exact sequences

⋯ 𝜋𝑛(𝐴,𝑥0) 𝜋𝑛(𝑋,𝑥0) 𝜋𝑛(𝑋,𝐴,𝑥0) 𝜋𝑛−1(𝐴,𝑥0) ⋯

⋯ 𝐻̃𝑛(𝐴) 𝐻̃𝑛(𝑋) 𝐻𝑛(𝑋,𝐴) 𝐻̃𝑛−1(𝐴) ⋯

←→ ←→

←→ H

←→

←→ H

←→𝜕

←→ H

←→

←→ H

←→ ←→ ←→ ←→
𝜕

←→

Proof. The first of the above squares commutes by naturality of the absolute
Hurewicz homomorphism; and the second one commutes by naturality of
the relative Hurewicz homomorphism, using that H∶ 𝜋𝑛(𝑋,𝑥0) → 𝐻̃𝑛(𝑋)
agrees with the relative Hurewicz map 𝜋𝑛(𝑋, {𝑥0}, 𝑥0) →𝐻𝑛(𝑋, {𝑥0}).

For the last square, we use that for each 𝛼∶ (𝐷𝑛, 𝑆𝑛−1, ∗) → (𝑋,𝐴,𝑥0),
the class 𝜕[𝛼] is represented by the restriction 𝛼|𝑆𝑛−1 ∶ (𝑆𝑛−1, ∗) → (𝐴,𝑥0).
Using 𝑢𝑛−1 = 𝜕𝑣𝑛 and the naturality of the connecting homomorphism in
homology, this shows that we indeed have

(H ∘ 𝜕)([𝛼]) = 𝐻̃𝑛(𝛼|𝑆𝑛−1 )(𝜕𝑣𝑛) = 𝜕𝐻𝑛(𝛼)(𝑣𝑛) = (𝜕 ∘H)([𝛼]).

Now we have everything together to prove the Hurewicz theorem 5.2.2.
Recall that it is our goal to show, for 𝑑 ⩾ 2 and a (𝑑 − 1)-connected space
𝑋, that 𝐻̃𝑛(𝑋) is trivial for 𝑛 < 𝑑 and that H∶ 𝜋𝑑(𝑋,𝑥0) → 𝐻̃𝑑(𝑋) is an
isomorphism for each basepoint 𝑥0 ∈ 𝑋.

Proof of the Hurewicz theorem. By lemma 5.2.8, we can assume that𝑋 is a
CW complex with sk𝑑−1𝑋 = {𝑥0} and sk𝑑+1 = 𝑋. Since𝑋 has only one 0-cell
and no cells in dimensions 1 ⩽ 𝑛 ⩽ 𝑑 − 1, we can conclude that 𝐻̃𝑛(𝑋) is
trivial for 𝑛 < 𝑑. For the second part of the claim, we consider themorphism
of long exact sequences from remark 5.2.14. A segment of it reads

𝜋𝑑+1(𝑋, sk𝑑𝑋,𝑥0) 𝜋𝑑(sk𝑑𝑋,𝑥0) 𝜋𝑑(𝑋,𝑥0) 𝜋𝑑(𝑋, sk𝑑𝑋,𝑥0)

𝐻𝑑+1(𝑋, sk𝑑𝑋) 𝐻̃𝑑(sk𝑑𝑋) 𝐻̃𝑑(𝑋) 𝐻𝑑(𝑋, sk𝑑𝑋).

←→

←→ H

←→

←→ H

←→

←→ H ←→ H

←→ ←→ ←→

Recall that it is our aim to show that the third vertical arrow is an isomorph-
ism. To do so, we note that last column in this segment is trivial since 𝑋
arises from sk𝑑𝑋 by attaching (𝑑+1)-cells, so we can attach a further trivial
column;

The next column in the
sequence will also be
trivial, but we do not

even have to check this. now the claim follows from the five lemma once we have shown
that the first two vertical arrows are isomorphisms.
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For the second one, this is an instance of example 5.2.6 since sk𝑑𝑋 is built
by attaching 𝑑-cells to a point, and hence is homeomorphic to a bouquet
of 𝑑-spheres. It remains to study the first arrow. For this, we note that the
quotient map𝑋→𝑋/sk𝑑𝑋 induces a commutative square In order to use naturality

of the relative Hurewicz
map here, we use once
again that the right
vertical map also is an
instance of the relative
Hurewicz map.

𝜋𝑑+1(𝑋, sk𝑑𝑋,𝑥0) 𝜋𝑑+1(𝑋/sk𝑑𝑋, sk𝑑𝑋/sk𝑑𝑋)

𝐻𝑑+1(𝑋, sk𝑑𝑋) 𝐻̃𝑑+1(𝑋/sk𝑑𝑋).

←→

←→ H ←→ H

← →

by the naturality of the Hurewicz homomorphism, and the left vertical map
is the one we want to exhibit as an isomorphism. Now𝑋/sk𝑑𝑋 is again a
bouquet, this time of (𝑑 + 1)-spheres, By the pasting law for

pushouts,𝑋/sk𝑑𝑋 arises
from sk𝑑𝑋/sk𝑑𝑋 = ∗ by
attaching (𝑑 + 1)-cells.

so another instance of example 5.2.6
tells us that the right vertical map is an isomorphism. Finally, we use that
sk𝑑𝑋 ⊆ 𝑋 is a cofibration, so by the quotient lemma for homology 5.2.9,
the bottom map is an isomorphism. For the top horizontal map, we use
the quotient lemma for homotopy groups 5.2.11, noting that (𝑋, sk𝑑𝑋) is
𝑑-connected, sk𝑑𝑋 is (𝑑−1)-connected, and 𝑑+1 ⩽ 2𝑑−1 since 𝑑 ⩾ 2.

5 .3 Maps between simply-connected spaces

In this last ‘theoretical’ section, we use the Hurewicz theorem for a sufficient
criterion for amap to be a weak equivalence – in terms of singular homology!
For this, however, we have to assume that our spaces are simply-connected:

Definition 5.3.1. We call𝑓∶ 𝑋→ 𝑌 a homology equivalence if the induced
map𝐻𝑛(𝑓)∶ 𝐻𝑛(𝑋) →𝐻𝑛(𝑌) is an isomorphism for each 𝑛 ∈ ℤ.

Remark 5.3.2. In theorem 5.1.1, we have seen that weak homotopy equi-
valences are in particular homology equivalences.

The next theorem is about the converse.

Theorem 5.3.3. If 𝑓∶ 𝑋 → 𝑌 is a homology equivalence between simply-
connected spaces, then 𝑓 is a weak homotopy equivalence.

Remark 5.3.4. Let us point out that theorem 5.3.3 is wrong if we leave out
the assumption that both spaces are simply-connected. There are spaces
𝑋 whose reduced homology groups all vanish (such spaces are called acylic
spaces), but which are not weakly contractible, i.e. the map𝑋→ ∗ induces
an isomorphism in homology, but is not a weak homotopy equivalence.

In light of remark 5.2.5, an acylic space must have a fundamental group
with trivial abelianisation. Such groups are called perfect groups.

I think the name
‘perfect’ is rather
vacuous. My doctoral
advisor and I once had
the idea of calling these
groups cainian, in order
to express maximal
distance to being abelian.
But, alas, no one else
used this word apart
from us!

Theorem 5.3.3 will rather directly follow from a mild relative version of
the Hurewicz theorem, which goes as follows:
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Theorem 5.3.5 (Relative Hurewicz). Let 𝑑 ⩾ 2 and let (𝑋,𝐴) be a (𝑑 − 1)-
connected pair such that 𝐴 is simply-connected. Then the Hurewicz homo-
morphism H∶ 𝜋𝑑(𝑋,𝐴,𝑥0) →𝐻𝑑(𝑋,𝐴) is an isomorphism for each 𝑥0 ∈ 𝐴.

We shall first prove theorem 5.3.3 assuming the relative Hurewicz the-
orem, and then prove the realtive Hurewicz theorem itself.

Proof of theorem 5.3.3 assuming theorem 5.3.5. Recall the mapping cylinder
𝑍𝑓, which contains 𝑋 as a subspace. Since 𝑓 induces isomorphisms in
homology, the long exact sequence in homology tells us that all relative
homology groups𝐻𝑑(𝑍𝑓,𝑋) are trivial, and it is our goal to show that all
relative homotopy groups 𝜋𝑑(𝑍𝑓,𝑋) with 𝑑 ⩾ 0 are trivial.Recall from

notation 4.2.2 that
triviality of 𝜋0(𝑍𝑓,𝑋)
means that 𝜋0(𝑓) is

surjective.

This is done by induction on 𝑑. For 𝑑 = 0 and 𝑑 = 1, we note that 𝜋0(𝑓)
and 𝜋1(𝑓) are bijective because source and target of these maps contain
precisely one point. For the induction step, assume that 𝑑 ⩾ 2 and that
𝜋𝑛(𝑍𝑓,𝑋) is trivial for 𝑛 < 𝑑. Using that𝑋 is simply-connected, the relative
Hurewicz theorem 5.3.5 tells us that H∶ 𝜋𝑑(𝑍𝑓,𝑋,𝑥0) →𝐻𝑑(𝑍𝑓,𝑋) = 0 is
an isomorphism for each 𝑥0 ∈ 𝑋, and hence 𝜋𝑑(𝑍𝑓,𝑋) is indeed trivial.

It remains to prove the relative Hurewicz theorem. Our strategy is to
reduce the statement to the absolute case using the quotient lemma. In
order to apply it, we need the following lemma:

Lemma 5.3.6. During the proof of the relative Hurewicz theorem 5.3.5, we
can assume that 𝐴 ⊆ 𝑋 is a cofibration.

Proof. Herewe once again employ themapping cylinder construction 4.4.11:
Let us denote the inclusion of 𝐴 into𝑋 by 𝑓. Then we have a triangle

𝐴 𝑍𝑓

𝑋,

←→
𝚤𝑓

←

→𝑓 ←→ 𝑝𝑓

where 𝑝𝑓 is a homotopy equivalence and 𝚤𝑓∶ 𝐴 → 𝑍𝑓 is a cofibration. Us-
ing the equivalence from notation 4.5.1, the pair (𝑍𝑓,𝐴) is also (𝑑 − 1)-
connected, and by the naturality of the Hurewicz homomorphism, the map
𝑝𝑓∶ (𝑍𝑓,𝐴) → (𝑋,𝐴) induces a commutative square

𝜋𝑑(𝑍𝑓,𝐴,𝑥0) 𝜋𝑑(𝑋,𝐴,𝑥0)

𝐻𝑑(𝑍𝑓,𝐴) 𝐻𝑑(𝑋,𝐴)

←→H

←→
𝜋𝑑(𝑝𝑓)

←→ H

← →
𝐻𝑑(𝑝𝑓)
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for each basepoint 𝑥 ∈ 𝐴. Since 𝑝𝑓 restricts to equivalences 𝑍𝑓→𝑋 and
𝐴 → 𝐴, it follows from the five lemma applied to the two long exact se-
quences (for homotopy groups and for homology groups) that the two
horizontal arrows are isomorphisms.

Since 𝑑 ⩾ 2, we are
actually dealing with
honest groups when
using the five lemma.It hence suffices to show that the left vertical map is an isomorphism;

and here it is indeed the case that 𝐴 ⊆ 𝑍𝑓 is a cofibration.

Now we can finally give the proof of the relative Hurewicz theorem 5.3.5:

Proof of theorem 5.3.5. Using once again that theHurewicz homomorphism
is natural, the quotient map𝑋→𝑋/𝐴 induces a commutative square

𝜋𝑑(𝑋,𝐴,𝑥0) 𝜋𝑑(𝑋/𝐴,𝐴/𝐴)

𝐻𝑑(𝑋,𝐴) 𝐻̃𝑑(𝑋/𝐴).

←→

←→H ←→ H

← →

We argue that the horizontal arrows are isomorphisms: The previous lemma
allows us to assume that 𝐴 ⊆ 𝑋 is a cofibration, so the bottom arrow is an
isomorphism by the quotient lemma in homology. Moreover, since (𝑋,𝐴) is
(𝑑 − 1)-connected and 𝐴 is 1-connected, the quotient lemma for homotopy
groups 5.2.11 tells us that the top map is an isomorphism as well.

We can hence equivalently show that the right vertical map is an iso-
morphism, and we do so by using the absolute Hurewicz theorem 5.2.2, for
whichwe have to argue that𝑋/𝐴 is (𝑑−1)-connected. First, we see that since
(𝑋,𝐴) is (𝑑 − 1)-connected, each component of𝑋 intersects 𝐴, and hence
𝑋/𝐴 is path-connected. Second, we use once again the quotient lemma for
homotopy to see that the induced map 𝜋𝑛(𝑋,𝐴,𝑥0) → 𝜋𝑛(𝑋/𝐴,𝐴/𝐴) is an
isomorphism for 𝑛 ⩽ 𝑑, in particular 𝜋𝑛(𝑋/𝐴,𝐴/𝐴) ≅ 0 for 1 ⩽ 𝑛 ⩽ 𝑑 − 1;
so altogether, the quotient𝑋/𝐴 is (𝑑 − 1)-connected as desired.

Combining theorem 5.3.3 and Whitehead’s theorem 4.6.4, we get:

Corollary 5.3.7. If 𝑓∶ 𝑋→ 𝑌 is a homology equivalence between simply-
connected CW complexes, then 𝑓 is a homotopy equivalence.

5 .4 An application of almost everything

Nunc

Lecture 21

est bibendum: In this final section of the lecture course, we want to
combine all tools we developed throughout the term in order to go at least
some steps towards a very concrete, yet rather ambitious goal in algebraic
topology: namely classifying manifolds up to homeomorphism. We, how-
ever, want to by slightly more modest and only consider the homotopy type.
We are interested in sufficient conditions one can impose on a compact
𝑑-dimensional manifold𝑀 ensuring that𝑀 is homotopy equivalent to 𝑆𝑑.

99



Definition 5.4.1. Let 𝑑 ⩾ 1. A 𝑑-dimensional homology sphere is a com-
pact 𝑑-dimensional manifold𝑀 such that𝐻𝑛(𝑀) ≅ 𝐻𝑛(𝑆𝑑) for all 𝑛 ∈ ℤ,
i.e.𝐻𝑛(𝑀) ≅ ℤ for 𝑛 ∈ {0,𝑑}, and𝐻𝑛(𝑀) ≅ 0 else.

Theorem 5.4.2. Let

The case 𝑑 = 1 is rather
boring anyway since

each compact
path-connected

1-dimensional manifold
is homeomorphic to 𝑆1.

𝑑 ⩾ 2. Each simply-connected 𝑑-dimensional homology
sphere is homotopy equivalent to 𝑆𝑑.

The proof of theorem 5.4.2 relies on theWhitehead theorem, and in order
to use it, we need the following tool, see [7, Cor. a.12] for a proof:

Lemma 5.4.3. A compact manifold is homotopy equivalent to a CW complex.

Proof of theorem 5.4.2. Let𝑀 be a simply-connected 𝑑-dimensional homo-
logy sphere. Them𝑀 is in particular connected, and since𝐻𝑑(𝑀) ≅ ℤ, it
follows from proposition 2.2.9 that𝑀 is orientable. By collapsing the com-
plement of an open 𝑑-disc inside𝑀 to a point, we obtain a map 𝑓∶ 𝑀→ 𝑆𝑑

of degree ±1,This sign-agnostic
statement does not
depend on a choice

of orientation.

see the solution of exercise 4.4e (and its footnote) for details.
Then 𝐻0(𝑓) is an isomorphism (it sends the single path-component of
𝑀 to the single path-component of 𝑆𝑑), and 𝐻𝑑(𝑓) takes a generator of
𝐻𝑑(𝑀) to a generator of𝐻𝑑(𝑆𝑑), and hence is an isomorphism as well. For
all other 𝑛 ∈ ℤ, the map 𝐻𝑛(𝑓) is trivially an isomorphism since source
and target of𝐻𝑛(𝑓) are trivial.

Now we use that both𝑀 and 𝑆𝑑 are simply-connected, so theorem 5.3.3
tells us that𝑓 is a weak homotopy equivalence. Finally, we use that 𝑆𝑑 is a CW
complex and that𝑀 has the homotopy type of a CW complex by lemma 5.4.3,
so by the Whitehead theorem 4.6.4 (with the weaker assumption as in
remark 4.6.10), 𝑓 is a homotopy equivalence.

In dimensions 3 and 4, we can use theorem 5.4.2 to formulate very easy
conditions under which a manifold is homotopy equivalent to a sphere:

Theorem 5.4.4. Let𝑀 be a simply-connected compact 3-dimensional man-
ifold. Then𝑀 is homotopy equivalent to 𝑆3.

If we replace ‘homotopy equivalent’ by ‘homeomorphic’, then the state-
ment is much harder, and known under the name Poincaré conjecture. It
has been proven by Grigori Perelman in 2002.

Theorem 5.4.5. If𝑀 is a simply-connected compact 4-dimensional mani-
fold with Euler characteristic 2, then𝑀 is homotopy equivalent to 𝑆4.

Note that theorem 5.4.5 is wrong if we skip the condition on the Euler
characteristic; for example ℂP2 or 𝑆2 × 𝑆2 satisfy all other conditions, but
are not homotopy equivalent to 𝑆4.

Both theorems are proven by showing that the manifold in question is a
homology sphere. In order to do so, we would like to use Poincaré duality,
so we better ensure that our manifolds in question are orientable:
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Lemma 5.4.6. A simply-connected compact manifold is orientable.

Let me point out that one can use different methods to get rid of the
compactness assumption here.

Proof. Call that manifold𝑀. First of all, we note𝐻1(𝑀) = 𝐻̃1(𝑀) is trivial
by the Hurewicz theorem 5.2.2. By the universal coefficient theorem for
cohomology 1.6.1 for the abelian group ℤ2, it follows that

𝐻1(𝑀;ℤ2) ≅Homℤ(𝐻1(𝑀),ℤ2) ⊕ Ext1ℤ(𝐻0(𝑀),ℤ2) ≅ 0.

Now we can apply exercise 5.3b and obtain that𝑀 is orientable.

Now we can finally prove our two theorems:

Proof of theorem 5.4.4. Since𝑀 is path-connected, we have 𝐻0(𝑀) ≅ ℤ,
and since𝑀 is orientable by lemma 5.4.6, it follows from proposition 2.2.9
that 𝐻3(𝑀) ≅ ℤ. Moreover, 𝐻1(𝑀) is trivial as we saw in the previous
proof. By lemma 2.4.6,𝐻𝑛(𝑀) is trivial for 𝑛 > 3, so we are left to consider
𝐻2(𝑀). Since𝑀 is orientable by lemma 5.4.6, we can apply Poincaré duality
and obtain𝐻2(𝑀) ≅ 𝐻1(𝑀), which is trivial by the universal coefficient
theorem for cohomology 1.6.1. This shows that𝑀 is a simply-connected
3-dimensional homology sphere, so the claim follows by theorem 5.4.2.

Proof of theorem 5.4.5. By using the very same arguments as in the proof
of theorem 5.4.4, we see that𝐻𝑛(𝑀) ≅ ℤ for 𝑛 ∈ {0, 4} and𝐻𝑛(𝑀) ≅ 0 for
𝑛 ∉ {0, 2, 4}, so we only have to consider 𝐻2(𝑀). By lemma 2.4.6, it is a
finitely generated abelian group, i.e. of the form ℤ𝑟 ⊕⨁𝑠𝑖=1ℤ𝑘𝑖 for some
𝑟, 𝑠 ⩾ 0 and 𝑘𝑖 ⩾ 2. Then we have 2 + 𝑟 = 𝜒(𝑀) = 2, forcing 𝑟 to be 0. To
show that the torsion part is trivial as well, we use the universal coefficient
theorem for cohomology 1.6.1 and obtain

𝐻3(𝑀) ≅Homℤ(𝐻3(𝑀),ℤ) ⊕ Ext1ℤ(𝐻2(𝑀),ℤ) ≅
𝑠

⨁
𝑖=1
ℤ𝑘𝑖 ,

but, on the other hand, Poincaré duality tells us that 𝐻3(𝑀) ≅ 𝐻1(𝑀),
which is trivial. This shows that𝐻2(𝑀) is trivial, so𝑀 is indeed a simply-
connected homology sphere. Now the claim follows by theorem 5.4.2.
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