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OVERVIEW

These are the notes of a lecture course on Topics in Algebraic Topology taught
by me in summer 2025 at Karlsruhe Institute of Technology, comprising 21
lectures in total. This course is a continuation of a lecture course on Algebraic
Topology (as taught in winter 2024-25 by Manuel Krannich), and as such,
it assumes familiarity with point-set topology, basic notions of homotopy
theory and category theory, chain complexes and singular homology, cw
complexes and cellular homology, derived functors and homology with
coefficients, and the Kiinneth theorem for homology.

Based on this, we start by introducing cohomology, a family of abelian
groups (H"(X)),ez associated with a topological space X. These cohomo-
logy groups are closely related to homology, but have the advantage that
their direct sum P, _, H"(X) carries a natural ring structure, called the
cup product. This extra structure enables us to distinguish more spaces up
to homotopy equivalence; for example, the cohomology rings of CP? and
§?v §* differ, whence these spaces cannot be homotopy equivalent.

We then study homology and cohomology of manifolds. Most import-
antly, we shall discover Poincaré duality, stating that each orientation of a
closed d-dimensional manifold M gives rise to a family of isomorphisms
(H"(M) — Hy_,,(M)),ez of abelian groups.

For any # > 0, the n'" homotopy group ,,(X) of a given based space X is
defined to be the set of (based) homotopy classes of (based) maps §" — X.
For n > 1, they carry a group structure, which is abelian for n > 2. Though
easily defined, they are hard to compute; for example, many homotopy
groups of spheres are still unknown. We shall calculate as much as we can.

Homotopy groups are very useful when studying the homotopy theory of
cw complexes. For example, we prove the cellular approximation theorem
(every map among cw complexes is homotopic to a cellular one) and the
Whitehead theorem (a map among cw complexes is a homotopy equivalence
if and only if it induces isomorphisms on all homotopy groups).

Finally, we establish a connection between homotopy groups and homo-
logy: Fixing a generator u,, € H,(S"), there is a map H: 7,,(X) — H,(X)
given by taking the homotopy class of a map a: §” — X to H,(x)(u,). The
Hurewicz theorem tells us under which conditions # is an isomorphism.

These lecture notes are inspired by classical textbooks on the subject,
such as [3, 7, 1, 10, 11], and partially follows the lecture notes [8, 13, 15]. If
you spot any errors, feel free to contact me via kranhold@kit.edu.

Karlsruhe,
31 July 2025
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When referring to an
explicit result from the
lecture course on
Algebraic Topology, 1
shall mention its
corresponding number
in a margin note, e.g.
AT:111.6.8 (the theorem
of acyclic models).
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COHOMOLOGY AND PRODUCTS

Last term we have introduced singular homology as a tool to distinguish
homotopy types. However, we can easily come up with examples of spaces
X and Y that we expect not to be homotopy-equivalent, but which still
satisfy H,(X) = H,(Y), such as T and S' v §' v 8%, or CP? and S v §*.

We may try to extend our methods by constructing a homotopy-invariant
extra structure on the family (H,(X)),ez, such as a graded multiplication
H,(X) ®z Hg(X) — Hpy4(X), possibly as a composition

Hp(X) ®z Hq(X) - p+q(X xX) — p+q(X):

where the first map first arrow is induced by the Eilenberg-Zilber map. For
the second arrow, we would like to make use of a map X x X — X of spaces,
but there is no canonical choice of such. However, there is a canonical map
going the other way, namely the diagonal Ax: x — (x, x).

This is the reason for us to introduce singular cohomology, a variant of
singular homology, which behaves contravariantly with respect to maps of
spaces. We do this by considering maps out of the singular chain complex.

1.1 THE HOM-FUNCTOR

DEFINITION 1.1.1. Let R,S,T be rings. If M is an (T,S)-module and N
is a (R, S)-module, then the abelian group Homg(M, N) of S-linear maps
a: M — N, called hom-set, carries the structure of an (R, T)-module by
(r-a)(m) =r-a(m),
(o - t)(m) = a(t - m).

REMARK 1.1.2. The hom-sets satisfy the following properties:

1. Homg(0, N) = 0 and Homg(M,0) = 0 for each N and each M.

2. Regarding S as an (S, S)-module by scalar multiplication, we have
an isomorphism Homg(S, N) = N of (R, S)-modules by & — «(1) for
each (R,S)-module N.

3. For each family (M;);¢; of (T,S)-modules and each family (Nj);e; of
(R,S)-modules, we have an isomorphism of (R, T')-modules

Homg(B;e; Mis [Tje) N;) = [ie; [ Homs (M, N)).

4. For each a € Z and each abelian group N, we have an isomorphism
Homz(Z,,N)={ne N :a-n=0} € N via a — «([1]). Therefore,
Homz(Z,,7) =0 for a # 0 and Homz(Z,, Zy,) = Zged(ap) for b € Z.

1

Lecture 1

AT:v.8.6

If X carries a continuous
multiplication, then we
are provided with a map
X x X — X, and the
above composition of
maps is called the
Pontryagin product.

As a mnemonic: The
ordering of the symbols
must be preserved in the
definition of the scalar
multiplication.

The map from right to
left sends a family of
maps a;;: M; — N; to
the map taking Y., m;
t0 (Lier i (m0)) jer-

We write Z,, .= Z/aZ.

[1] denotes the residue
class of 1.



This is the algebraic
analogue of the fact that
for sets X, X', Y, maps
from X x X' to Y are in
bijection to maps from
X to the set of maps

from X' to Y.

On the right side of the
isomorphism, we ‘forget’
the S-action on N.

DEFINITION 1.1.3. If ¢: M — M’ isan (T,S)-linear map, and y: N — N’
is an (R, S)-linear map, then we have an induced (R, T)-linear map

Homg(¢), y): Homg(M',N) - Homg(M,N'), a—woaod

This gives rise to a functor (here pModg is the category of (R, S)-modules
and (—)°P takes the opposite category), which we call hom-functor,

Homg(—,-): rModg® x xpModg — rMody.

For a fixed (R, S)-module N, the restriction Homg(—, N) is a functor of the
form rModg® — rMody, which is also called hom-functor.

NOTATION 1.1.4. As done several times last term, if F: C — D is a functor
and f: X — Y is a morphism in C, then we abbreviate f, = Ff.

A contravariant functor C — D is a functor F: C°? — D. In that case, if
f: X - Y in Cis as above, then we put f* := Ff: FY — FX.

Note that the isomorphisms from remark 1.1.2 are all natural. The fol-
lowing natural isomorphism shows the interplay between the hom-functor
and the tensor product of modules:

LEMMA 1.1.5 (Tensor-hom adjunction). Let M be a (right) T-module, M'
be an (T,S)-module, and N be an (R, S)-module. Then we have an isomorph-
ism of left R-modules, natural in M, M',N:

Homg(M ®; M',N) ;’ Homy (M, Homg(M', N)),
a [me [m - amem')],
[mem' — Bm)(m')] — .

Proof. One checks that all involved maps have the desired linearity, and
that the two above assignments are inverses of each other. O]

REMARK 1.1.6. If M is even an (R, T)-module, then the assignments from
the tensor-hom adjunction restrict to a bijection of the form

(R,S)-linear maps | = [ (R,T)-linear maps
MerM' - N | | M- HomgM',N) |

COROLLARY 1.1.7. Let M be an abelian group and let N be an (R, S)-module.
If we regard S as a (Z,S)-module, then we have an isomorphism of left R-
modules Homg(M ®7 S, N) = Homyz (M, N), natural in M and N.

Proof. This is an instance of lemma 1.1.5 for the case of T =Z and N’ = §,
using that similar to remark 1.1.2:2, the morphism Homg(S, N) — N given
by « — «(1) is an isomorphism of (R, Z)-modules. O



1.2 DUAL CHAIN COMPLEXES
We would like to apply the hom-functors Homg(—, N) to the singular chain
complex of a space. In contrast to applying () ® N as we did last term, we
have to take care of the fact that the hom-functor changes the direction of
the differentials. Similar to last term’s discussion, we study this construc-
tion for a more general class of functors, namely (contravariant) additive
functors between categories of bimodules. Throughout this section, let A
and B be categories of bimodules over some rings.

DEFINITION 1.2.1. A functor F: A°? — B is called additive if for all morph-
isms ¢,¢': M — M' in A, we have F(¢ + ¢') = F(¢) + F(¢').

EXAMPLE 1.2.2. For each (R, S)-module N, the hom-functor Homg(—, N)
is additive: For any two linear maps ¢, ¢’: M — M', we have

Homg(¢+¢', N)(a) = o (p+¢')
=(aod)+(aog’)
= (Homg(¢p, N) + Homg(¢p', N))(cx)

REMARK 1.2.3. As in the covariant case, each additive functor F preserves
the trivial module, i.e. F(0) = 0, and split short exact sequences, i.e. if the
short sequence 0 > M — M’ — M" — 0in A is a split exact, then the
short sequence 0 —» FM" — FM' — FM — 0 in B is split exact as well.

NOTATION 1.2.4. Recall that a chain complex C in A is a family (C,) ez
of modules in A, together with a family (d,,: C,, — C,,_1),cz of morphisms
satisfying d,, o d,,;; = 0 for all n € Z. Let Ch(A) be the category of chain
complexes in A, and specifically, let gChg := Ch(zrMody).

For some purposes, it is convenient to consider a ‘mirrored’ indexing for
chain complexes, which is indicated by using superscripts: We put C" := C_,,,
d":=d_,: C" — C™!, i.e. the chain complex looks as follows:

N (P

d72 C—l CO Cl dl

With this indexing, a chain map f: C — Disafamily of maps f": C" — D"
with djb o f* = f™*! o d%, and a chain homotopy s between f and g is a
family of maps s™: C" — D"! with d5 ' o 5" + 5" o d2 = f™ — g". Finally,
we put H*(C) == H_,(C) = ker(d™)/im(d"™™!).

The important observation here is that these are not mathematically new
definitions, but merely indexing conventions. All statements (e.g. ‘Chain
homotopic maps induce the same map in homology’) remain true, and we
may choose whether we express them using subscripts or superscripts.

This definition of
additive functors is
‘disjoint’ from last term’s
one, as our functors are
contravariant.

AT:V.3.3

Because of the new
superscript notation
below, we refrain from
writing C, as last term.

A chain complex can be
declared by saying what
C"and d" is.

AT:II1.6.3



The sign is not necessary
for FC to become a
chain complex, but will

be useful later.

Checking that Fs is
indeed a chain
homotopy might help
you getting used to the

indices and signs.

This is for example the

case if all C;, are free.

If f: M — M is
multiplication with
a € Z, then Homz(f,N)

is multiplication with a.

CONSTRUCTION 1.2.5. Let F: A°? — B be an additive functor. If C is a
chain complex in A, then we obtain a chain complex FC in B by setting
(FC)" :== F(C,,), with differential

dic = (-1)"'. F(dS,)): (FC)" — (FC)"*!

This becomes a bit more comprehensible in form of a diagram:

—F(d_,) F(dy) -F(d,)

@), piGoy 2, FCy) S,

FC:(--. F(dy) )

(C—l)
If f: C — D is a chain map, then we obtain a chain map Ff: FD — FC by
(Ff)" = F(f,). This gives rise to a functor F: Ch(A)°? — Ch(B).

Moreover, if s is a chain homotopy between f and g, then we have a
chain homotopy Fs between Ff and Fg by (Fs)" = (-=1)" - F(s,—1).

REMARK 1.2.6. Let0 » C — C' — C"” — 0 be a short exact sequence of
chain complexes in A that is degreewise split. If F: A°? — B is an additive
functor, then 0 —» FC" — FC' — FC — 0 is a short exact sequence of
chain complexes in B, and hence we get a long exact sequence in B

.. —» H*(FC") - H"(FC') — H”(PC) H”“(PC”) .

Now we come back to the special case of F = Homg(—, N):

DEFINITION 1.2.7. Let N be an (R,S)-module. For each chain complex
C of (T,S)-modules, its dual complex Homg(C, N) is a chain complex of
(R,T)-modules. Elements in Homg(C, N)" are S-linear maps «: C,, — N,
and the differential is given by d"a = (=1)""! - (€ o dy1).

EXAMPLE 1.2.8. Consider the following chain complex of abelian groups

(1] (0]
C::(...—)O—)ZLZLZ—)()—)...),

which we already know as the cellular chain complex of RP2. Then

o , =1,
—>0—>Z—>Z—>Z—>O—>---).

Homy(C,Z) = (

We have H(Homy(C,Z)) = Z and H?>(Homy(C,Z)) = Z,; all further
homology groups of Homy(C, Z) are trivial.

1.3 SINGULAR COHOMOLOGY

REMINDER 1.3.1. For a topological pair (X, A), we denote by S, (X, A) its
singular chain complex, which is a (non-negative) chain complex of abelian
groups. This construction constitutes a functor S,(—): Top, — Chy from
the category of topological pairs to chain complexes.



CONSTRUCTION 1.3.2. Let R be aringand let N be a left R-module. For
each topological pair (X, A) and each integer n € Z, we define the n'" sin-
gular cohomology of (X, A) with coefficients in N as the left R-module

H"(X,A;N) == H"(Homz(S.(X, A),N)).

These are the values of a functor H"(—; N): Top;® — gMod, which is given
as the composition of functors

H - N n
o ) RCh H RMOd

Top;’ 50 Ch)

NOTATION 1.3.3. We point out very emphatically that H" (X, A; N) is not
the same as H_,,(X, A; N), in spite of our convention H"(C) := H_,(C) for
a chain complex C. This is due to the fact that the index for singular homo-
logy and cohomology groups does two things at once: It distinguishes the
constructions and it tells us the degree. It would be better to use a different
letter for singular cohomology - but we adhere to standard notation.

We resolve this confusion by declaring once and for all that we shall never
use superscript indexing for singular homology, and never use subscript
indexing for singular cohomology.

REMARK 1.3.4. If Nisan (R, S)-module, then the functors Homy(S,(-), N)
and Homg(S.(—) ®7 S, N) are naturally isomorphic by the tensor-hom ad-
junction (in the version of corollary 1.1.7). In particular, we have a natural
isomorphism H"(—; N) = H"(Homg(S.(-) ®7z S, N)).

PROPOSITION 1.3.5. For each left R-module N, the family (H" (= N))yez
of functors satisfies the following dual’ Eilenberg-Steenrod axioms:

1. [Homotopy invariance] If f, g: (X, A) — (Y, B) are homotopic maps
of pairs, then H"(f;N) = H"(g; N).

2. [Long exact sequence] For each n € Z, there is a natural family of
linear maps 0": H"(A;N) — H™ (X, A;N), such that the following
sequence is exact (the remaining arrows are induced by inclusions):

arl
e > H"(X,A;N) - H*(X;N) —» H"(A;N) » H" (X, A;N) — -+

3. [Excision] If (X,A) is a topological pair and W < A with W € A,
then the map H" (X, A;N) —» H"(X ~W, A~W;N) induced by the
inclusion of pairs is an isomorphism for each n € Z.

4. [Dimension axiom] We have H°(%;N) = N and H"(%; N) = 0 else.

5. [Milnor’s axiom] For a family (X;)e; of spaces, the induced map
H"([L;; XisN) = [1,c; H"(X;5 N) is an isomorphism for each n € Z.

If R = Z, then a left
R-module is the same
as an abelian group.

AT:IV.6.1

To be pedantic, the
collection (0"),cz
should be part of the
structure of a
cohomology theory.
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AT:II1.5.3

Lecture 2

Proof. We shall proceed very much as in the proof of Thm. v.4.3 of the AT
lecture: If f and g as above are homotopic, then the induced chain maps
S.(f) and S.(g) are chain homotopic; now we use that the additive functor
Homzy (-, N) preserves chain homotopies and that chain homotopic maps
induce the same map in homology.

For each topological pair (X, A), all abelian groups S, (X, A) are free,
and hence the short exact sequence 0 — S,(A) — S.(X) = S.(X,A) - 0
of chain complexes is degreewise split. Thus, the desired connecting homo-
morphism 0" is obtained as a special case of remark 1.2.6.

Asin the proof of Thm. AT:V.4.3, the excision property for (H" (—; N)) ez
will be derived from the excision property for (H,,(-)),ez as a consequence
of the universal coefficient theorem 1.6.1, see exercise 2.1B.

For the dimension axiom, we recall that S, (*) is isomorphic to

1 0 1 0[0]
> 2 —> 7 —>7Z —>7Z—0-— -

Thus, Homyz/(S.(*), N) is isomorphic to the following chain complex:

[O]O 1 0 1
--—0-—N—>N—>N —>N — -

Taking homology of that chain complex, we see that H" (x; N) is as claimed.

Finally, recall the isomorphism S, ( e X;) = @D,; S.(X;) of chain com-
plexes. Applying the natural identification from remark 1.1.2:3, we get

HomZ(S.(]_[iel X,),N) = Hie] HomZ(S.(Xi),N).

Thus, Milnor’s axiom follows from the observation that taking homology
of a chain complex preserves products. O

REMARK 1.3.6. As for homology theories, dual versions of the construc-
tions and statements from the big table in AT:1v now follow formally from
proposition 1.3.5. We mention some of them:

« reduced cohomology H"(X; N) = coker(H" (*; N) — H"(X; N)),

o suspension isomorphisms H"(X;N) - H"(SX;N),

« H ”(Sd ; N) is isomorphic to N for n = d and trivial else,

« Mayer-Vietoris sequences for open covers {U, V'} of a space X,

« H*(XVY;N) = H"(X;N)® H"(Y; N) for well-pointed X and Y,

1.4 THE KRONECKER PAIRING

One may wonder whether we can recover H" (X, A; N) from H,,(X, A), or
more generally H” (Homg(C, N)) from H,(C). In this section, we establish
a natural map x: H"(Homg(C, N)) — Homg(H,(C), N). Similar to last
term, this map is not an isomorphism in general, and we shall study the
defect in the forthcoming sections.



REMINDER 1.4.1. Let C be a chain complex of (R, S)-modules and D be a
chain complex of (S,T)-modules. Their tensor product C ®s D is again a
chain complex, with (C ®s D),, := P piqen Cp ®s D, and with differential

dvew)=dvew+(-1)?-vedw

for each v € C;, and w € D,. For any p,q € Z, we have an (R, T)-linear map
A: Hy(C) ®s Hy(D) — H, 4(C®s D) taking [v] ® [w] to [vew].

CONSTRUCTION 1.4.2. Let N be an (R,S)-module and C be a chain com-
plex of (T, S)-modules. Regarding N as the chain complex that has N in
degree 0 and is trivial elsewhere, we have a chain map of (R, S)-modules

ev: Homg(C,N)®1r C — N,

called evaluation, given by evy(a ® v) := a(v). Using that Hy(N) = N, we
obtain, for each n € Z, an induced (R, S)-linear map

ey

(=,=): H"(Homg(C, N)) &7 H,,(C) 2> Hy(Homs(C, N) &1 C)

called the Kronecker pairing. By the tensor-hom adjunction (in the version
of remark 1.1.6), this corresponds to the (R, T)-linear map

x: H"(Homg(C, N)) —» Homg(H,,(C),N), aw~ {(a,-).

Proof. We have to check that ev is a chain map, i.e. d,, o ev,, = ev,_; od,, for
each n. For n # 1, the target of these maps is 0, so there is nothing to show.
For n = 1, the left side factors through N; = 0 and is trivial, so we are left to
show that evy o d; = 0. Indeed, for « € Homg(C,N)? and v € Cp+1, we have

evo(di(a®v)) =evo(dPa®v+(-1)?P-a®dy v)
= (@) (v) + (1) - a(dp4 1)
=0. ]

REMARK 1.4.3. The evaluation map is natural in the following sense: For
each chain map f: C — D, the following square commutes:

H N)erid
Homg(D,N) ®r C Homs(f.N)erid, Homg(C,N)®r C

ider f l lch

Homg(D, N) ®r D N.

evp

Therefore, we have ( f*a, x) = (a, f.x) for each a € H"(Homg(D, N)) and
x € H,,(C), which means that the map «: a — (a,—) from above is natural.

EXAMPLE 1.4.4. One might expect that « is a natural isomorphism, but
example 1.2.8 shows that this is not always the case: For C as in that example,
we saw H?(Homy(C,Z)) = Z,, but H,(C) = 0, so Homy (H,(C),Z) = 0.

AT:V.8.1

We use v and w for
chains, and x and y
for homology classes.

Elementary tensors in
degree 0 are indeed of
the form o ® v with

« € Homg(C, N)" and
v € C,, as the sum of
their degrees is 0.

Now the sign from
section 1.2 pays off.

This is just because

(o f)v) = a(f(v)).

We use o and f3 for maps
to N, and a and b for
their homology classes.



The inclusion
im(Fy) € ker(F¢)
always holds by

additivity of F.

AT:V.5.10

AT:V.5.6

The preferred resolution

of M’ is called (C',¢').

AT:V.5.8

1.5 EXT FUNCTORS

We proceed with developing a tool to determine to what extend « fails to be
an isomorphism. As last term, this leads us to the theory of derived functors.
Again, let A and B be categories of bimodules over some rings.

DEFINITION 1.5.1. An additive functor F: A°? — B is called right-exact if
for each exact sequence M — M’ — M" — 0 in A, the induced sequence
0 —» FM" — FM' — FM in B is exact as well.

LEMMA 1.5.2. Anadditive functor F: A°® — B is right-exact if and only if for
each morphism ¢: M — M in A, with cokernel called y: M' — coker(¢),
the map Fy is injective and its image inside FM' is ker(F¢).

Proof. This follows from the fact that M LM % M7 S 0 s exact if and
only if the y is isomorphic to the projection to the cokernel of ¢, and the
induced sequence 0 —» FM" — FM' — FM is exact if and only if Fy is
isomorphic the inclusion of the kernel of F¢. O

LEMMA 1.5.3. LetR,S, T berings. For each (R, S)-module N, the hom-functor
Homg(—, N): Mody® — rMody is right-exact.

Proof. Let ¢: M — M’ be (T,S)-linear, with cokernel y: M’ — coker(¢).
Then v is surjective, and hence Homg(y, N) = (—) o y is indeed injective.
Let a € ker(Homg(¢p, N)). Then « o ¢ = 0, and by the universal property of
the cokernel, there is a map &: coker(¢) — N with « = & o . This shows
that « lies in the image of Homg(y, N) as desired. O]

Given a right-exact functor F: A°’ — B, we would like to construct a
sequence (L"F),s of derived functors similar to last term. To do so, we
need to consider free resolutions of objects in A. In order to make sense of
the word ‘free) we restrict our attention to the case of A = Modg = zMod.

CONSTRUCTION 1.5.4. Let F: Modgp — B be a right-exact functor. For
each n > 0, we define the n' left-derivative I'F: Modg? — B as follows:

« For an S-module M, choose an S-free resolution (C, €) of M and set
I"F(M) = H"(FC).

o For an S-linear map ¢: M — M’, choose a chain map f: C — C'
with &’ o fy = ¢ o e and set L"F(¢) := H"(Ff).

As a consequence of the acyclic models theorem, a chain map f as above
exists and L"F(¢) is independent of the choice of f. As in AT:v.5.11, it also
follows that L"F is indeed a functor and does not depend on the chosen
free resolutions up to natural isomorphism.



LEMMA 1.5.5. Let F: Mody® — B be a right-exact functor.
1. I°F is naturally isomorphic to F.
2. If M is free, then L"F(M) =0 forn > 1.
3. IfSis a principal ideal domain, then L"F = 0 for n > 2.

Proof. Statements 2 and 3 follow exactly as in the proofs of AT:v.5.12+13
from the fact that there are sufficiently short free resolutions. For statement
1, we note that if (C,¢) is a free resolution of M, then e: C; — M is the
cokernel projection of d{': C; — Cy. Since F is right-exact, it follows from
lemma 1.5.2 that Fe: FM — FC, is injective, and its image is

ker(Fd$) = ker(—FdY{) = ker(d}c) = HY(FC) = I°F(M). O
Now we come back to the special case of F = Homg(—, N):

DEFINITION 1.5.6. For an (R, S)-module N, we consider the right-exact
functor Homg(—, N): Mods® — zMod and define the n Ext functor

Ext5(—, N) := I"Homg(—, N).
LEMMA 1.5.7. The Ext functors satisfy the following formulce:
1. If M is a free S-module, then Extg(M,—) =0 for eachn > 1.

2. For each family (M;);ecr of S-modules and each family (N;)je; of (R, S)-
modules, we have an isomorphism of left R-modules

Eth(@iEI Mi; ]-_[]€] N,) = HiEI HJGI Eth(MliN])

3. For each integer a # 0 and each abelian group N, the abelian group
Exty,(Z,, N) is isomorphic to the quotient N/aN. In particular,

Ethl(ZtDZ) = Zu’
EXtIZ(Za> Q) = 0)
Exty (Za, Zsy) = Zged(ap)- (beZ)

Proof. Statement1is a special case of lemma 1.5.5:2. For statement 2, we note
that if (C;, ;) is a free resolution of M;, then (EB, Ci, D, &;) is a free resolu-
tion of (P, M;. Now we use the natural isomorphism from remark 1.1.2:3
and the fact that taking homology commutes with products.

For the third statement, we use that the non-negative chain complex

c=( - 0 7z 0 ),

Recall that all higher
Ext}, are trivial as Z is a
principal ideal domain.



Exercise 2.2 shows
that there cannot

be a natural split.

As for homology, we
write H" (=) := H"(—;Z.)

together with the canonical projection e: Z — Z, is a free resolution of Z,.
Then Homy(C, N) is of the form

o
0 N N 0

This shows that Ext},(Z,, N) = H'(Homz(C, N)) = N/aN. O

REMARK 1.5.8. Note that ExtIZ(Zz, Z) = Z,,but ExtIZ(Z, Z,) = 0, showing
that the Ext functor (in constrast to the Tor functor) is not symmetric.

1.6 THE UNIVERSAL COEFFICIENT THEOREM IN COHOMOLOGY

In this section, we present the universal coefficient theorem in cohomology,
which describes, for each (R, S)-module N, the R-module H*(X, A; N) in
terms of H, (X, A;S) as long as S is a principal ideal domain:

THEOREM 1.6.1 (Geometric ucT for cohomology). Let N be an (R,S)-
module and (X, A) a topological pair. If S is a principal ideal domain, then
there exists a natural short exact sequence of left R-modules of the form

0 — Ext}(H,-1(X, 4;8), N) — H"(X, A; N) - Homg(H, (X, A;S), N) =0,
where k is the Kronecker pairing. This sequence admits an unnatural split.

Before proving the theorem, we shall discuss some consequences:

REMARK 1.6.2. Because of the split, we have a (non-natural) isomorphism
H"(X, A;N) = Homg(H, (X, A;S), N) @ Ext§ (H,_; (X, A; S), N).

EXAMPLE 1.6.3. Recall that Hy(RP?) = Z and H; (RP?) = Z,, while all
other integral homology groups of RP? are trivial. This shows that

H°(RP%Z) = Homy(Z,7) ®Ext,(0,Z) =27,

H!'(RP%*Z) = Homy(Z,,7) ® Exty,(Z,7) =0,

H?*(RP%*Z) =Homz(0,Z) @®Exty,(Z,,72)=7,.
All other cohomology groups H" (RP?; Z) are trivial.
EXAMPLE 1.6.4. Ford > 0, all singular homology groups H,,(T%) = z)
of the d-torus T% = S x --- x S! are free abelian, so all Ext terms in the ucT

vanish. Together with remark 1.1.2:2, we get for each left R-module N:

H"(T% N) = Homy(Z"), N) = N()

10



EXAMPLE 1.6.5. By the very same argumentation as in example 1.6.4, the
cohomology of the complex-projective space CP¢ with d > 0 is given by

H™(CP%; N) = N for 0 <n<2d even,
’ lo  else.

EXAMPLE 1.6.6. Ford > 0, recall thatHn(]RPd;Zz) =7Z,for0<n<d,and
that all other Z,-homology groups of RP? are trivial. Now we use the ucT
for the (Z,,7.,)-module Z, as follows: Since Z, is a field, Extllzvanishes
and we get an isomorphism H "(RP%;Z,) = Homy, (H,(RP%;Z,),7,) of
Z,-vector spaces. In total, we have achieved

for0<n<d,

Z,
H"(RP4;Z,) = "
0 else.

REMARK 1.6.7. Let X be a space and let N be a left R-module. Using that
H_;(X) = 0 and that Hy(X) is naturally isomorphic to the free abelian
group over the set y(X), the ucT provides us with a natural isomorphism

H°(X;N) = Homy(Hy(X), N) = Map(7o(X), N).

The following consequence of the universal coeflicient theorem is the
content of exercise 2.3:

COROLLARY 1.6.8. Let (X, A) be a topological pair, let S be a ring, let N be
an (R,S)-module and let n € Z. Assume that one of the following holds:

o Sis a principal ideal domain and H,,_,(X, A;S) is free over S, or

o H, 1(X,A) is free over Z.
Then the Kronecker pairing x: H" (X, A; N) — Homg(H,(X, A;S),N) is an
isomorphism of left R-modules.

Let us now turn to the proof of the geometric universal coefficient the-
orem (GucT) for cohomology. Similar to last term, the theorem follows
from its algebraic counterpart (the AucT):

THEOREM 1.6.9 (Algebraic ucT for cohomology). Let C be a chain complex
of S-modules and let N be an (R, S)-module. If S is a principal ideal domain
and C is degreewise free, then there exists a natural short exact sequence of

left R-modules of the form
0 — Ext}(H,_, (C), N) — H"(Homg(C, N)) — Homg(H,(C), N) — 0.

where k is the Kronecker pairing. This sequence admits an unnatural split.
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Here Map(A, B) is the
set of maps from A to B.

H, ,(X,A) is the
homology group with
coefficients in Z.
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Both j: Z — Cand
d': C — Bare chain
maps sinced, ¢ 7, =0
andd)_,d, =0.

Index and shifting
is more binding
than applying F, i.e.
FZ,=F(Z,)and
FB[-1] = F(B[-1]).

For a: C,, —» N with
aod,.; =0, wehave
H"(7")([e]) = alz,.

Ju © 1, is exactly the
inclusion B,, = C,,.

Proof of the GucT assuming the AucT. By remark 1.3.4, H"(X, A; N) is nat-
urally isomorphic to H"(Homg(S.(X, A) ®7 S, N)). Moreover, each con-
stituent S,,(X, A) ®7 S is a free S-module. Now we can apply the auct. [

Proof of the aucT. Let B be the chain complex with B, := im(d,,;;) and Z
be the chain complex Z,, = ker(d,,), both with trivial differentials. We point
out that both Z,, and B, are free, as submodules of the free module C,,,
using that S is a principal ideal domain. Writing B[—1] for the shifted chain
complex B[-1],, = B,_;, we have a short exact sequence of chain complexes

!

d
0-7z-1c L Bl-1]—0,

where j: Z — C consists of the inclusions Z, — C, and d’: C — B[-1]
consists of the corestrictions of d,,: C,, — C,,_; to their image. It is degree-
wise split as each B,,_; is free. Applying the functor F := Homg(—, N), we
get a long exact sequence in homology by remark 1.2.6:

O HMFBI-1]) — HY(FC) — HM(FZ) — H™\(FB[-1]) — -

The differentials of FB[-1] and FZ are again trivial, and so H"(FZ) = FZ,
and H"(FB[-1]) = FB,_;. By inspecting the explicit construction of the
connecting homomorphism, one checks that 0": FZ,, — FB,, agrees (up to
sign) with F1,,, where 1, is the inclusion B,, — Z,,.

In the next step, we cut the long exact sequence into many short exact
sequences by quotienting out kernels and restricting to images. As a result,
we obtain, for each n € Z, a short exact sequence of R-modules

0 — coker(F1,,_;) — H™(FC) M ker(F1,,) — 0.

Because F is right-exact, the natural map #: Fcoker(z,) — ker(F1,) is an
isomorphism by lemma 1.5.2. But coker(1,,) is exactly Z, /B, = H,,(C), and
one checks that 7! o H"(Fy) is the Kronecker pairing.

For the left side, we note that since 0 — B,_; — Z,,_; together with
the canonical projection Z,_; — H,,_(C) is a free resolution of H,_; (C),
whence we have a natural isomorphism coker(F1,_,) = Exti(H,_, (C), N).

It remains to construct the unnatural split. To do so, we note that since
0— Z, — C, — B,_; — 0splits (as we have seen before), we find a morph-
ismr: C,, — Z, that satisfies r o j,, = id; . Moreover, we have

— ! _ !
rodn+1 _r°]n°1n°dn+1 _lnodn+1’

and so Fr takes ker(F1,) to ker(Fd,,;;). We hence get a section of H"(Fy)
by taking « € ker(F1,) to [(Fr)(«)] € ker(Fd,;;)/im(Fd,) = H"(FC). [

12



1.7 THE CROSS PRODUCT IN COHOMOLOGY

Recall from the beginning of this chapter that it is our aim to establish for
each space X a graded multiplication, i.e. a family of maps

HP(X)® H1(X) — HP*(X x X) — HP*(X).

Using that cohomology behaves contravariantly, it is now easy to provide
the second arrow: It is induced by the topological diagonal Ax: X — X x X
with Ax(x) = (x, x). The first arrow, however, has only been established in
homology (using the Eilenberg-Zilber map). The goal of this section is to
find an analogous construction for cohomology.

NOTATION 1.7.1. From now on, we work over a fixed commutative ring
R. All modules are assumed to be R-modules, and all chain complexes are
chain complexes of R-modules. We write ® := ®g and (-)* := Homg(—, R).
We moreover abbreviate S,(—; R) := S,(—) ®2 R, which is a functor from
topological pairs to (non-negative) chain complexes of R-modules.

DEFINITION 1.7.2. A (Z-)graded module is a chain complex H with trivial
differential, i.e. a family (H,,),cz of modules. Accordingly, morphisms of
graded modules are families ( f,,),,cz of linear maps; this defines a full sub-
category of Chy. As before, we put H" := H_,, and f" := f_,,. For an element
a € H" = H_,, we call n its cohomological degree.

To a chain complex C, we assign the graded module H(C) := (H,,(C)),,cz-
In that language, the transformation A from reminder 1.4.1 assembles into
a natural map of graded modules A: H(C) ® H(D) — H(C® D).

DEFINITION 1.7.3. For a topological pair (X, A), we write H, (X, A; R) and
H*(X, A;R) for the family of singular homology and cohomology groups,
respectively. Recall notation 1.3.3: We shall never use superscript indexing
for singular homology or subscript indexing for singular cohomology; this
makes these graded modules distinguishable.

Our goal is to construct, for two spaces X and Y and two modules M
and N, a natural map H*(X;R) ® H*(Y;R) —» H*(X x Y;R). For the first
part of such a map, we can take the transformation A from above; its target
is H(S.(X;R)*® S.(Y;R)"). We continue as follows:

CONSTRUCTION 1.7.4. For chain complexes C and D, we have a chain map
0:C*® D" — (C®D)" defined for a: C, —» Rand f3: D; — R as

Bla® pvew) = {é—l)Pq.(x(v)-ﬁ(w) ifveC,andw € D,

else.
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We shall fix the
coefficient ring below.

The case distinction is
necessary because we
only know that the
degrees of v and w
sum up to p+q.



B is of degree —q,
yet (—1)7P1 = (-1)P1.

AT:V.8.6

The theorem from last
term was stated for

R =7Z, but the proof
works for each ring.

We denote the free
R-module over
a set X by R(X).

a € H means a € H?
for some p € Z.

For symmetry reasons,
we could also have
assumed H,(X;R) to be
finitely generated in
each degree instead.

One might wonder why
we cannot employ the
algebraic Kiinneth
theorem from last term:
One reason is that
Hom(S.(X;R), M) and
Hom(S,(Y;R), N) are
not degreewise free.

REMARK 1.7.5. A convenient way to remember the signs that appear in our
formulee is the Koszul sign rule: Whenever two symbols of degree p and g
swap place, a sign (—1)P4 enters. Construction 1.7.4 contains an instance of
that rule: Here the symbols 3 and v swapped place, causing the sign.

In our topological case, 0 lands in (S.(X;R) ® S(Y; R))*. This is nearly
the complex we are interested in, but we need one further ingredient:

CONSTRUCTION 1.7.6. Recall that for two spaces X and Y, there is a natural
chain homotopy-equivalence EZ: S.(X; R)®S.(Y; R) — S.(X xY;R), called
Eilenberg-Zilber map. It admits a natural chain homotopy inverse,

AW: S, (X xY;R) — S.(X;R)®S.(Y;R),

which we call the Alexander- Whitney map. Note that AW is (up to natural
chain homotopy) uniquely determined by Hy(AW), which agrees (after con-
jugation with the isomorphism Hy(—; R) = R(my(-))) with the canonical
isomorphism R{7y(X xY)) — R{my(X)) ® R{my(X)).

DEFINITION 1.7.7. For two spaces X and Y, and two modules M and N,
we define the cohomological cross product a®b — a x b as the map

H*(X;R)® H*(Y; R) —2— H(S.(X; R)* ®S.(Y;R)*)

HO | H(S.(X;R) ®S.(Y;R)*)

AW, H* (X x Y3 R).
REMARK 1.7.8. Since all involved ingredients are natural, the cross product
is natural in all arguments. That means: If f: X — X' and g: Y —> Y' are
maps of spaces, then we have, for anya € H*(X’;R) and b € H*(Y';R):

(ffa)x(g*b)=(f xg)*(axb).

THEOREM 1.7.9 (Geometric Kiinneth theorem for cohomology). Let X
andY be spaces. If R is a principal ideal domain, both H,(X; R) and H,(Y; R)
are degreewise free, and H,(Y; R) is degreewise finitely generated, then

(=-)x(=): H*(X;R)® H*(Y;R) - H*(X XY;R)
is an isomorphism of R-modules.

REMARK 1.7.10. Theorem 1.7.9 is by far not the most general Kiinneth
theorem for cohomology, see e.g. [14, Thm. 5.5.11] for a version with signi-
ficantly weaker assumptions (resulting in a short exact sequence involving
some torsion products, as one would expect). Our Kiinneth theorem, how-
ever, is way easier to prove (see below), and is enough for our purposes: For
example, if Y is a finite cw complexes, then H,(Y;R) is finitely generated;
and if R is a field, then all R-modules are automatically free.
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Similar to last term, the geometric Kiinneth theorem (GxT) for cohomo-
logy follows from its algebraic counterpart (the AKT):

THEOREM 1.7.11 (Algebraic Kiinneth theorem for cohomology). Let R be a
principal ideal domain and let C, D be chain complexes over R. Assume that:
o Cand D are degreewise free,
H(C) and H(D) are bounded below,
H(C) and H(D) are degreewise free,
o H(D) is degreewise finitely generated.
Then H(B) o A: H(C*)® H(D*) — H((C® D)*) is an isomorphism.

Proof of the GKT assuming the AKT. Here we consider the chain complexes
C=S8.(X;R) and D = S,(Y; R). Both are degreewise free and non-negative,
and hence bounded below. The last two requirements of the AKT are also as-
sumed in the GkT. Thus, we can apply the AkT and obtain that H(6) o A is an
isomorphism. The last map in the construction of the cross product, namely
H(AW™), is an isomorphism since AW is a chain homotopy-equivalence
and the additive functor (-)* preserves chain homotopies. O

Proof of the AkT. Recall the Kronecker pairing kc: H(C*) — H(C)* from
construction 1.4.2. Then we have a commutative diagram

) p——
H(C*)® H(D*) —25 H(C*®D*)

~
~
~

KC®KD1 TS~ lH(GC,D)
~

H(C)*® H(D)* H((C®D)*)

eHC,HDl lKCQaD

(H(C)® H(D))* G (H(C®D))*

The dashed arrow is the one we are interested in. We show that all arrows be-
low the dashed one are isomorphisms, which then concludes the proof. First,
note that since C is degreewise free, we can apply the algebraic Kiinneth
theorem for C ® D, and since H(C) is degreewise free, all torsion products
vanish and we conclude that A¢ p, and hence A¢ p, is an isomorphism.

Secondly, we use that C and D are free, so we can apply the algebraic uct
for cohomology 1.6.9, and since H(C) and H(D) are degreewise free, all Ext
terms vanish and we conclude that k¢ and xp are isomorphisms. We note
that C® D is degreewise free as well, so we can again apply the algebraic
ucT for cohomology, now for C® D. Using that A¢ p is an isomorphism (as
we have seen before), H(C ® D) is degreewise free, so again all Ext terms
vanish. We conclude that xcgp is an isomorphism as well.

It remains to show that Oyc yp is an isomorphism. To do so, we use
that H(C) and H(D) are bounded below, so for each n € Z, there are only
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A graded module H is
called bounded below if
H, =0 for all but finitely
many negative n.

Commutativity of this
square requires a short
check, but is
straightforward.
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We use finiteness for the
second isomorphism: a
priori we have a product

on the right side.

In that case, H is called
a graded-commutative

R-algebra.

R has characteristic 2

ifand only if 1 =-1.

finitely many (p,q) € Z* with p +q = n, for which both H,(C) and H,(D)
are non-trivial. This shows that H(C) ® H(D) splits degreewise as a finite
direct sum of H,(C) ® H,(D), and under the natural isomorphisms

[H(C)*® H(D)*]" = € H,(C)*®Hy(D)",
p+q=n
[(HC)® H(D))*]" = P (H,(C)® Hy(D))*,
pt+g=n
the map Of;c yp splits as a finite direct sum (P, ,_,,(-1)7 - 0, 5, where 0, 4
takes a® B to v® w > a(v) - B(w). We show that 0, ; is an isomorphism
by constructing its inverse: Recall that H,(D) has a finite basis {wy, ..., w,}.
If {wy, ..., w,} denotes the dual basis, then the inverse of 6, ; is given by

ye Y p(e)ew)ew;. 0

i=1
1.8 THE CUP PRODUCT

Now we have all tools to define a multiplication on singular cohomology.
We start right away with the central definition:

DEFINITION 1.8.1. For a space X, we consider the diagonal Ax(x) = (x,x)
and define the cup product (=) — (=): H*(X; R)® H*(X;R) — H*(X;R) by

a—b:=Ax(axb).

The goal of this section is to study properties of the cup product and
to see the cup product in explicit examples. The structure we aim for is
summarised in the following definition:

DEFINITION 1.8.2. A graded R-algebra is a graded module H, together
with a morphism y: H® H — H, denoted by a®b +— a - b and called multi-
plication, and an element 1 € H 0 called unit, such that the following holds:
1. [Associativity] (a-b)-c=a-(b-c) for a,b,c € H;
2. [Unitality] 1-a=a=a-1fora e H;
It is called graded-commutative, if additionally the following holds:
3. [Graded commutativity] a-b = (-1)?1-(b-a) fora € H?,b € H1.
A morphism of graded R-algebras is a map ¢: H — H' of graded modules
such that ¢(a - b) = ¢(a) - ¢(b) and ¢(1y) = 1 holds.

EXAMPLE 1.8.3. For each integer d > 1 and each symbol a, to which we
assign the degree d, write |a| = d, we let R[a] be the graded module which
has a free generator a’ in each cohomological degree di with i > 0. Together
with the multiplication rule a' -a) = a™*J and the unit 1 = a°, it becomes
a graded R-algebra, called polynomial algebra. If either R has characteristic
2 or d is even, then R[a] is graded-commutative.
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EXAMPLE 1.8.4. As above, let a be a symbol with |a| = d. For each n > 0,
we let R[a]/(a™) be the graded module having a free generator a' in each
cohomological degree di for 0 < i < n. Together with the multiplication
a-al =ati fori +j<nand a'-al = 0 else, and the unit 1 = a°, it becomes
a graded R-algebra, called truncated polynomial algebra. If either R has
characteristic 2 or d is even, then R[a]/(a™*") is graded-commutative.
The algebra Ag[a] = R[a]/(a?) is always graded-commutative, without
any further assumption. It is called the exterior algebra generated by a.

We aim to use the cup product to discover such a structure on H*(X; R).
Thus, we better find a preferred class that serves as a unit:

CONSTRUCTION 1.8.5. Let X be a space. Recall the natural isomorphism
H°(X;R) = Map(my(X), R) from remark 1.6.7. We denote by 1x € H°(X;R)
the class that corresponds to the map taking each path-component of X to
1 € R. If X is path-connected, then H°(X;R) is generated by 1.

THEOREM 1.8.6. For each space X, the cup product and the unit 1x endow
the graded module H®*(X; R) with the structure of a graded-commutative
R-algebra, called the cohomology ring of X.

All three properties (associativity, unitality, and graded commutativity)
are proven very similarly. We refer to [8, Prop. 14.2.3] for associativity, and
focus instead on graded commutativity. We need the following lemma:

LEMMA 1.8.7. Fortwo spaces X and Y, let Ty x: Y x X — X XY be the map
with Ty x(y, x) = (x, ¥). Then we have, for a € HP(X;R) and b € H1(Y;R)

Ty x(ax b) = (~1)P1 - (bx ).

Proof of lemma 1.8.7. For chain complexes Cand Dlet7: C® D - D®C
be the chain map with 7(v @ w) = (-1)?1 - (wev) for v € Cpand w € D,.
Then one checks that the following diagram commutes:

TH(C*),H(D*)

H(C*) ® H(D*) H(D*)® H(C*)
X " H(tcx p*) . N
H(C*®D*) H(D*®C")
H(ec,D)j lH(ep,a
H *
H(CeD)") — 2 | H(DeC)").

Secondly, the following square of chain maps

S.(Ty x;R
S.(Y x X;R) TrxR)

AWy, Xl

S«(Y;R) ® So(X;R)

S.(XxY;R)
[

S¢(X;R)®S.(Y;R).

T5.(Y3R),S.(X;R)

17

Both algebras R[a] and
R[a]/(a™") are just
commutative, without
any sign entering. The
extra condtions ensure
that the ‘correct’ sign is
always 1.

Lecture 4

It would be more precise
say cohomology algebra
rather than cohomology
ring. However, for

R =Z, these notions are
identical.

The sign is truly
necessary for 7 to
be a chain map.

Only the lower square in
the diagram involves a
little sign check.



However, it does not
commute strictly. This
phenomenon is
exploited in the
construction of certain
cohomology operations,

called Steenrod squares.

‘Homotopy-invariant’
means f = f’ implies
H*(f;R)=H"(f";R),
which we already know

from proposition 1.3.5.

commutes up to natural chain homotopy as an application of the acyclic
models theorem (both maps S.(Y x X;R) — S.(X;R) ® S.(Y; R) induce the
canonical map R(my(X xY)) — R(mo(Y)) ® R(mo(X)) in Hy.)

If we apply the functor H((—)*) to the second diagram, it becomes strictly
commutative, and in combination with the first diagram (for C = S.(X; R)
and D = S.(Y; R)), we obtain a diagram that encodes exactly the formula
that is claimed in the lemma, namely:

H*(X;R)® H*(Y;R) —LURHEUD - prey: Ry @ H*(X; R)
l l O
H*(X xY;R) H*(Y x X; R).

Y,X

Proof of theorem 1.8.6. As said before, we content ourselves with showing
graded commutativity: Here we use that T x « Ax = Ax, where T x is the
map from lemma 1.8.7. Using the lemma (in the special case of Y = X), we
see, fora € HP(X;R) and b € H1(Y;R):

a—b=Ay(axb)
= AT x(axb)
= (~1)P1- A (bx )
= (-1)PM- (b - a). 0

As one might expect, associativity and unitality are shown by establishing
analogous statements for the cross product similar to lemma 1.8.7, such as
(axb)xc=ax(bxc)forae H*(X;R),be H*(Y;R),andc € H*(Z;R), and
then use properties of the diagonal, e.g. (idx x Ax) o Ax = (Ax xidx) o Ax.

PROPOSITION 1.8.8. Let f: X — Y be a map of spaces. Then H*(f;R) is a
morphism of algebras. Thus, H*(—; R) becomes a homotopy-invariant functor
from Top®? to the category of graded-commutative R-algebras.

Proof. The diagonal satisfies Ay o f = (f X f) o Ax, so by the naturality of
the cross product, we have, for each a,b € H*(Y; R),

f*(a-b)=f*Ay(axb)
=A% (f x f)*(axDb)
=Ax(frax f*b)
=f*a- f*b.
Using that H°(—; R) = Map(ry(~), R) is natural, f*1y corresponds to the

map 7y(X) — R given by precomposing [y] — 1 with 7y( f), and this map
sends each path-component of X to 1. This shows f*1y = 1x. O]
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EXAMPLE 1.8.9 (Cohomology ring of $%). For each d > 1, the graded mod-
ule H*(S%; R) has a single free generator a = a' in cohomological degree d,
and the unit 1 =: a° is a free generator in degree 0; all further components
are trivial. By unitality, we geta’ —a/ =a'*/ fori+ j<landa —a’ =0
else. Thus, each choice of generator a provides an isomorphism of algebras

H*(S%R) = Ag[al, la|=d.

Next, we would like to understand the cohomology ring of the spaces
SP x §1. This leads us to the following algebraic construction:

DEFINITION 1.8.10. Let G and H be graded-commutative algebras. Then
we endow G ® H with the structure of a graded-commutative algebra by

(a®b)-(a'®b'):=(-1)!1-(a-a" )& (b-b)
for b € HP and a’ € G1. The unit is given by 1gey = 16 ® 1.
EXAMPLE 1.8.11. For symbols a and b with |a| = p and |b| = g, we define
Ag[a,b] = Ag[a] ® Ag[b].

If we abbreviate the generators a® 1 and 1 ®b by a and b, respectively, then
the module Ag[a,b]?*1 is generated by their producta-b = (-1)?1- (b- a).

PROPOSITION 1.8.12. For any two spaces X and Y, the cross-product
H*(X;R)® H*(Y;R) - H*(X xY;R)
is a morphism of graded-commutative algebras.

Proof. If Txy: X xY — Y x X is as in lemma 1.8.7 (only with the réles of
X and Y interchanged), then we have commutative triangle

XXY

Ax V wy

XXXXYXY —— > XxYxXxY
XxTx yxY

This shows that for a,a’ € H*(X;R) and b,b’ € H*(Y;R), with a’ in degree
p> and b in degree g, we have

(axb)—(a'xb")=Ayxy(axbxa' xb")
= (Ax xAy)*(ax Ty y(bxa') xb')
2 (=1)P1. (Ax x Ay)*(axa'xbxb')
2 (-1)P-Af(axa')x AL (bxb')
=(-DP.(a—a)x(b-0b").
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Here we also use the
aforementioned
associativity law for
the cross product.

1: The above triangle
2: Lemma1.8.7
3: Naturality of x



Any non-trivial P1D
instead of Z would

suffice here.

Here R can be any ring.

To show that 1y X 1y = 1xxy, let * be the one-point spaceand lettx: X — =
be the terminal map for each X. Then we have 1y =tx1, for each space.
Finally, we have txy = tx X ty, and so by naturality of the cross product

1X><1y:t)*(1* Xt{;l*z(txxty)*l* zt)*(xyl*:lxxy. ]
EXAMPLE 1.8.13 (Cohomology ring of S x §9). For p,q > 1, recall that
(=) x(=): H*(S’;R)® H*(S%;R) — H*(SP x ST;R)

is a morphism of graded-commutative algebras by proposition 1.8.12, but
also an isomorphism of graded modules by theorem 1.7.9 if R is a principal
ideal domain, since H,(S?; R) and H,(S%; R) are degreewise free and finitely
generated. In combination with example 1.8.9, we hence get

H* (8P x ST, R) = Ag[a,b], lal=p,|bl=q.

COROLLARY 1.8.14. Foreach p,q > 1 and each map f: SP*1 — SP x 89, the
induced map H"(f;R) is trivial for n > 0 if R is a principal ideal domain. In
particular, SP x 81 is not homotopy-equivalent to the bouquet SP v §9 v SP*1.

We point out that this last conclusion is new to us, since H,(S? x S7; R)
and H,(SP v 81V §P*9; R) are isomorphic as graded modules.

Proof. Such a map can only be non-trivial in degree p + . However, the
module HP*(SP x S%; R) is generated by a — b, where a and b are as in the
previous example. Then f*a = 0, just because H? (SP*%; R) = 0, and hence

ffa=b)=fa= f'b=0— f*b=0.

For the addendum, note that the inclusion f: S¥*1 — S v 89V §P* has a
left-inverse by collapsing SP and S$7, and hence induces a surjective (and
hence non-trivial) map in HP*9(—; Z). O

OUTLOOK 1.8.15. We will show in corollary 2.4.2 that

H*(RP%; Z,) = Z,[a)/(a®)), lal =1
H*(CP%R) = R[a]/(a™),  |al=2

This then shows for example that CP? is not homotopy-equivalent to S* vV S*.
1.9 PRODUCTS IN RELATIVE COHOMOLOGY

One might wonder whether the construction of the cup product extends
to relative cohomology. Under certain extra conditions, this is indeed pos-

sible, and this is what this last section is about. A motivating goal for this
endeavour is the following statement:
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PROPOSITION 1.9.1. If X is the union of two open acyclic subsets, then all
cup products of elements of non-zero degree inside H*(X; R) vanish.

COROLLARY 1.9.2. If X is homotopy-equivalent to the suspension of a space,
then all cup products of elements of non-zero degree inside H*(X; R) vanish.

Proof. Each suspension can be covered by two open cones. O]

COROLLARY 1.9.3. For p,q > 1, the space SP x $1 is not homotopy-equivalent
to the suspension of a space.

Proof. We saw H*(S? x 8%;R) = Ag[a,b] with |a| = p and |b|] = g, and so
a— b #0, even though a and b have non-zero degree. O

We prove proposition 1.9.1 at the end of this section. A main ingredient
for that is the aforementioned relative cup product, which we construct
now. In order to save space, we fix a commutative ring R once and for all,
and write S, (—) := S.(—; R) for the scope of this section.

DEFINITION 1.9.4. Let (X, A) and (Y, B) be topological pairs. We define
(X,A)x(Y,B) =(XxY,AxY UXxB).
Our goal is to compare S.(X, A) ® S.(Y, B) with S.((X, A) x (Y, B)).
CONSTRUCTION 1.9.5. Since S,(—,—) = S.(=)/S.(-), we have

Se(X)®S.(Y)

S A) @SV B) = S (1) +5.(X) 95.(B)°

Because of its naturality, the Eilenberg-Zilber map sends the subcomplex
Se(A) ® So(Y) to the subcomplex S.(A xY), and similarly S,(X) ® S.(B) to
Se(X x B). The same holds the other way round for the Alexander-Whitney
map, and so we get a pair of maps

S.(X,A)®S.(Y,B) —= S.(X x¥)
o o AW S,(AXY)+S,(X xB)

()

Since also the chain homotopies that exhibit the ‘absolute’ Eilenberg-Zilber
and Alexander-Whitney maps as chain homotopy inverses of each other are
natural, they descend to chain homotopies showing that the above induced
maps are chain homotopy inverses of each other.

The right side of (x), however, is not yet quite the singular chain complex
of (X, A) x (Y, B). The subcomplex S, (A xY) + S.(X x B) is contained inside
the subcomplex S.(A XY U X x B), and hence we get a quotient map

S (X xY)

T Ax) 18 (XA X)),
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A space is called acyclic
if its reduced homology
is trivial in all degrees.
All contractible spaces
are acyclic.

Recall that we wrote
S.(—;R) for S.(-)®z R.

Recall that ®
abbreviates ®g.



This lemma is the main
ingredient for the proof
of the relative Kiinneth
theorem in homology, as
stated in AT:v.8.4:2.

AT:II1.8.5

Through the universal
coeflicient theorem
(over the ring Z as in
the proof of excision),
lemma 1.9.6 implies that
H(mr™) an isomorphism.

Ax(X)

The tensor product of
two surjective maps is
again surjective.

LEMMA 1.9.6. If{AXY,X x B} is a cover of AxY U X x B, then i induces
an isomorphism in homology.

Proof. Call that cover 4. Then the subcomplex SZ(AxY UX x B) spanned
by A-small simplices (as in the proof of excision) is precisely the subcomplex
Se(AxY)+S.(X x B). By the locality principle, the inclusion

Se(AXY)+Se(X xB) = S.(AxY UX xB)
induces an isomorphism in homology. Now the claim follows as an applica-

tion of the five lemma, which we leave as an exercise. O

We point out that if both A € X and B CY are open, then {A XY, X x B}
is automatically a cover of A xY U X x B. Moreover, if either A or B is empty,
then {A XY, X x B} is trivially a cover (in that case 7 is just the identity).

CONSTRUCTION 1.9.7. Let (X, A) and (Y, B) be pairs of spaces such that
{AXY,X x B} is a cover of AxY UX x B. We define the cross product

(=) x (=): H*(X, A; R) @ H* (Y, B; R) — 2 H(S.(X, A)* ®S.(Y,B)")
H(0) H((S.(X,A)®S.(Y,B))*)

* S.(XXY) ®
H ((S.(A><Y)+>;.(X><B)) )

H*((X,A) x (Y, B);R)
CONSTRUCTION 1.9.8. Let A, B € X be subspaces such that {A x X, X x B}

is a cover of A x X U X x B. Using that the diagonal Ax is a map of pairs
(X,AUB) — (X, A) x (X, B), we define the cup product

H(AW™)

H(n*)—l
_—_

(=)~ (=): H*(X, A;R)® H*(X, B;R) ——— H*((X, A) x (X, B); R)
— %, H*(X,AUB;R)
In the case of A, B = &, this recovers the old definition of the cup product.

Proof of proposition 1.9.1. Let U,V C X be open and acylic with X =U U V.
Then {U x X, X x V} is a cover of U x X U X x V, and by the naturality of
the cup product, we get a commutative square for each p,q € Z

HP(X,U;R)® H1(X,V;R) —— HP™(X,UUV;R)

1inc*

H?(X;R)® H1(X;R) ————— HP™(X;R),

inc*®inc* 1

where each inc denotes an inclusion. The right top corner H PY(X, UUV;R)
is trivial as U UV = X, so in order to show that the bottom map is trivial, it
suffices to show that the left vertical map is surjective. Here we use that U
and V are acyclic, so H? (X,U; R) —» HP(X;R) and H1(X,V;R) —» H1(X;R)
are surjective for p,q # 0 by the long exact sequence for pairs. O
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POINCARE DUALITY

In this chapter, we study the singular homology and cohomology of a partic-
ularly well-behaved class of spaces: manifolds. Recall (e.g. from the lecture
course on Elementare Geometrie) that a d-dimensional manifold is a second-
countable Hausdorff space M admitting a cover by open subspaces that are
homeomorphic to R?. We have seen plenty of examples of manifolds: For
each d > 0, the spaces R%, $¢, T, and RP? are d-dimensional manifolds,
and the space CP? is a 2d-dimensional manifold.

Throughout this chapter, we fix a commutative ring R # 0. The central
goal of this chapter is to show that for any compact d-dimensional manifold
M, each orientation (over the ring R) induces a family of isomorphisms
H"(M;R) — H;_,(M; R); this phenomenon is called Poincaré duality. One
reason why this is interesting for us is that it will enable us to calculate the
cohomology rings of CP? (over each ring) and of RP? (over Z,).

2.1 ORIENTATIONS

As mentioned before, the isomorphisms that constitute Poincaré duality are
induced by a so-called orientation of the manifold, and we have to define
what that means. In the lecture course on Elementare Geometrie, you have
encountered the notion of orientation for smooth subsurfaces of R*. We
however need a definition that works in each dimension and is phrased in
homological terms. Hence we translate the old definition into our language:

IDEA 2.1.1. Recall that an orientation of a smooth subsurface M c R? is a
smooth map n: M — R3 with ll7(x)ll = 1 and (x) L T,,M for each x € M.

Using the ‘right-hand rule’ that is depicted on the margin, we can give
the following alternative definition: If we pick a small disc D, ¢ M around
x € M, with boundary S, then the normal vector #(x) determines - and is
determined by - a direction of rotation for the circle S,, which is the same
as a choice of generator for H;(S,). Note that we have morphisms

H,(S,) — Hy(Dye~ {x}) <2 Hy(Dy, Dy ~ {x}) —> Hy(M, M~ {x}),

all unlabelled arrows being induced by inclusions. One checks that all three
morphisms are isomorphisms, so a choice of generator of H;(Sy) is the
same as a choice of generator of H, (M, M ~ {x}).

Thus, an orientation is the same as a family (g, ),ep Of generators of
H, (M, M ~ {x}) that is ‘continuous’ in a reasonable sense. This definition
has two advantages: First, it is independent of how M lies inside R3; and
second, it can easily be generalised to manifolds of arbitrary dimension.
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Lecture 5

It might be quite
instructive to check
for which of the
aforementioned
manifolds the abelian
groups H" (M) and
H,_,(M) are abstractly
isomorphic for all n.

1(x)

The right-hand rule:
Here the straight arrow
represents the thumb
and the circle represents
the remaining fingers.

To make the analogy
precise, we should say
‘smooth’ instead of
‘continuous. However,
we do not require a
smooth structure in the
following discussion.



Classes in H,,(X|,) are
represented by chains in
X, but when it comes to

the differential, we
restrict our attention

to the subspace A.

It might be a good
exercise to show that
this is indeed an

instance of excision.

Here we use that M is
Hausdorf, so that the

subset {x} is closed.

There is a topology on
U, ep Ha(MI,5 R) such
that condition 2 is
equivalent to the
continuity of the

assignment x i (4.

The same works

for each Lie group.

In the remainder of this section, we turn that idea into a precise definition.

NOTATION 2.1.2. Let X be a space. For each subspace A € X, we write
Xla = (XX~ A).

For each B € A, we have an induced map pg: H,(X|4;R) — H,(X|5;R),
called restriction. For each x € X, we abbreviate X|, := X|(,}, and py = piyy
We call H,,(X|; R) the n™ local homology of X at x.

REMARK 2.1.3. Let X be a space and let A C U ¢ X be subspaces. Then
we have an inclusion map U|4 — X|4. The excision property tells us that
if A ¢ U holds, then the induced map H,(Uls;R) — H,(X|a;R) is an
isomorphism for each n € Z.

LEMMA 2.1.4. Let M be a d-dimensional manifold. For each x € M, the
R-module H,,(M|,;R) is isomorphic to R for n = d and trivial else.

Proof. We start by noting that the statement is true for M = R? and x = 0,
because H,,(IR%|o; R) is isomorphic to H, ;(R? < {0}R) by the reduced
long exact sequence for R%|, and R? ~ {0} is homotopy-equivalent to $9*.

In the general case, we find an open subspace U € M with x € U and a
homeomorphism ¢: U — R with ¢(x) = 0. Then ¢ induces an isomorph-
ism of pairs U], — R?|y, and so we have the following maps

UcM H, (</5 R)

H,(M|;R) ——— H,(Ul,sR) ——=— H,(R|o;R).
Finally, we note that {x} = {x} U = U holds, so by excision (in the form
of remark 2.1.3), the left map is an isomorphism as well. O

DEFINITION 2.1.5. Let M be a d-dimensional manifold. An R-orientation
of M is a family p == () xepr of elements p,. € Hy(M|; R) such that:
1. For each x € M, the class py, generates H;(M]|,;R).
2. There is an open cover U of M and a class yy € Hy(M|y; R) for each
U € U such that y, = p,(uy) holds for each x e U.
The second property is often called continuity of the family u. If M admits
an R-orientation, then we say that M is R-orientable.

EXAMPLE 2.1.6 (Orientation of ]Rd). We construct an R-orientation on R?
as follows: Let g, € H;(R%|o; R) be some generator. For each point x € RY,
the translation map 0,: z — z + x can be regarded as an isomorphism of
pairs R%|, — R¥|, and we put p, == Hy(0,; R) (o) € Hy(RY|,;R).

Proof. For each x € RY, the class p, is again a generator because 0, is an
isomorphism of pairs. We are left to check continuity. To do so, we cover
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R4 by open balls of the form {x € R? : ||x|| < 7} with 7 > 0. For each such
ball B, the inclusion map R? ~ B — R? ~ {0} is a homotopy-equivalence, so
the restriction py: H;(R%|5;R) — H;(R%;R) is an isomorphism by the
five lemma, and we define pp = p’1 (po). For each x € B, the inclusion of
pairs RY|5 — RY, is homotopic to the inclusion R4z — R%|, followed by
the translation map 0,, as witnessed by the homotopy #(z) = z + s - x. This
finally leads to the chain of equalities

pr = Hg(0,; R) (o) = Ha(0.; R)(po(p)) = px(1B). O

The R-orientation in example 2.1.6 involves a choice of generator py. One
might wonder if we find all orientations by varying that single choice. The
answer is given by the following more general proposition:

PROPOSITION 2.1.7. Let M be a connected d-dimensional manifold. Then
each R-orientation u defines a bijection between the set R* C R of invertible
scalars and the set of R-orientations of M by takingr € R* to (r - iy ) xeM-

Note that this bijection requires the existence of an R-orientation. Put
differently, a connected manifold either has no orientation at all, or precisely
as many orientations as R has invertible elements. Proving proposition 2.1.7
is exercise 4.2 and requires the following lemma, which states that from a
homological perspective, points can be replaced by arbitrarily small balls:

LEMMA 2.1.8. Let M be a d-dimensional manifold and let x, € M. For each
neighbourhood W of x,, we find an open neighbourhood B of x inside W
such that p,.: Hy(M|p; R) — Hy(M|,;R) is an isomorphism for each x € B.

Proof. We start by noting that the statement is true for M = R? and x¢ = 0
because every neighbourhood W around 0 contains an open ball B around 0,
and R?|3 — R%|, induces an isomorphism in homology for each y € B by
the same five lemma argument as in example 2.1.6. The rest of the argument
is an application of excision as in the proof of lemma 2.1.4. O]

In the case of R = Z, proposition 2.1.7 tells us that each connected mani-
fold M has either no Z-orientation or precisely two (due to the fact that Z
has two invertible scalars, namely 1 and —1). In the case of R = Z,, we can
use that Z, has only one invertible scalar to provide a stronger statement:

PROPOSITION 2.1.9. Each manifold has precisely one Z,-orientation.

Proof. Call that manifold M. Then each H;(M|,; Z,) is isomorphic to Z,
and thus has precisely one generator, which we call .. We show that the fam-
ily (4x) xenm is continuous: By lemma 2.1.8 we find an open neighbourhood B
around any point x, such that such that p,.: H;(M|p;Z,) — Hy(M|,;Z,)
is an isomorphism for each x € B.If we set i == p! (4, ), then each p, (yyy)
is a generator of H;(M|; Z,), and hence must agree with y,.. Doing this
for each x; € M, we arrive at the desired cover. O

25

If z ¢ B, then #,(2) # x.

Note that we have to
assume that M is
connected. For us, this
includes the assumption
that M is non-empty.

Here the neighbourhood
W mentioned in
lemma 2.1.8 is M itself.



1z is the unit in R.

Here we use the symbol
py for the restriction
maps in both

H,(-) and Hy(—;R).

In particular, each manifold is orientable with respect to the ring Z,.
On the other side of the spectrum, orientability with respect to the ring Z
implies orientability with respect to each other commutative ring:

REMARK 2.1.10. If  is a Z-orientation of a d-dimensional manifold M,
then (A(¢y ® 1r))xen is an R-orientation, where A: Hy(—) ®z R — Hy(— R)
is the natural map from the universal coefficient theorem. Thus, if M is
Z.-orientable, then M is R-orientable for each R.

We therefore call M just orientable if M is Z.-orientable, and use the word
orientation when referring to a Z-orientation.

Proof. For each x € M, the homology group Hy_; (M|, ) is trivial by virtue
of lemma 2.1.4, and so the map A: Hy(M]|,) ®z R — Hy(M]|,;R) is an iso-
morphism by the universal coeflicient theorem. This shows that A(y, ® 1g)
generates H;(M]|,; R) for each x. We show continuity as follows: Let U and
(Hu)ueu be a witness that y is continuous. By naturality of A, we get, for
each U € U and each x € U, the equality

Px(A(uy ® 1r)) = Mpx(uy) ® 1r) = Ay ® 1g). O

EXAMPLE 2.1.11 (Orientation of $%). For each d > 1, recall that H;(S% R)
is isomorphic to R. Moreover, the restriction p,: H,(8%R) — Hy(8%;R)
is an isomorphism for each x € S¢. Therefore, each choice of generator
[$%] € Hy(S%;R) gives rise to an orientation y of §% with Ysx = px([Sd]).

Proof. For each x € $%, the subspace $¢ ~ {x} is homeomorphic to R? by a
stereographic projection, and hence contractible. By inspecting the reduced
long exact sequence for the pair $9|,, and using that Hy = Hy asd > 1, we
conclude that p,: H;(S8%R) — H;(8%,;R) is indeed an isomorphism.
This shows that each y, is a generator of H;(8%,;R). Continuity is
satisfied by construction: Let U := {S%} and pga = [S?], then py = py(thga)
holds for each point x € §%. O]

Example 2.1.11 can easily be adapted to the manifolds T and CP¢, using
that Hd(Td ;R) and sz((CPd; R) are isomorphic to R. This will be studied
more systematically in the next section.

2.2 THE FUNDAMENTAL CLASS

In example 2.1.11, we saw that each orientation on S is induced by a gener-
ator of H;(S%; R). This is not the case in example 2.1.6, where H;(R%R) = 0.
The essential difference between these two examples is that $¢ is compact
and R? is not. This leads us to the following central theorem of this section:
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THEOREM 2.2.1. Let M be a d-dimensional manifold with an R-orientation
p. If M is compact, then there is a unique homology class [M] € H;(M;R)
such that p, = p,([M]) holds for each x € M.

When it comes to terminology, here is a word of warning: One often
considers a more general notion of manifolds, which are allowed to have
‘boundary’ In that context, ‘compact manifolds without boundary’ (the
manifolds theorem 2.2.1 is about) are usually called ‘closed manifolds.

DEFINITION 2.2.2. The unique homology class [M] € H;(M;R) from
theorem 2.2.1is called the fundamental class of M.

Theorem 2.2.1 is a special case of the following statement, which we will
need in that generality during the proof of Poincaré duality:

PROPOSITION 2.2.3. Let M be a d-dimensional manifold with an R-orien-
tation . Then for each compact subset K C M, there is a unique element
px € Hy(M|k; R) such that u, = p,(ux) holds for all x € K.

The proof of proposition 2.2.3 requires the following relative version of
the Mayer-Vietoris sequence, which has not been discussed last semester:

PROPOSITION 2.2.4 (Relative Mayer-Vietoris). Let X be a space and let
A, B € X be subspaces such that {A, B} is a cover of AU B. Then we have a
long exact sequence of R-modules (abbreviating H, := H,(—; R))

e H (X A)® Hy(X.B) 5 H,y(X,AUB) D

C mxans i Hu(X A @ H,(XB) ———— -
Terly

where all instances of 1 and j are inclusions of pairs. We similarly have a long
exact sequence in cohomology with all arrows inverted.

Proof. Writing S, := S.(—; R), we have an exact sequence of chain complexes

S.(X)
S.(A) +S.(B)

0- S (X,ANB) > S.(X,A)®S.(X,B) — ,
the first map given by ¢ — (¢, ¢) and the second map given by (c,c’) - c—c’.
The last term of the above sequence projects onto S.(X, A U B), and since
{A, B} is assumed to be a cover of A U B, the locality principle and the five
lemma tells us that this projection induces an isomorphism in homology.
If we conjugate the long exact sequence induced by the above short exact
sequence with that isomorphism, we obtain the desired exact sequence.
To obtain the long exact sequence in cohomology, we note that the above
short exact sequence is degreewise split since S,,(X)/(S,,(A) + S,(B)) is a
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D? is a ‘manifold with
boundary’, but not
a manifold for us.

»geschlossen, not
»abgeschlossenc.

Keep in mind that the
fundamental class does
not only depend on M,
but on the choice of
R-orientation.

Exactness follows from
S.(ANB) =S,(A)NS.(B)
and the general fact that
for an R-module L and
submodules P,Q C L,
the diagonal map

L— L/Pe®L/Q has
kernel PNQ and
cokernel the difference

%ro]ectlon to L/(P+ Q).
his is the same

argument as in
lemma 1.9.6.



Lecture 6

The claim about H,,. is
needed in the inductive

proof of the lemma.

Since M is locally
euclidean, we can cover
M by open balls B such
that each B is contained
insome U € U. Then K

is covered by finitely
many subsets of the
form BN K, and the
closure of each of them
is compact and

contained in some U.

M|, N Mlg, = M|y,

We apply lemma 2.2.5 to

the compactum LN K.

This means P takes a
subset of X and returns

either ‘true’ or ‘false’

free R-module, generated by all singular simplices that do not entirely lie in
A or in B. Thus, if we apply (-)* = Hompg(—, R) to the sequence, we obtain
a long exact sequence by remark 1.2.6.

Denoting the above projection by 7y, it remains to see that 7z induces
an isomorphism in homology. Here we use that 1z = 17 ®7 R, so under the
natural isomorphism Homg((—) ® R, R) = Homy(—, R) from corollary 1.1.7,
iy is identified with Homz (71, R). Now the claim follows from the uni-
versal coefficient theorem (over Z) and the five lemma. O

LEMMA 2.2.5. Let M be a d-dimensional manifold and let K € M be a
compact subset. Then the following holds:

A. Hy(M|g;R)=0forn>d.

B. The map (px)xex: Ha(M|g;R) — ], x Ha(M|y;R) is injective.

Proof of proposition 2.2.3 assuming lemma 2.2.5. By the continuity of y, we
find an open cover U of M and classes py € Hy(M|y; R) for each U € U
such that y, = p,(4y) holds for each x € U.

As K is compact, we find a finite cover K = K; U --- U K, such that each
K; is compact and contained in some U; € U, and we put uk, = px, (¢u,)-
The goal is to ‘amalgamate’ all of them to pk. This is done inductively: For
afixedr <mlet L:= K; U---UK,_; and assume yy € H;(M]|r;R) such that
Yk, = Pk, () holds for each i < r. Because M ~ L and M ~ K, are open, the
Mayer-Vietoris sequence 2.2.4 for M|;ng, = M| U M|, tells us that

Hy(Mlpuk,; R) = Ha(Ml1; R) ® Hy(M|k, ;s R) = Ha(Mlpak, s R)

is exact. The second arrow takes (ur, px.) to prax, (4r) — prak, (Uk, ). For
each point x € L N K,, we see that p,prak, (Ur) = tx = pxpLak, (Uk,)> SO
lemma 2.2.5:B tells us that the above difference is 0. By exactness, we find
a class pruk, € Ha(M|ruk,; R) with pr(pruk,) = pr and pg, (pruk,) = dx, -
This concludes the induction step, and after finitely many steps, we reach
px - Finally, the uniqueness of py follows directly from lemma 2.2.5:8. [

The proof of lemma 2.2.5 relies on the following inductive principle:

LEMMA 2.2.6 (Subset induction). Let X be a set and let A C 2% be a set of
subsets of X. Let P be a claim about subsets of X and assume that:

o P holds for each A € A.

o If P holds for A, B, and AN B, then P holds for AU B.

o Wehave & € A, and if A,B € A, then ANB € A.
Then P holds for finite unions of subsets that belong to A.

Proof. We proceed by induction over the size r of the union. Here the case
r =0 holds true since & € A. For the induction step, assume that P holds
for unions of size r — 1. If Ay, ..., A, € A4, then P holds for A, € 4 and for
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B:=A,U---UA,_; by the induction hypothesis. Moreover, each A, N A;
is an element of 4, so again by the induction hypothesis, P holds for the
union | J/Z] A, NA; = A, N B. By the second assumption, it follows that P
holds for A, UB=A; U---UA,; this concludes the induction step. O

Proof of lemma 2.2.5. We proceed in five steps as follows:
1. The claim holds for M = R? if K is convex.
2. If the claim holds for K,L € M and K N L, then it holds for K U L.
3. The claim holds for M = R? and K a finite union of convex sets.
4. The claim holds for M = R and general K.
5. The claim holds for general M and K.

Step 1: Applying a translation if necessary, we may assume that K contains
0, and we show that the inclusions of pairs RY|x — RY|, induces isomorph-
isms in homology, which already shows the claim. In order to do so, we
note that since K is bounded, we may assume that K lies inside the open
unit ball. We then have, for each n € Z, a commutative diagram

, HaDsR) —— Hy(R| R)
H, (D, R) | |
H,(D%0;R) —— Hu(R%|o; R),

where all maps are induced by inclusions. As the two horizontal arrows
in the square are isomorphisms by excision, it suffices to show that the
middle vertical map is bijective. As the lower diagonal map in the triangle
is bijective, we only have to show that the upper diagonal map is bijective.

This, however, follows by the five lemma from the fact that the inclusion
§971 ¢ D4 \ K is an equivalence, as witnessed by the deformation retraction

ps(x)=(1-5)-x+s- —
Il

x
I
Step 2: Since M~ K and M ~ L are open, we have a Mayer-Vietoris sequence

2.2.4 which for each n € Z in particular provides an exact sequence

H, .1 (M|knr; R) = H,(M|gurs R) = H,(M|g) ® H, (M]|L; R)

If n > d, then H,,(M|gyr; R) is surrounded by trivial modules and hence
itself trivial. In the case n = d, we see that since Hy,; (M|gnr; R) is trivial, the
map Hy(M|kur; R) = Hg(M|g; R) ® Hg(M|; R) taking u to (px (), pr.(u))
is injective. Hence, if u # 0, then either px (1) # 0 or py(u) # 0, and hence
we find a point x either in K or in L, i.e. in K U L, such that p, (1) # 0.

Step 3: Using that intersections of convex and compact subsets are again
convex and compact, this step follows by subset induction 2.2.6, where steps
1and 2 cover the first two assumptions of this inductive principle.
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If K is empty, then the
claim holds because
H,(M|;R) =0 for all n.

Here we use that K is
convex to ensure that if
x ¢ K, then 7,(x) ¢ K
for each s € [0,1].

Here we use that we
prove A and B at the
same time.



Balls are convex.

This holds for any point
y € B;, again because
R\ B; H]Rd\{y} isa
homotopy-equivalence.

Exercise 5.4 in AT.

L
B, B,

This part of the proof of
proposition 2.2.3 did not
use the lemma at all.

We do subset induction
for the set of compact
subsets of K that lie in
some U € U.

The superscript B
indicates that the source
of the restriction is

H;(M|g;R).

Step 4: The goal is to show that for each u € H,,(R%g;R), we find a finite
union B 2 K of closed balls By, ..., B, with BN K # & for each i, and a
class i € H,(R%|3; R) with u = P (1). Then we can use step 3 to see that
for n > d, we have Hn(leIB;R) =0, and so u = 0. Secondly, if n = d and
u # 0, then 71 # 0, so by step 3, there is an i and an x € B; with p, (&) # 0.
This shows that pg (i1) # 0. Since B; N K # &, we find a point y € B;N K,
and because p, : H;(RY| B> R) — Hy (R4 ly; R) is an isomorphism, it follows
that p, (u) = p, px (1) = py pp, (%) is non-trivial as desired.

We still have to construct B and ii. To do so, recall that u is represented by
a chain ¢ € S,(R%) ® R such that dc € S,,_; (R? ~ K) ®, R. Therefore, we
can find singular simplices oj: A" — R \ K and scalars a; € R such that
dc= Z ,0j®a;. Then L= Ur , im(0;) is a finite union of compact subsets,
and so U RY \ L is open. Around each x € U, we find an open ball such
that its closure is contained in Uj; this constitutes an open cover of U. The
compactum K < U is covered by finitely many such balls, whose closures we
call By, ..., By, and we put B:= By U --- U By € U. We can assume that each
B, intersects K non-trivially; otherwise we just omit that ball. By definition
of L, the chain dc even lies in S,,_; (L) ®7 R S,,_; (R* ~ B)® R, and so ¢
even represents a class i1 € H,(R%[3;R), satisfying px (1) = u as desired.

Step 5: 'We find an open cover U of M by subsets homeomorphic to R?. As
in the proof of proposition 2.2.3, we cover K by finitely many compact sub-
sets Ky, ..., K, each of which lying inside some U € U. It then follows from
excision and step 4 that the claim holds for each K;, and it follows by subset
induction 2.2.6 and step 2 that the claim holds for K =K, U---UK,. [

In the remainder of this section, we discuss the case where M is a compact
and connected d-dimensional manifold.

PROPOSITION 2.2.7. Let M be a compact and connected d-dimensional
manifold with an R-orientation y. Then Hy(M; R) is freely generated by the
fundamental class [M], in particular isomorphic to R as an R-module.

LEMMA 2.2.8. Let M be a compact and connected d-dimensional manifold.
Then for each x € M, the map p,: Hy(M;R) — Hy(M|,; R) is injective.

Proof of lemma 2.2.8. Let u € Hy(M;R) with p,(u4) = 0. Moreover, let S be
the set of all points y € M such that p,(u) = 0. It is our goal to show that
S = M; then we can apply lemma 2.2.5:B to conclude that u = 0.

To do so, we note that each y is contained in some small ball B as in
lemma 2.1.8. For each z € B, the restriction pZ: H;(M|p; R) — Hy(M]|,;R)
is an isomorphism and we have p,(u) = pf (pﬁ )_lpy(u). This shows that
yeSifandonlyif BC Sand y € M~ Sifand only if BC M\ S, in other
words: both § and M \ S are open. Since M is connected and S contains at
least one point (namely x), it indeed follows that S = M. O
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Proof of proposition 2.2.7. For each point x € M, the restriction morphism
H;(M;R) —» Hy(M];R) is injective by lemma 2.2.8. As it takes [M] to the
generator (i, it is also surjective and therefore an isomorphism. This shows
that Hy(M;R) is freely generated by [M]. O

PROPOSITION 2.2.9. Let M be a compact, connected d-dimensional mani-
fold. If R has no zero divisors, then the following statements are equivalent:
1. M is R-orientable.
2. H;j(M;R) is isomorphic to R.
3. Hy(M;R) is non-trivial.

Proof. Statement 1 implies statement 2 by proposition 2.2.7, and statement
2 implies statement 3 because R was assumed to be non-trivial. It remains
to show that if H;(M;R) is non-trivial, then M has an R-orientation.

To do so, fix a point y € M, a generator Yy € Hd(MIy;R), and a non-
trivial class u € Hy(M; R). By lemma 2.2.8, p,: Hg(M; R) — Hg(M|,; R) is
injective, so p,, (1) is again non-trivial. We hence find a non-trivial scalar
r € Rwith p, (u) = r- p,. Next we consider the subset S of all x € M such that
there is a generator p, € Hy(M|y; R) with p,(u) = 7 - pi,. By an argument
similar to the one in the proof of lemma 2.2.8, it follows that § = M.

Choosing for each x € M a generator y, with p,(u) =r - y,, we obtain
a family p = (4x)xepm, of which it remains to check continuity. To do so,
we pick for each point x, € M a neighbourhood B as in lemma 2.1.8 and
we put pp = py) (1y,) € Hg(M|g;R). Then py (r- pp) =1+ piy, = px, pp(t4),
and hence r - ug = pp(u), implying that r - p,(ug) = px (1) = r - y,, holds for
each x € B. This equality takes place in H;(M]|,; R) = R, so since r # 0 and
R has no zero divisors, it follows that p, (4p) = py. O]

REMARK 2.2.10. The condition that the ring has no zero divisors is truly
necessary for proposition 2.2.9 to hold: RP? is a compact and connected
2-dimensional manifold, but H,(IRP?; Z,) is isomorphic to Z, i.e. neither
trivial nor isomorphic to the ring Z,.

EXAMPLE 2.2.11. Recall that the compact and connected d-dimensional
manifold RP? satisfies H;(RP%) = Z if d is odd and H;(RP%) = 0 if d is
even. Hence RP? is (Z-)orientable if and only if d is odd.

In contrast to that, H;(RP%; Z,) = Z,, regardless of the pairity of d. This
is not surprising, as each manifold is Z,-orientable, see proposition 2.1.9.

2.3 THE CAP PRODUCT

To establish the desired isomorphisms H" (M) = H;_,,(M), we need maps
between cohomology and homology. Here we use that the cohomology of a
space acts on its homology via the cap product. It is constructed as follows
(again we abbreviate S, := S,(—; R), ® := ®g, and (-)* := Homg(—, R)):
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As M is connected, we
have in particular
M+ Q.

R has no zero divisors if
r-s =0 implies that

r =0 or s = 0 holds. This
is e.g. satisfied by Z, Q,
and Z, for p a prime.

This can be seen by the
universal cofficient
theorem.
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As in construction 1.4.2,

Ris regarded as a chain
complex concentrated in

degree 0.

As in reminder 1.4.1, A

takes [v] ® [w] to [vOwW].

Here we use that
R®S.(X) is canonically

isomorphic to S,(X).

The augmentation takes
each path component of
X totheunit1 eR.

CONSTRUCTION 2.3.1. Let X be a space. Using the diagonal map Ay, the
Alexander-Whitney map AW: S,(X x X) — S.(X) ® S.(X), and the evalu-
ation ev: S.(X)* ® S.(X) — R, we define the cap product as

(=) ~ (=): H*(X;R) ® Hu(X; R) —2—— H(S.(X)* ® S.(X))

SR, HS.(X)" ©5,(X x X))

H(id®AW) H(S.(X)* ®S.(X)®S.(X))

H(ev®id) H, (X,R)
Due to the negative grading of cohomology, the cap product is degreewise
of the form H*(X;R)® Hy(X;R) —» H;_,,(X;R).

PROPOSITION 2.3.2. The cap product enjoys the following properties:

1. [Push-pull formula] For f: X =Y, b e H*(Y;R), and x € Hi (X;R),
we have f.(f*b~x)=b~ f.x.

2. [Kronecker formula] Let e: Hy(X;R) — R be the augmentation. For
each a € H*(X;R) and x € H,,(X; R), we have e(a ~ x) = {a, x).

3. [H*(X)-module structure] Let x € H,(X;R). Then 1x ~ x = x and
fora,be H*(X;R) we have (a~b) ~x=a ~ (b ~ x).

A combination of statements 2 and 3 tells us that {(a — b, x) = (a,b ~ x)
whenever the cohomological degrees of a and b sum up to the degree of x.

Proof. The push-pull formula follows directly from the naturality of Ax
and AW and the naturality of the evaluation map from remark 1.4.3.

For the Kronecker formula, note that the augmentation ¢ is induced by
a chain map S,(X) — R that we also call ¢, where R is regarded as a chain
complex concentrated in degree 0. The composition of natural maps

Su(X) 8 g (x x X) AW, 8, (X)@S.(X) 425, 5,(X)

induces the identity on Hy, and hence is naturally chain homotopic to the
identity by the method of acyclic models. Thus, in the diagram

S.(X)* ®8.(X) L2EWSBIL ¢ (x)* @8, (X) ®S.(X) <29 5,(X)

\ lid@id@e ls
i Se(X)* ®Su(X) ———— R,

the triangle commutes up to chain homotopy, while the square commutes
strictly. Taking homology of the diagram and precomposing with the trans-
formation A, the ‘bottom path’ in the diagram is precisely Kronecker pairing
in homology, while the ‘top path’ agrees with a® x — e(a ~ x).

32



The last property is easiest to prove when using the explicit model for
the Alexander-Whitney map from exercise 3.3; this is exercise 5.1. ]

Even though this construction is enough to state Poincaré duality, we
need a slightly more general relative version to prove it.

CONSTRUCTION 2.3.3. Let X be a space and A € X be a subspace. Then
Ax(A)=AxAcAxX, and so Ay is a map of pairs (X, A) — (X, A) x X.
Moreover, as a special case of construction 1.9.5, the ‘absolute’ Eilenberg-Zil-
ber map and the Alexander—Whitney map descend to natural chain maps

S.(X,A)@8.(X) % = 5.((X, A) x X).

which are natural chain homotopy inverses of each other. We then define
the relative cap product as the composition

H*(X,A;R)® Ho(X, A;R) —— 2 H(S.(X, A)* ® S.(X, A))

HGdeS B, H(8,(X, A)* ® S.((X, A) x X))

H(id® AW) H(SJ(X,A)* ® S.(X, A) ®S.(X))

H(ev®id) H (X R)

We also need a relative version for two of the formule of proposition 2.3.2:

PROPOSITION 2.3.4. The relative cap product has the following properties:

1. [Push-pull formula] For f: (X,A) — (Y,B), b € H*(Y,B;R), and
x € H (X, A;R), we have f,.(f*b ~ x) =b ~ f.x inside H,(Y;R).

2. [Kronecker formula] For each a € H"(X, A; R) and x € H,(X, A; R),
we have e(a ~ x) = (a, x), where e: Hy(X;R) — R is as before.

Proof. The push-pull formula again follows from the naturality of the en-
tire construction, see [15, 4.3.5] for details. For the Kronecker formula, we
use that the chain homotopy that arises from the acyclic models theorem
in the proof of proposition 2.3.2 is natural, and hence descends to a chain
homotopy after passing to the relative chain complexes. O

2.4 POINCARE DUALITY FOR COMPACT MANIFOLDS

Having introduced the fundamental class and the cap product, we are now
ready to state Poincaré duality in its full beauty for compact manifolds:
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One might wonder why
the projection 7 that
appeared in section 1.9
does not enter here. This
is due to the fact that the
‘second’ subspace is
empty here.

Note that the target of
this composition is the
absolute homology of X.
In this setting the
relative parts ‘cancel out.

Here the first f, treats f
as an ‘absolute’ map, i.e.
amap X —Y.

There is also a relative
version of the interplay
of cup and cap product,
but we shall not use it.

If you read that at some
later point in life: Our
manifolds have no
boundary, so you might
say ‘closed” here.



We clearly do not have
to introduce the ring for
the first isomorphism.

7: CP — CP? s
the inclusion of the
(2d - 1)-skeleton.

Let u be a generator;
then a“ = k - u for some
k € R, and so we get
(a%[CP])y =k (u,[CPY))
showing that if the left
side is invertible, then k
is invertible, and so a“
is itself a generator.

Here we use
corollary 2.4.2 only in
the case of R = Z.

THEOREM 2.4.1 (Poincaré duality). Let M be a compact d-dimensional
manifold with an R-orientation. Let [M] € H;(M;R) be the corresponding

fundamental class. Then the following map is an isomorphism for each n € Z.:
H"(M;R) - Hg_n(M;R), awa~[M].

The proof of Poincaré duality still requires further methods, and similar
to theorem 2.2.1, we have to prove a more general version relative to com-
plements of compact subsets; this is our task for the upcoming sections. In
this section, we see many consequences of Poincaré duality.

COROLLARY 2.4.2. Foreachd > 0 and each commutative ring R, we have
isomorphisms of graded-commutative algebras

H*(RP%;Z,) = Z;[a]/(a®h),
H*(CP%R) = R[a]/(a®*!).

lal =1
lal =2

Proof. Both statements are proven in the same way, and we only prove the
second one, using again the short notation H* := H*(—; R). We proceed
by induction over d > 0, where the case of d = 0 is verified by noting that
CPY is a single point, and the case d = 1 is verified by noting that CP' is
homeomorphic to $?, having the cohomology ring Ag[a] = R[a]/(a?).

For the induction step, assume that d > 2 and that the statement holds
for d — 1. Since CP* arises from CP?"! by attaching a 2d-cell, the induced
maps 7" : H"(CP?) - H™"(CP*!) are isomorphisms for n < 2d — 2. Thus,
if we pick a generator a € H 2(CP?), then 7*a generates H> (CP% ') and the
induction hypothesis tells us that ;* (a') =( ]*a)i generates H 2i(CP4Y) for
i < d. Again using that ;* is an isomorphism in that degrees, it follows that
H?(CP?) is generated by a’ for i < d.

It remains to show that a? generates H2¢(CP?) = R, this is where Poin-
caré duality comes into play: CP? is a compact, connected 2d-dimensional
manifold, which is Z-orientable by proposition 2.2.9 as sz(CPd; 7)=7,
and hence R-orientable by remark 2.1.10. Let [CP?] be an R-fundamental
class. Then proposition 2.3.2 implies that (a?,[CP?]) = (a,a®! ~ [CP9]).
As H,(CP%;Z) is trivial, the Kronecker map H,(CP%) — H,(CP%)* is an
isomorphism by corollary 1.6.8, so since a is a generator, {(a,—) takes gen-
erators of H, (CP?) to invertible scalars. But because a®lisa generator by
the induction hypothesis, 2! ~ [CP?] is a generator by Poincaré duality,
and hence (a?, [CP?]) is invertible, showing that aisa generator. ]

COROLLARY 2.4.3. CP? is not homotopy-equivalent to S* v S*.

Proof. Asin corollary 1.8.14, for each map f: S* — CP?, the map H*(f;Z)
is trivial since H*(CP?; Z) is generated by a* and f*a € H*(S*;Z) = 0. On
the other hand, the inclusion $* — $? v $* has a left-inverse by collapsing
S$?,and hence induces a surjective (hence non-trivial) map in H*(—;Z). [
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Figure 2.1. On the left side, we see a triangulation of T? by 24 triangles (the
horizontal edges and the vertical edges of the big square are identified as usual).
On the right side, we see the dual triangulation by 12 hexagons, one around
each of the old vertices (the old triangulation is still visible in the background).

COROLLARY 2.4.4. There is a map S®> — S? that is not null-homotopic.

Proof. Recall that CP? arises from S by attaching a single 4-cell. Now let
#: $*> — S? be the attaching map for that 4-cell. If y were null-homotopic,
then by homotopy invariance of the cell attachment, CP? is equivalent to the
space that arises from S by attaching a 4-cell via the constant attaching map.
This space, however, would be S?v 4, contradicting corollary 2.4.2.  [J

COROLLARY 2.4.5. Let M be an odd-dimensional compact manifold. Then
the Euler characteristic of M is trivial, i.e. x(M) = 0.

Proving corollary 2.4.5 constitutes exercise 5.2; however, we require the
following lemma in order to ensure that the statement is well-defined:

LEMMA 2.4.6. If M is a compact d-dimensional manifold, then each H, (M)
is a finitely generated abelian group, and H, (M) is trivial for n > d.

Proof. The first statement follows from the combination [5, 1v.8.10+Vv.4.11],
which we shall not discuss here. The second statement is a special case of
lemma 2.2.5:a, using that M|y, = (M, ). ]

We close this section by providing some informal geometric intuition
for Poincaré duality; this is how the phenomenon was discovered.

IDEA 2.4.7. Let M be a compact triangulated surface. The triangulation
gives rise to a cw structure on M, with one 2-cell for each triangle, and we
denote the cellular chain complex of M by C,(M). Each choice of charac-
teristic maps identifies C,(M) with the chain complex with Z(I,,(M)) in
degree n (here I,,(M) is the set of n-cells). The n™ differential in C, (M) is
then encoded by scalars c}“j € Z, one for each (i,j) € I,,(M) x I,,_; (M).
The crucial idea for Poincaré duality is to construct a dual cw structure
on M as indicated in figure 2.1: The new o-cells are the barycentres of the
triangles, and we draw a 1-cell between two such o-cells whenever their
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This example also plays
an important role in
music theory, as it shows
the duality between
Euler’s Tonnetz and the
chicken-wire torus,
which contains the
Cayley graph for the
PLR-group, see [2].

This is the famous Hopf
map, whose fibres are
depicted on the front
cover of these notes.

Exercise 9.3 in AT

Again: Our manifolds
have no boundary.

We do not require
M to be orientable.



It is of course not at
all obvious that an
orientation does that.

M is compact, so each
I,,(M) is finite.

The first isomorphism
follows from the ucT as
each C,(M) is free.

Lecture 8

As X02 = XlZ ° XOI) we
do not have to mention
it in the diagram.

original triangles share an edge. This procedure subdivides M into polygons,
one around each of the old vertices; these are the new 2-cells. We denote
the space M together with its dual cw structure by M*

By construction, we have bijections between the set I,,(M*) and I,_,,(M).
Moreover, an orientation of M provides a way to derive from the character-
istic maps of M a sign convention for how to choose characteristic maps for
M* in such a way that after identifying C,(M™) = Z(I,_,,(M)), the (i, j)th
entry of the n' differential agrees with (—1)""! - cj3,-_”. This provides us with
an isomorphism between C,(M ™) and the chain complex

(2] (-1)-(c})
e 5 0 5 Z{Ty(M)y ——2

(1] (c?) (o]

—— Z{L(M)) —— Z([,(M)) > 0 — -+
By identifying the basis I,,(M) with its dual, we get an isomorphism between
this complex and the dual chain complex C,(M)* shifted by —2; this com-
plex is denoted by C,(M)*[-2] in accordance with our notation from sec-
tion 1.6. Summarising all observations, we get a chain of isomorphisms

H"(M) = H(Cy(M)*) = Hy—n(Co(M)*[-2]) = Hy-n(Co(M ™)) = Hy—n (M).

2.5 COHOMOLOGY WITH COMPACT SUPPORT

As mentioned before, we aim for a version of Poincaré duality without the
assumption that the considered manifold M is compact. In this setting,
one cannot hope to show H"(M) = H;_,(M); this is already false for RY.
Instead, we have to replace the left side by a quantity that ‘approximates’
H"(M) by H"(M|g) where K runs over all compact subsets of M. To intro-
duce this quantity, we have to make precise what approximation means here.

DEFINITION 2.5.1. A directed set is a partially ordered set (I, <) with the
property that for any two elements i, j € I, there isa k € I with i, j <k.

We regard I as a category, with exactly one arrow i — j wheneveri < j.
Then an I-indexed diagram X, in some category C is the same as a family
(Xi)ier of objects in C, together with morphisms X;;: X; — X; fori < j,
such that Xj; = idy, and Xjx o X;; = Xjx holds for each i < j < k.

EXAMPLE 2.5.2. The natural numbers N={0<1<2<---} form a direc-
ted set. Diagrams over IN are of the form Xy — X; — X; — ---

EXAMPLE 2.5.3. Let X beaspace. Then the set K (X) of compact subspaces
K ¢ X is partially ordered by inclusion, and it is even directed as the union
of two compact subspaces is again compact. For each n € Z, we then have
a K(X)-indexed H"(X|.; R) diagram of R-modules given by
K~ H"(X|x; R),
(LK) (Xlg € X[)": H'(X|;R) —» H"(X|g; R).
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REMARK 2.5.4. Let (I,<) be a directed set and let X, be an I-indexed
diagram. If it exists, a colimit of such a diagram is uniquely determined up
to isomorphism, and we denote it by colim;(X,). It comes with structure
maps (w;: X; — colim;(X,));es satisfying the following universal property:

The family w, is natural, i.e. we have w; ° X;; = w; for eachi < j,
and for each other natural family (g;: X; — Y);es, there is a
unique map g: colim; X, — Y with gow; = g; for eachi € I.

CONSTRUCTION 2.5.5. Let (I, <) be a directed set and A, be an I-indexed
diagram in the category of R-modules. Then this diagram admits a colimit,
which can be explicitly constructed as follows: It is the quotient of the set
[1,c; Ai by the equivalence relation that identifies x € A; and y € A; if there
isak eI withi,j<kand Aj(x) = Ajx(y). Denoting the residue class of
x € A; by [x], the R-module structure on the quotient is declared by

[x] + [y] = [Aik(x) + Aj(p)].
r-[x]=[r-x].

(x EAi,yE A])
(reR,x€eA))

The structure maps are given by w;(x) = [x]. I f,: A, — B, is a morph-
ism of I-indexed diagrams of R-modules, then we have an induced map
f: colimj(A,) — colim;(B,) by f([x]) = [ f;(x)] for each x € A;.

CONSTRUCTION 2.5.6. Let X be a space and n € Z. Using the diagram
from example 2.5.3, we define the n'”* cohomology of X with compact support

HZ(X;R) = colimg (x) H" (X|s; R).

Foreach K € K(X), wehave an inclusion1x: X — X[k, and so we get a map
g: H,(X; R) — H"(X; R) satistying g o wg = H"(1x; R) for each K, where
wg are the structure maps. If X is itself compact, then g is an isomorphism;
its inverse is given by the structure map wy.

Want to calculate H” (R?) by using that each compact subset of R is
contained in some ball. This requires the following observation:

REMARK 2.5.7. Let (I, <) be a directed set. A subset J I is called cofinal if
for each i € I, there is an j € J with i < j. Then (J, <) is again directed.

Let X, be an I-indexed diagram. Then each I-indexed natural family
(gi: Xi — Y)jep restricts to a J-indexed natural family (g;);c;, and con-
versely, each J-indexed natural family (g;);c; can be uniquely extended to
an I-indexed natural family by putting g; := g; o X;; for each i € I, where
j € ] satisfies i < j. This shows that being a colimit over X, is the same as
being a colimit over the restriction of X, to J.

We also need the following remark, which states that if from some X;
onwards, the diagram stays ‘constant;, then X; is a colimit:
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last colimit construction
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This is indeed an
equivalence relation.
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gives the same result.

This is the unique map
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Again, X;' o X does
not depend on the
choice of j.

For each x € L, we have
PxpL(pr) = px = px(pir)-

REMARK 2.5.8. Let X, be a diagram over a directed set (I,<), and leti € I.
If each X with i < k is an isomorphism, then X; together with the maps
X o ik Xj — X;, with k € I satistying i, j < k, is a colimit for X,.

EXAMPLE 2.5.9. We want to calculate HZ’S(]Rd;R) for each n € Z. To do so,
we note that if B, denotes the closed ball with radius r around 0, then the
subset B = {B,},50 € K (R?) is cofinal since each compactum is contained
in some B,. Moreover, By = {0} and we know that each R? < B, — R? < {0}
is a deformation retract, so by the long exact sequence and the five lemma,
we conclude that each H"(R¥| By R) — H "(RY) B,;R) is an isomorphism.
By remarks 2.5.7 and 2.5.8, we conclude

R forn=d,

H”(R%R) = colimgH" (R%],; R) = H"(R%|; R) =
0 else.

Example 2.5.9 in particular shows that the d-dimensional manifold R?
indeed statisfies H, (R%R) = H,;_,(R%R) for each n € Z.

S
2.6 PROOF OF THE GENERAL POINCARE DUALITY THEOREM

In this section, we shall finally state and prove the general Poincaré duality
theorem for manifolds without any compactness assumption, which then
also proves theorem 2.4.1. We start by establishing the desired map.

NOTATION 2.6.1. Let X be a space and let n € Z. For two compact sub-
spaces L € K € X we denote the induced morphism

(X|k € X|p)*: H*(X|;R) —» H"(X|g; R)

by 7 k. Recall that these are exactly the morphisms in the K (X)-indexed
diagram H"(X|.; R) from example 2.5.3.

CONSTRUCTION 2.6.2. Let M be a d-dimensional manifold with an R-
orientation y. For each compact subspace K € M, proposition 2.2.3 provides
us with a unique class ux € Hy(M]|g;R) such that p, = p,(ux) holds for
each x € K. Using the relative cap product 2.3.3, we obtain a map

pdx: H*(M|gsR) = Hyg_,(M;R), awa~ k.

For each compact L € K, it follows from lemma 2.2.5:8 that pr (ux) = pr,
so by the push—pull formula 2.3.4:1, we have pdk o 7. x = pdy, see proof
below. This shows that the family (pdg: H"(M|k;R) — H,,(M; R))kex (M)
is natural, and hence induces a map out of the colimit, called duality map

PDy;: H.(M;R) — Hy_,(M;R).
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Proof. Let f: M| — M]| be the inclusion. Because py = f, and 75 = ¥,
the push-pull formula tells us that 7, x(a) ~ x = a ~ pp(x) holds for each
a € H"(M|;R) and each x € Hj(M]|k; R). In particular, we get

(pdk o trx)(@) = Tix(a) ~px =a ~ pp(ux) =a ~ yp = pdp(a). O

THEOREM 2.6.3 (General Poincaré duality). Let M be a d-dimensional
manifold with an R-orientation. Then PD s : HY,(M;R) — H;_,,(M;R) is an
isomorphism for each n € Z.

REMARK 2.6.4. In the case where M itself is compact, we note that pdy, is
given by a — a ~ [M], which is exactly the map from the Poincaré duality
theorem for compact manifolds 2.4.1. Since PDy; o wy; = pdjs and wyy is an
isomorphism (as seen in construction 2.5.6), the general Poincaré duality
theorem indeed implies the one for compact manifolds.

The proof of the following corollary truly needs the general version of
the Poincaré duality theorem and is the content of exercise 6.3:

COROLLARY 2.6.5. Let M be a non-compact and connected d-dimensional
manifold. If M is R-orientable, then Hy(M;R) = 0.

The proof of theorem 2.6.3 requires the following lemma, which is the
content of exercise 6.2:

LEMMA 2.6.6. Let (I,<) be a directed set and let A, — B, — C, be maps of
I-indexed diagrams of R-modules. If each A; — B; — C; is exact, then the in-
duced map colim;(A,) — colim;(B,) — colim;(C,) among colimits is exact.

Now we can finally prove the Poincaré duality theorem 2.6.3:

Proof of theorem 2.6.3. Throughout the proof, we skip the coefficient ring.
Similar to the proof of lemma 2.2.5, we shall proceed in five steps:
1. The claim holds for M = R¥.
2. If the claim holds for open U,V € M and U NV, it holds for UU V.
3. LetUy €U € --- € M be a filtration by open sets with M = | J:5, U;.
If the claim holds for each U, then it holds for M.
4. The claim holds for open subsets of R?.
5. The claim holds for each manifold M.

Step 1: As we saw in example 2.5.9, H "(R%|,) is a model for the colimit
H" (R%), and when using this model, the morphism PDy¢ agrees with
the map H"(R%)y) —» Hy_,(R?) defined by a — a ~ . We hence have to
prove that this map is an isomorphism. Note that the only interesting degree
isn=d, as Hy_,(R?) = 0 in all other cases. Consider the composition

(=)~uo
—_

HY(R?)) Hoy(R%) —=— R,
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The ‘outer’ f, appearing
in the push-pull
formula is the identity,
since f is the identity
when regarded as an
absolute map M — M.

The structure maps
H"(R?|¢) — H"(R%|o)
are given by 75 © Tgk,
where B is some closed
ball containing K.



None of the dashed
arrows is yet defined.

The rows continue
indefinitely to the left
and right side, as usual.

Here (K',L') < (K, L) if
K'cKand L' c L.

Here we use thatif I — |
is a monotone surjection
of directed sets and X, is
a J-indexed diagram,
then the canonical map
colim;(X,) — colim;(X.)
is an isomorphism.

Yes, the direction of the
arrow is correct.

where ¢ is the augmentation. Since R? is path-connected, ¢ is an isomorph-
ism, so it suffices to see that this composition is an isomorphism. But by
the Kronecker formula 2.3.4:2, this composition agrees with a — (a, y).
Since Hy_; (R%|g; Z) = 0, corollary 1.6.8 tells us that the Kronecker pairing
HYRYy) - Hy(R%y)* is an isomorphism, so since py € H;(R%p) is a
generator, the scalar (a, yo) is invertible whenever a is a generator. Thus,
the above composition is indeed an isomorphism.

Step 2: Let us write W := U UV; then we have a Mayer-Vietoris sequence in
homology for this union, which forms the bottom row of the next diagram.
Our goal is to construct a long exact sequence in Hg, that constitutes the
top row in that diagram, which in the end should look like this:

H'UNV) -—-- HLU)®H%(V) --— H.(W) --» HZY({UNV)
lPDUnV lPDU@PDV lPDW lPDUnV

Hd—n(U n V) - Hd—n (U) @ Hd—n (V) — Hd—n (W) — Hd—n—l (U n V)

Then the claim follows by an application of the five lemma. To construct the
sequence, we start with compact subsets K C U and L € V. Because W ~ K
and W ~ L are open in W, we have a relative Mayer-Vietoris sequence 2.2.4
for W|gnr = Wlg UW| in cohomology, which reads

H"(Wlknr) » H' (W) ® H*(W|L) > H"(Wlkur) = H™™ (Wlkar).

Now we use that the three inclusions of pairs U|x — Wk, V|, — W], and
U NV]gar = Wlknr induce isomorphisms in cohomology by excision. By
conjugating the above sequence with them, we get an exact sequence

H"(UNVl|gnr) = H"Ulk)® H"(VIL) > H"(Wlkur) = H*HUNVkar)-

Note that we get such a sequence for each K € K(U) and L € K(V), and
each pair of inclusions K’ € K and L' € L induces a morphism among the
respective exact sequences, so we obtain a sequence of diagrams indexed
by the directed set K(U) x K (V). By lemma 2.6.6, the resulting sequence
among colimits is again exact. Finally, we note that each compact subset of
U NV is of the form K N L, and each compact subset of W is of the form
K U L, so the colimit sequence indeed is as in the above diagram.

It remains to show that the three squares in this diagram commute. For
the first two squares, this is again essentially due to the push-pull formula
for the cap product. The commutativity of the third square requires some
more work, and we refer to [7, Lem. 3.36] for details.

Step 3: We start by constructing for any two open subsets V,W ¢ M with
V €W amap «yy, : H (V) — HZ (W) as follows: For each compact K €V,
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the excision property tells us that induced map nx: H"(W|gx) — H"(Vlk)
is an isomorphism, so if wx: H"(W|gx) — H (W) denotes the structure
map for K, then (wg ° k" )kex (v) is @ natural family, inducing the map x5y,
we aimed for. Next, we observe that if ky : Hy_,(V) — H,_,,(W) denotes
the usual map induced by the inclusion in homology, then the push—pull
formula implies the identity xy o PDy = PDyy o k3

Coming back to our filtration (U;);X), and abbreviating «;; := Kuy, and
PD; := PDy;,, we hence get a morphism of N-indexed diagrams

o1 K53

H(Uy) —2— HL(U)) —2— HA(U,) —2 -

lPDO lPDl JPDZ

Hy_,,Uy) — Hy ,,(U) 5 Hy (Us) e

By assumption, all vertical maps are isomorphisms, and hence the induced
map PD,: colimyH7(U.) — colimyHy_,,(U,) is an isomorphism.

It is now our goal to compare PD, with PD,;, the map we are actually
interested in. To do so, we note that the inclusions U; € M induce natural
families (;: Hy (Uy) — Ha (M)} and (5% H2,(Uy) — H2(M))jens
which induce the horizontal arrows in the following commutative square:

colimy H™ (U,) —=— H” (M)

PDWJE JPDM

COlim]NHd_n (U.) K—) Hd_n (M)

In order to show that PD,, is an isomorphism, it hence suffices to show that
both horizontal arrows are isomorphisms. For both maps, we use the fact
that each compact subset K € M is contained in some Uj(x). This enables
us to explicitly describe the inverse of k¢, : On each constituent H" (M|),
it is given by the composition

H"(M|x) — H"(Uyk)lk) — HZ(Uik)) — colimyHE(UL),

where the first map is induced by the inclusion of pairs and the other two
map are structure maps into the respective colimits.

For x,, we show surjectivity and injectivity as follows: For surjectivity,
note that each class in H;_,,(M) is represented by a singular cycle with com-
pact image, and hence comes from a class in some Hy_, (U;). For injectivity,
we note that if a singular cycle ¢ € S,(U;) is a boundary dc’ in S.(M), then
¢’ has a compact image and hence lies in some S, (U;) with i < j, showing
that the class represented by c is already trivial in Hy_,(U;).
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See [6] for an elementary
proof of that fact.

The claim holds for
M = & since source and
target of PDy; are trivial.

In a second-countable
space, each open cover
has a countable subcover,
see [9, Lem. 2.15].

Step 4: Let M € R be open. As the topology on R has a countable basis
of open balls, we find a countable family (B;)iZ, of open balls such that
M= U]Ojl B;. If we put U; == By U --- U B;, then U; C Uy, so the claim will
follow for M by step 3 once we have shown that the claim holds for each U;.
This is done by subset induction 2.2.6 over the set of convex and open
subsets of R?, which proves our claim since each ball B; is convex and open.
We have to see that the requirements for a subset induction are satisfied:
« Using the fact that each convex and open subset of R? is either empty
or homeomorphic to R?, the claim holds for them by step 1.
« Step 2 covers the second assumption.
« The empty set is convex and open, and the intersection of two convex
and open subsets is again convex and open.

Step 5: Since M is second-countable, we can cover M by countably many
open balls (B; ]‘?30. Again, we put U; := B; U -+ U B;, so the claim will follow
by step 3 once we have shown that the claim holds for each U;.

Again, this is done by subset induction 2.2.6, this time over the set of
open subsets of M that are homeomorphic to an open subset of R%; this
proves our claim as each B; is of this form. Step 4 tells us that the claim
holds for each such subset, step 2 covers the second assumption for the
subset induction, and we finally observe that the intersection of two such
subsets is again homeomorphic to an open subset of R?. O

42



HOMOTOPY GROUPS

In this chapter, we introduce a new algebraic invariant for spaces, namely
homotopy groups. Their definition is way more straightforward than the
definition of singular (co-)homology. The idea is as follows: If we want to
capture ‘n-dimensional holes’ in our space X by an ‘n-dimensional net, then
such a net needs to be pulled together at some distinguished point x, € X.
Accordingly, the n'™ homotopy group of a space X together with a preferred
point x, is the set of homotopy classes of maps from the n-dimensional
cube to X (this is the net) that takes the boundary of the cube to x;.
Though easily defined, homotopy groups are rather hard to compute. We
shall develop several tools and perform some explicit computations, but
we will not be able to calculate as many homotopy groups as we calculated
homology groups. The main virtue of homotopy groups will be discovered
in the next chapter: Namely that they can actually provide not only necessary,
but even sufficient conditions for a given map to be a homotopy equivalence.

3.1 CONSTRUCTION OF THE HOMOTOPY GROUPS
As mentioned above, we need to consider spaces together with a preferred
point to which the boundary of our ‘net’ is to be sent:

NOTATION 3.1.1. Throughout this chapter, let I := [0, 1] be the unit interval.
Then I" is the n-dimensional cube for each n > 0. Its boundary 91" is the
subspace of all (,...,t,) € I" where some ¢; lies in {0, 1}.

DEFINITION 3.1.2. A based space (or set) is a pair (X, x,) where X is a
space (or set) and x, is a point in X, then called basepoint. We often identify
a based space (X, x) with its corresponding topological pair (X, {x,}).

REMINDER 3.1.3. A map of pairs (X, A) — (Y,B) isamap f: X — Y with
f(A) € B. For two maps of pairs f and f’, a homotopy 1= (175: X = Y)ser
between them has to additionally satisfy that each #; is a map of pairs.

Being homotopic is an equivalence relation on the set of maps of pairs,
and we call the equivalence classes homotopy classes; we denote the equival-
ence class of a map of pairs f by [f].

DEFINITION 3.1.4. Let (X, x() be a based space. For each non-negative
integer 1, we define the n* homotopy group of (X, x,) by

homotopy classes of maps of pairs }

(X, Xp) = { a: (I",0I") — (X, xg)

We regard 7, (X, x,) as a based set, the basepoint being the homotopy class
of the constant map ¢ taking each t € I" to xp.
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Note, however, that
(X)) is just a set,
while 774 (X, x,) has
been introduced as a
based set.

It might be a good
exercise to check that
indeed 7y = (&t % ) * ¥,
71 =a = (B *y), and that
each #, takes 0I to x,.

LN\

1

We have #,(t) = a(u,(t)),
where u;: I — I is as in

the above graph.

EXAMPLE 3.1.5. Note that I° is a point, while 0I° is empty. Thus, a map
of pairs (I°,0I°) — (X, x,) is the same as a point in X, and a homotopy
between such maps of pairs is the same as a path between the corresponding
points. This establishes a bijection between the sets 7 (X, x¢) and 7y(X).

Now we justify the name ‘homotopy group’ for n > 1:

CONSTRUCTION 3.1.6. Letn >1and let«, B: (I",0I") — (X, xp) be two
maps of pairs. We define their product o * 8 via

a2ty by, .. 1) for t, € [0,3],
,tn) = 1

(o= B)(t1, ... B2t — L,ty,...,t) fortle[% ]

Then the induced product [«] - [] == [« * ] is well-defined and endows
7,(X, xo) with the structure of a group, whose neutral element is [ ].

Proof. If & is a homotopy between a and a’, and 3 is a homotopy between
Band B/, then , := & * f3; defines a homotopy between a * S and a' * 8/
this shows that the induced product is well-defined.

For the rest of the proof, let us assume n = 1 and write ¢ = ¢;; as for larger
n, the remaining coordinates t,, ..., t,, are left unmodified during the entire
construction, and can just be inserted whenever necessary.

For associativity, we have to face the issue that (« * ) % y and & * (8 * )
are in fact different; the figure on the margin shows how the three-fold case
distinctions differ. Luckily, our claim is only about homotopy classes, so it
suffices to find a homotopy (of pairs) between these two products of maps.
Inspired by the figure, we arrive at the homotopy

a1 1) for t € [0, 2],
s(t) = 1 B4- (.- %) forte[52,22],

4 2+s 2+s
Yo (t=) fort e [573,1].

Similarly, the products « * ¢} and ¢y, *  differ from &, but we can define
a homotopy of pairs, say between « * ¢y and «, by

a((2-s)-t) forte[0,5],
ﬂs(t) = 1

X fort e [ﬂ’l]’
showing that [c} ] is indeed the neutral element of the multiplication. Fi-
nally, we consider for each & the map a™: ¢t — «(1 —¢) Then & * &” is

homotopic as a map of pairs to ¢ , as witnessed by

ne(t) = {oc(th) fort e [(1), %],
al(s-(2-2t)) forte([3,1].

This shows that [a™] is a right-inverse for [«]; and similarly, one shows that
[~ ] is also a left-inverse. This shows that 7, (X, x¢) is indeed a group. [
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[0 X0 X0 (04

X0 B B X0

Figure 3.1. A schematic three-step homotopy between « * S and f8 * a.

REMARK 3.1.7. The group m; (X, xo) is also called the fundamental group
of (X, xo) and is much older than the groups 7,,(X, x¢) for larger n, which
in turn are sometimes called ‘higher homotopy groups. The elements of
71(X, xo) are homotopy classes of loops based at x(, and the product of
two such elements is given by concatenation of loops. The fundamental
group plays an important role in many areas of mathematics, e.g. complex
geometry or geometric group theory.

PROPOSITION 3.1.8. Forn > 2, the group m,/(X, x¢) is abelian.

Figure 3.1 depicts an three-step homotopy between « * 3 and 8 * «. In-
stead of spelling out these three steps in formulas, this figure inspires us to
formally deduce commutativity from the fact that the constant map to x,
is both ‘horizontally’ and ‘vertically’ neutral:

Proof. The above product, which we call *; (and we write -1 for the induced
one on 77,,(X, xy)) in this proof, only uses the first coordinate of the cube to
‘stack’ the two maps. We can also use the second coordinate, resulting in

ty,2t5,t5,...,t fort, € 0’1’
(a*2,8)(t1,...,tn):: {“(1 2>53 n) or ty [ 2]

B(t,2t, = 1L, ts,...,t,) fort; € [3,1].

Again, this descends to a product on 7,,(X, xy), which we call -,; again, its
neutral element is [cy; ]. Moreover, it follows directly from the definition that

(o a’) %y (Bx1 B1) = (%2 f) #1 (' 2 B7), ()

holds for any four maps (I",0I") — (X, xy), and and so the same holds for
the induced products on 7, (X, x¢). Thus, we get:

Bl [al. o

Next, we want to turn 7,, into a functor (to sets, groups, or abelian groups,
depending on ), but in order to do so, we have to take care of the basepoint.
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As usual, in the context
of spaces, ‘map means
‘continuous map.

Grp denotes the
category of groups and
Ab denotes the category

of abelian groups.

The symbol I is reserved
for [0, 1], hence we call

the indexing set 7.

Here we use that each
pr, is a based map, so it

induces a map in 7,,.

This follows straight
from the fact that
both I" and I" x I

are path-connected.

DEFINITION 3.1.9. If(X, xq)and (Y, y,) are two based spaces (or sets), then
abased map (X, x9) — (Y, yo) isamap f: X — Y satisfying f(xo) = yo. This
gives rise to a category Top.. (or Set,) of based spaces (or sets).

In the topological case, a based map is the same as a map between the
corresponding pairs of spaces. Accordingly, we require for each homotopy
n of based maps that each intermediate step #; is a based map.

CONSTRUCTION 3.1.10. Foreach based map f: (X, x() — (Y, yo) of spaces,
we get an induced map among homotopy groups

() 1, (X, x0) = 1, (Y, 30),  [a] = [foal.

This map takes the basepoint [c ] to the basepoint [ , ], and for n > 1, this

map is a group homomorphlsm. Thus, 71,, becomes a functor

Top, — Set, forn=0,

m,: 1 Top, - Grp forn=1,

Top,. —» Ab  forn>2.

REMARK 3.1.11. Iftwobased maps f and f' are homotopic (as based maps),
then 77,,(f) = 7, (f") for each n. This is a special case of proposition 3.2.5.

Next, we want to understand homotopy groups of products. For this,
we use that in each of three the target categories above, the (categorical)
product is given by the cartesian product of the underlying sets together
with the ‘component-wise’ extra structure. We arrive at the following:

LEMMA 3.1.12. Let (X;, X;)ieq be a family of based spaces, and for each i € 1
let pr;: ]_[j cq Xj = X; be the projection. For each n > 0, the induced map

— [ [ma(Xi %)

iel

(m,(pri))eq : ﬂn(l_[ Xi, (xi)i€'1>

i€
is an isomorphism (of based sets, of groups, or of abelian groups, respectively).

Proof. The map is a morphism in the target category, and in all three target
categories, bijective morphisms are isomorphisms; hence it remains to show
that our map is bijective. To do so, we note that ([e;]);c7 > [(;)icq] is well-
defined by the universal property of the product (applied to both families
of maps and families of homotopies) and an inverse. O

REMARK 3.1.13. The situation is rather different for disjoint unions [ [, _, X
For n > 1, the homotopy group 7, only ‘sees” the path-component of the
basepoint. More precisely, if X, € X is the path-component of x,, then the
map 71, (Xo, xo) — 7,(X, xo) induced by inclusion is an isomorphism.
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We close this section by a reinterpretation of 77, in terms of spheres:

REMARK 3.1.14. Recall that I"/0I" is homeomorphic to S” for n > 1, so
find a quotient map g: I — S" taking 0I" to a single point * € §".

For each based space (X, xp), the assignment « = « o g defines a bijection
between the set of based maps (", *) — (X, xo) and the set of maps of pairs
(I",0I") — (X, xg); and two based maps « and a’ are homotopic if and
only if « o g and a’ o g are homotopic. Thus, we obtain a bijection between
7,(X, x¢) and the set of homotopy classes of based maps (S”, %) — (X, xq).

In that description, the product on 71,,(X, x,) takes the following form:
Let S"! x {0} € S" be the equator; then S”/(S"~! x {0}) is homeomorphic to
§" v §", each wedge summand being a quotient of one of the hemispheres.
The projection ®: §" — §" v §" is called pinch map (»Schniirabbildung«)
and depicted at the margin. If we arrange g such that g([0, %] x I"!) and
q(l %, 1] x I""!) are the two hemispheres of ", then the product on 7z, (X, x,)
translates to [«] - [8] = [(« V ) » @] for any two homotopy classes « and 3
of based maps (8", *) — (X, x¢).

3.2 CONJUGATION BY PATHS

The definition of 7,,(X, x) involved a choice of basepoint, and we want see
how much the homotopy group can change if we vary that choice. In the
following construction, we shall see that each path between two possible
basepoints induces a homomorphism between these homotopy groups:

CONSTRUCTION 3.2.1. Let X be a space and let v: I — X be a path from
X to x1. For each map of pairs a: (I",0I") — (X, x¢), we define the map of
pairs vga: (I",0I") — (X, x;) as depicted in the figure on the margin, i.e.
apply « to a smaller cube and interpolate between the larger and smaller
cube using v on each radial ray. Formally, vy« is defined as

a3t —1,...,3t, = 1) for (t1,...,t,) € [3,2]",

11
v(3-max;[t; — 5/ - 3)

(Vga)(ty,... t,) = {
else.

If « and o’ are homotopic as maps of pairs, then vy and vy’ are homo-

topic as maps of pairs. Hence we obtain a well-defined map

vy (X, x0) = m(X,x1),  [a] & [vgal.

By comparing (v4«) * (v4f3) and vy (a * ), as depicted in the two margin
figures, we see that these two maps of pairs are homotopic, and hence the
map vy : m,(X, x9) — m,(X, x1) is a group homomorphism for n > 1.

We might already suspect that each vy is even an isomorphism of groups,
the inverse given by vy where v™ is the reversed path. This is indeed true,
but we want to study that phenomenon in its natural generality.
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I 10u{+} =5

Here we use that id; x g
is again a quotient map,
which holds by exercise
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Morphisms from x,
to x, are precisely
homotopy classes

of maps of pairs
(I,0I) = (X, {xo}).

This change of order is
due to the unfortunate
Western tradition of
writing go f fora
composition of arrows
that are of the form

x -y

Be aware that it can still
happen that 7,,(X, x¢)
and 7,,(X, x,) are not

isomorphic — namely if

x, and x, lie in different

path-components of X.

Note that we do not
require 7 to be a
homotopy between
maps of pairs, but
just a homotopy.

CONSTRUCTION 3.2.2. Let X be a space. Its fundamental groupoid I1, (X)
is the following small category:

« The objects of IT; (X) are the points of X.

o Morphisms from x, to x; are homotopy classes of paths v: I — X
from x; to x;, denoted by [v], where two paths v and v’ are con-
sidered homotopic if there is a homotopy #, which additionally satis-
fies 175(0) = xp and #(1) = x; forall s € I.

o Forarrows [v]: xy — x; and [w]: x; — x;, the composition [w] e [v]
is defined as [v * w]: xy — X,, where v * w is the concatenation.

For each x € X, the identity morphism of the object x; is the equivalence
class [C}CO] of the constant path. Moreover, each morphism [v] in IT; (X) is
an isomorphism; its inverse is given by [v™], where v™ is the reversed path.

For each x( € X, the automorphism group of the object x in IT; (X) is
the opposite fundamental group 7 (X, x0)%, i.e. [w] o [v] = [v] - [w].

Proof. Checking that IT; (X) is indeed a category and that [v™] = [v] ! uses
exactly the same three homotopies as in the proof of construction 3.1.6. [

PROPOSITION 3.2.3. For each space X and every n > 0, the assignments
xo = m,(X, x0) and [v] = vy constitute a functor from IT; (X) to Set,, Grp,
or Ab. In particular, each vy : m,(X, x9) — m,(X, x1) is an isomorphism.

Proof. This boils down to showing the following:

« Ifvand v’ are equivalent paths, then vy = v} on 7,

. (C}Co)#[cx] = [«a] for any & € 7, (X, x0),

o (v*w)y[a] =wy(vyla]) for any suitable v, w, and «.
For each of these statements, one can find homotopies very similar to the
ones we have constructed above. ]

NOTATION 3.2.4. If X is a path-connected space, then the isomorphism
type of m,(X, x) does not depend on x;, and we denote it by ,,(X).

Next, we want to use the above construction to compare the induced
maps 7, ( f) and 71,,(g) in the case where f and g are homotopic, without
assuming anything that concerns the basepoint:

PROPOSITION 3.2.5. Let f,g: X — Y be two maps and let j be any homo-
topy between them. For each xy € X, we consider the path v(s) = 15(xg) from
f(xo) to g(xo). Then for each n > 0, the following triangle commutes:

.(f) ﬂn(Y,f(xO))
ﬂn(X’ X()) Elv#
@) 1,(Y, g(xo))-
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Proof. For any s € I, consider the path wg: I — Y with w(t) = #g4-s (%0),
i.e. wg goes from #5(x) to g(xp). Moreover, wy agrees with v, while w is the
constant path at g(x,). Then for each map of pairs a: (I",0I") — (X, xp),
the homotopy 0 with 6, == (w;) 4 (15 o &) satisfies 05(0I") = {g(xy)} for each
s € I, and we have 0y = vy (f o @) and 0 = (cy(xy))#(g ° @). Finally, as cy(x,)
induces the identity on 71,,(Y, g(x)), we get

m,(g)([a]) = [61] = [6p] = (vg o 7, () ([ex]). o
Proposition 3.2.5 has the following useful consequences:

COROLLARY 3.2.6. If f: X — Y isa homotopy equivalence, then the induced
map 10, (f): 7,(X, x0) = 7,(Y, f(x0)) is an isomorphism for each n > 0 and
each choice of basepoint x, € X.

Proof. We first show that 7, (f) is injective. To do so, let g be a homotopy
inverse of f and let #7 be a homotopy between idx and g f. Then propos-
ition 3.2.5 tells us that 77,,(g) o 71,,(f) = vy for v(s) = 15(x); so since vy is
an isomorphism, 77,,( f) is injective and 77,,(g) is surjective.

Now we apply what we just have shown to the homotopy equivalence g
and conclude that 7,,(g) is injective; this together with the above equality
implies that 71,,(f) is surjective. O

COROLLARY 3.2.7. If X is contractible, then each m, (X, x¢) is trivial.

Proof. This follows from the previous corollary and the fact that all homo-
topy groups of the one-point space are trivial. O

We close this section by restricting our attention again to a single basepoint
and tracking all automorphisms of 77,,(X, x,) that are induced by loops at
Xo. This is easiest to phrase in terms of group actions:

REMINDER 3.2.8. An action of a group Gonaset XisamapGx X — X,
which we denote by (g, x) — g e x, satisfying the following:
1. [Associativity] (g-g')ex=ge(g' ex)foreachg,g’ € Gandx € X.
2. [Unitality] 15 e x = x for each x € X.
The action is called trivial if g e x = x holds for each g € G and each x € X.

CONSTRUCTION 3.2.9. For each based space (X, x,) and eachn > 1, we
have an action of 77, (X, x¢) on 77,,(X, xo) by [v] e [a] := vy [«].

EXAMPLE 3.2.10. For n = 1, this action is given by the conjugation

as one can see directly from the bare definition of vy« in construction 3.2.1.
In particular, the action is trivial if and only if 771 (X, x,) is abelian.
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Here we use that #, o« is
a map of pairs from
(I",01") to (Y, w;(0)).

We regard g as a based
map of the form

(Y, f(x0)) = (X, gf (x0)).

The trivial based set is a
set with one point.

15 denotes the neutral
element of G.

Associativity and
unitality follow from
the functoriality of

[v] = vy, and we need
to invert the path in
order to repair
wle[v] =[] [w].
Alternatively, one can
define a right action.



Here we interpret
elements in 77,,(X, x,)
as homotopy classes
of based maps

(8", %) = (X, x0)

as in remark 3.1.14

3.3 THE HUREWICZ HOMOMORPHISM

We want to get a better understanding of homotopy groups by comparing
them to singular homology, a construction we already know and love. In
fact, we can produce a map that compares the two constructions:

CONSTRUCTION 3.3.1. For eachn > 0, we fix a generator u,, of H,,(S") = Z.
Then for each based space (X, xj), we define the Hurewicz map

H: 10(X, x0) = Hy(X), (] = Hy(0) ().

The collection of these maps is natural, i.e. if f: (X, x) — (Y, yp) is a map
of based spaces, then the following square commutes:

n( )
ﬂn(Xa-xo) i’ ﬂn(Y7y0)

H <X'X°>l 17{ ¥.70)

H,(X) — H,(Y).
()W (Y)

Proof. If a and ' are homotopic as maps of pairs (S, *) — (X, x¢), then
they are in particular homotopic as bare maps S” — X. Because H,, is a
homotopy-invariant functor, it follows that H,,(«) = H,(«’), and hence the
Hurewicz map is well-defined. Naturality immediately follows from the
fact that 7r,,(f)([«]) = [ f e ] and H,,(f o ) = H,,(f) o H, (). O

PROPOSITION 3.3.2. Forn > 1, the Hurewicz map is a homomorphism, and
hence called Hurewicz homomorphism.

Proof. Recall the description of the product on 7,,(X, xp) in terms of the
pinch map ® from remark 3.1.14. Then the goal is to show that for two
based maps «, : (8", *) — (X, x¢), the following square commutes

F1,(5™) ©) ,(s" v ")
v (u,u)l lI:In(cxle)
~ om - -
Fy (88 B, (5~ A(X),

because if it does, then we reach the desired identity by

H([a] - [B]) = (Hp(aV ) o H,(©))(u,)
= (Hn(“) + Hn(ﬁ))(una un)
= H([«]) + H([B)).
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In order to show this, recall from the AT lecture that we have the following
mutually inverse maps between the bottom left and the top right corner
of the square: Let 15.: S < S§" v §" denote the inclusion into the k™ wedge
summand and let ¢x: §” v 8" — S§" the collapsing of the wedge summand
with index not being k. Then the desired maps are given by

¢:=Hn(ll)+gn(12)

H,(S") & H,(S") H,(5" v S™).

Y= (Hn(cl))Hn(CZ))

Now the desired commutativity follows from the following observations:
o ¢ oy is the identity on H,(S");
o (@aVP)ory =aand (aVf)o1, =B, 50 Hy(aV p)od = Hy(ax) + H,(p);
* i o ® is homotopic to idg», and so (y o H,(0))(v) = (v,v). O

COROLLARY 3.3.3. The Hurewicz homomorphism H: (8%, %) — Hy(S%)
is surjective for each d > 1.

Proof. It hits the generator u; = Hy (idga)(ug) = H([idga]). ]

We shall discover in section 3.7 that H: 4 (8%, %) > Hy (%) is even an
isomorphism for each d > 1. This is also an instance of the famous Hurewicz
theorem that we shall discuss in chapter 5.

We close this section with the following proposition, whose proof is the
content of exercise 7.3 and which states that the Hurewicz homomorphism
is insensitive to the conjugation maps from the previous section:

PROPOSITION 3.3.4. Let X be a space and let v: I — X be a path from x,
to x,. Then the following triangle commutes for each n > 0:

v
nn(X) Xo) —#> ﬂn(Xa xl)

3.4 RELATIVE HOMOTOPY GROUPS

Inspired by the Hurewicz homomorphism, we would like to mimic several
constructions for singular homology in the world of homotopy groups. Our
first goal is to define relative homotopy groups 7, (X, A, x¢) for a pair (X, A)
of spaces with a basepoint x, inside A, and a long exact sequence involving
these groups. Such a sequence would involve a connecting homomorphism
0,2 (X, A, x9) — 1,1 (A, xp), and this leads us to the following idea:
The set 7, (X, A, x¢) should contain homotopy classes of maps ac: I" — X
sending nearly the entire boundary of I" to x, yet we allow the map to
vary inside A at the face I"! x {1}; then the connecting homomorphism is
given by restricting « to that face. In the following, we make that precise.
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The homotopy claimed

in this last step has been
spelled out in the proof

of AT:111.9.1 forn = 1.

This statement is false
for d = 0, since 71,(S°)
has only two elements,
even though u is in the
image of #. The key
difference is that H is
not a homomorphism in
this case.
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]2

Here we regard cy,

as a map of triples.

Xo

To define « * f3, we need
that both a(1,t,,...,t,)
and (0,t,, ... ,t,) agree
with x,, but forn =1,

we only know (1) € A.

As said before, each
intermediate step of the
homotopy is required to

be a map of based pairs.

REMINDER 3.4.1. A triple is given by (X, A, A’) where X is a space and
A" ¢ Ac X. A map of triples (X,A,A’) > (Y,B,B')isamap f: X > Y
satisfying f(A) € Band f(A") € f(B'). A homotopy 1 between maps of
triples has to additionally satisfy that each #; is a map of triples.

Being homotopic as maps of triples is an equivalence relation on the set
of maps of triples, and we call the equivalence classes homotopy classes; we
denote the equivalence class of a map f by [ f].

DEFINITION 3.4.2. A based pair is a tuple (X, A, xq) where (X, A) is a pair
of spaces, together with a point x, € A. We often identify a based pair
(X, A, xo) with its corresponding triple (X, A, {xo}).

A map (X, A, x9) — (Y, B, y) of based pairs is a map of the correspond-
ing triples; this constitutes a category Top, .. Accordingly, we require for
each homotopy # of based pairs that each #; is a map of based pairs.

NOTATION 3.4.3. For eachn > 1, let J” C 0I" be the complement of the
interior I"~! x {1}. Put differently, J" = (I""! x {0}) U (3I""* x I).

This is everything we need to define the relative homotopy groups:

DEFINITION 3.4.4. Foreachn > 1 and each based pair (X, A, xg), we define
the n™ relative homotopy group m,/(X, A, x,) by

(X, A ty) = { homotopy classes of maps of triples }

a: (I",oI", J™) - (X, A, xo)

We regard 7,,(X, A, x¢) as a based set, the basepoint being [c ]. Note that
7,(X, A, x¢) has only been defined for n > 1; for in the case of n = 0, we
have 0" = J" = & and hence would just recover (X, xp).

CONSTRUCTION 3.4.5. Leta, : (I",0I",]") — (X, A, x) be two maps of
triples. If n > 2, then we can employ the formula from construction 3.1.6
to define their product « * 8. By the very same proof, this descends to a
product [«] - [B] := [« * 8] turning 7,,(X, A, x¢) into a group.

In the case of n > 3, we might also use the second coordinate to define
a product, and so we can repeat the proof of proposition 3.1.8 to conclude
that 77,,(X, A, xq) is abelian.

CONSTRUCTION 3.4.6. For each map f: (X, A,x,) — (Y, B, y,) of based
pairs and n > 1, we get an induced map among relative homotopy groups

nn(f): nn(X)A’xO) - ﬂn(KB’y0)> [“] = [fOOC],

This map takes the basepoint [c}; ] to the basepoint [c;,‘o] and for n > 2, this
map is a group homomorphism. Thus, 7,, becomes a functor from Top, .
to the category Set., Grp, or Ab, respectively, depending on n.

Again, it follows straight from the definition that if two maps of based
pairs f and f' are homotopic, then 7,,(f) = 7, (f") agree for each n.
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REMARK 3.4.7. The group m,,(X, {x0}, x) agrees with m,,(X, x¢), showing
that the n™ relative homotopy group functor is an extension of the old
n™ homotopy group functor along the inclusion Top, < Top, , given by
(X, x9) — (X, {x0}, x0)- This justifies that both functors are called 7,,.

For small #, one has to be a bit careful what the target category for these
functors are. For example, the relative 77, is only an extension of 77; once we
forget the group structure; i.e. we have a commutative square of functors:

Top. LN Grp

[ lforget

TOPz)* T) Set.

Now we come to the construction of the connecting homomorphism:

CONSTRUCTION 3.4.8. For each n > 1, the inclusion of I"~! as the top face
of I" is a map of pairs ": (I"",0I"') — (01", J"). Thus, for each map of
triples ac: (I",0I",]") — (X, A, xo), the composition cce 8" is a map of pairs
(I""1,8I"') — (A, x,). This construction descends to a map

On: (X, A, %) = my1(A, %0),  [a] = [ao 8",

which we call connecting homomorphism. For n > 2, the map 0,, is indeed
a homomorphism, justifying its name.

Proof. If « and &' are homotopic via a homotopy #, then 7, « 8" witnesses
that a0 8" and ' 0 8" are homotopic as maps of pairs; hence the connecting
homomorphism is well-defined. To see that the connecting homomorphism
is a homomorphism for n > 2, we note that (a % ) e 8" = (2 8") * (S 6")
holds even without quotienting out the homotopy relation. O]

CONSTRUCTION 3.4.9. Let (X, A, xq) be a based pair. Then the connecting
homomorphism and the maps induced by the inclusions (A, xy) < (X, x)
and (X, {x0}, x9) = (X, A, x¢) give rise to a long sequence

7]
A nn(A’xO) - nn(X’xO) - nn(X’A>x0) — ﬂn—l(A)xo) —

which ends with --- — (X, A, x¢) — 719(A, x0) — 79(X, x¢). All involved
maps are maps of based sets, and all maps on the left side of 7, (X, x) are
group homomorphisms. Moreover, this sequence is natural with respect to
maps of based pairs f: (X, A, xy) — (Y, B, yo).

We would like to state and prove that this sequence is exact. To do so, we
have to make explicit what this means if the ingredients are no groups:
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In explicit formulas,
O" takes (ty,...,t,-1)
to (ty, ... s by, 1).

#. o 6" refers to the
homotopy (#; 6" )se;.
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Here 0 denotes the

trivial based set ({0}, 0).

By our index choices
below, n = 1 covers the

entire sequence.

=1
n
X0=M1o
X0=Mo
n
aod"=m,
04

DEFINITION 3.4.10. If f: (X, x0) — (Y, y,) is a map of based sets, then its
kernel ker( f) is defined to be the preimage f~'(yp). This enables us to gen-
eralise the definition of exactness from last term to sequences of based maps.

REMARK 3.4.11. A sequence G — G’ — G" of groups is exact at G’ in the
usual sense if and only if the underlying sequence of based maps is exact;
hence definition 3.4.10 truly generalises the old notion of exactness.

Nonetheless, one has to be a bit careful when using exactness for maps
of based sets that do not come from group homomorphisms:

EXAMPLE 3.4.12. Forageneric map f: (X, xq) — (Y, yy) among based sets,
triviality of ker(f) does not imply that f is injective. As a counterexample,
let X :={0,1,2} and Y := {0, 1}, both with basepoint 0, and let £(0) := 0 and
f(1), f(2) = 1. Then ker(f) =0, i.e. the sequence 0 — X — Y is exact, but
f is not injective. In two situations, however, we have more luck:

o If f underlies a group homomorphism, this issue does not occur.

o If0 > X — 0is exact, then X is indeed trivial (exercise).

Now we can state and prove the main result of this section:
THEOREM 3.4.13. The sequencefrom construction 3.4.9 is exact.

Proof. Let,: m,(A,x0) = m,(X,x0) and j,,: m,(X,{x0},%0) = 7, (X, A, x¢)
be the maps induced by the inclusions. Our goal is to show exactness at
each of the three recurring steps (for each n > 1) of the sequence:

We start by showing exactness at each 71,1 (A, xp): In order to show that
im(0,) < ker(,,-1), let B: (I",0I",]") — (X, A, xo) be a map of triples, then
B 06" is nullhomotopic inside X by #,(ty,...,t,—1) = B(t1,...,ts-1,5). To
show that ker(z,,) € im(d,), let a: (I"!,0I" ') — (A, x¢) be a map and let
1 be ahomotopy from ¢, to « inside X. Then B(ty,...,t,) =, (t1,... tn-1)
is a map of triples satisfying o §" = a.

Next, we show exactness at 7, (X, A, x¢): For each : (I",0I") — (X, xo),
the map 08" is constantly x,; this shows that im(y,) < ker(0,). For the
other inclusion, let a: (I",0I",]") — (X, A, x,) be a map of triples and let
n: (I" 101" 1) x I — (A, x,) be a from ao 8" to Cx,- Now consider the map
of pairs 3: (I",0I") — (X, xy) given by
Bt )= {cx(tl,...,tn_l,Ztn) fort, € [(1),%],
nZt”—l(tla---)tn—l) fOI'tn € [5,1]

Then f3 is homotopic as a map of triples (I",0I", J") — (X, A, x¢) to « itself,
a homotopy given by ‘moving # out on top. Formally we put

2, 1
&ty .ostyr, 72)  fort, €[0,57],

1
Maty-1-s(t15 -5 tyy)  fort, € [55,1].

Os(tl,...,tn):z{
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Finally, we show exactness at 7, (X, x¢): To show that im(z,,) < ker(y,,), we
note that each f: (I",0I") — (A, x¢) is nullhomotopic as a map of triples
(I,0I",]") — (X, A, x) by moving the last coordinate to 0; formally

ﬂs(tla ,tn) = ﬁ(tl) ,tn_l,(l —S) tn)

Converselyleta: (I",01") — (X, xo) be a map of pairs that is nullhomotopic
as a map of triples, and let 7 be a homotopy from c,, to e. Then we define
B(t1s ... t,) =n (t1, ... t,—1, 1), which isa map of pairs (I",9I") — (A, x).
Finally, we have a homotopy 0 from « to f inside X by running # from 1
until ¢,,, and then moving the last coordinate from t,, to 1; formally

N ST &
O.(t1,....t,) = {ﬂzst,,ﬂ 2s(t n)

fors e [O,%],
ﬂt”(tl,... ,1 .

b1, (2=28)t, +25s—1) forse[% 1. O

COROLLARY 3.4.14. Ifthe inclusion A — X is a homotopy equivalence, then
m,.(X, A, xq) is trivial for each n > 1.

Proof. By corollary 3.2.6, the induced maps 7, (A, x9) — 7,(X, x¢) are iso-
morphisms, so by exactness, each 71,,(X, A, xo) is trivial. O

The following useful proposition tells us that even though the last three
maps in the long exact sequence of homotopy groups are no homomorph-
isms, the injectivity issue from example 3.4.12 does not occur often.

PROPOSITION 3.4.15. Let (X, A, x¢) be a based pair.

1. The induced map j,: 7w1(X, x0) — 71(X, A, x0) is injective if and only
if its kernel ker(y;) is trivial.

2. If (X, xo) is trivial, then 01: 1(X, A, x) — 70(A, Xo) is injective.

The proof of this proposition is the content of exercise 8.1. Note that in
the second statement, the assumption 7, (X, x) = 0 is stronger than just
assuming that ker(0,) is trivial. Using the figure at the margin, one can
show that this weaker assumption is not enough to ensure injectivity of 9;.

We close this section with a conjugation action on relative homotopy
groups similar to the absolute case from construction 3.2.1:

CONSTRUCTION 3.4.16. Let (X, A) be a pair and let v: I — A be a path
(inside A) from x to x;. For each map «: (I",0",]") — (X, A, xq) of triples,
we define vya: (I",0I",J") — (X, A, x1) as depicted in the figure on the
margin. Again, this descends to a map vy : m,(X, A, x9) — 7, (X, A, x;) for
each n > 1, which is a group homomorphism for n > 2.

This turns x¢ — m,(X, A, x¢) into an IT; (A)-indexed diagram. Now each
of the three different ingredients in the long exact sequence are actually
IT, (A)-indexed diagrams, and all three morphisms are natural (exercise);
so altogether, we have a long exact sequence of I; (A)-indexed diagrams.
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Here we use that § lands
in A to ensure that #;
sends 0I" to A.

To show B(AI") = {x,},
use that 0I" agrees with
(I"'xolu @I x1I).

Exercise: Check that
indeed 6,(0I") = {x,}
holds for each s € I.

This even holds for
m1(X, A, xp), using
exactness of based sets.

For the very last map
70(A, x0) = 7o (X; %0),
no similar statement is
to be expected: For

X :={x}ul,
A= {xo, 0, 1},
the induced map on 7,

not injective, but
71, (X, A, xq) is trivial.

X U X «

For m,(X, x,), use that
each path in A is also a
pathin X.



In order to relate this to
the classical formulation
of excision, put A=V
andW:=X\UCcV.

For p =0, there is no
condition on (U,UNV);
similarly for g = 0.

Note that if
UnV =@, then
the statement is void.

Puppe’s proof uses path
spaces, which we have
not discussed; but there
is an ‘adjoint’ version of
this step which only uses
tools from this course.

(2,1) ~ (x',1),
(x,0) ~ (x,0).

3.5 HOMOTOPY EXCISION AND FREUDENTHAL

Having successfully constructed a long exact sequence among homotopy
groups for (based) pairs of spaces, one might become optimistic and hope
for an excision theorem for homotopy groups. We start this discussion by
reformulating the excision property for singular homology in a special case:

REMINDER 3.5.1. Let X be a space and let U,V C X be open subspaces
covering X. Then the induced map H,(U,UNV) — H,(X,V) in singular
homology is an isomorphism for each n € Z.

Our first guess might be that reminder 3.5.1 stays true if we replace H,, by
71,,. This however, turns out to be utterly false (for example, it would imply
that 713(S?) is trivial, something we shall disprove soon). There is, however,
a significantly weaker statement with stronger assumptions, which goes
under the name homotopy excision or Blakers-Massey theorem.

NOTATION 3.5.2. For a space pair (X, A) and n > 1, we write 7,(X, A) =0
if 1,,(X, A, xg) is trivial for each x, € A.

THEOREM 3.5.3 (Homotopy excision). Let X be a space, which is covered
by two open subspaces U and V, and let p,q > 0. Assume that

T,U0,UNV)=0
7,V,UnV)=0

foreach1<n

foreach1<n
Then, for each x, € U NV, the induced map

(U, U NV, X0) = 71,(X, V, X0)
is bijective for 1 <n < p + q and surjective for L<n < p +q.

There is a rather elementary proof of the homotopy excision theorem due
to Dieter Puppe [4], which can also be found in [3, § 6.9]. However, the proof
is truly lengthy and not very illuminating; so I decided not to discuss it in
the lecture. If there is sufficient interest near the end of the term, then I shall
spell out the proof in an extra session (or in the appendix of these notes).

Inspired by homology, we expect a suspension isomorphism for homo-
topy groups, at least in a range. This is indeed possible and goes under the
name Freudenthal suspension theorem. The map is constructed as follows:

CONSTRUCTION 3.5.4. Let (X, x,) be a based space. We consider its sus-
pension SX = (X x I)/~, the basepoint X, being the residue class of (xg, %).
The goal is to construct, for each n > 0, a suspension map

S: ﬂn(X)xo) - ﬂn+1(SX’3EO)-
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To do so, we cover SX by two open cones U and V, say U is the image of
X x [%, 1] and V is the image of X x [0, %] under the projection to SX. Then
U NV contains the basepoint Xy and the based map f: (X, xq) = (UNV, %)
taking x to the residue class of (x, %) is a homotopy equivalence (the target
being identified with X x [%, %)). Now consider the following diagram:

TTn+1 (Va 920)
741 (U, Xp) 41 (SX, Xo)
Jn+1

a1 (U, U NV, %) —2 11,1 (SX, V; %)

an+1

f

7,(X, Xo) T*> m,(UNV, %) 7, (V, Xo)

T[n (U) -’20))

where g is the canonical inclusion and the two vertical columns are parts
of the long exact sequences for (U,U NV, %y) and (SX,V, X,). Since both
U and V are contractible, it follows from exactness that d,,.; and j,,,, are
bijective and we define S = j,}; © g. 0,1, o f.. It follows straight from the
definition that § is natural, and that S is a homomorphism for n > 1.

REMARK 3.5.5. Interpreting elements in 7, (X, x¢) as in remark 3.1.14 as
classes of based maps «: (S”, *) — (X, x9) and using SS” = §"*!, we shall
see in exercise 12.4A that § has the much more memorable form [«] — [Sa].

The aforementioned ‘range’ in the suspension theorem will depend on
the triviality of some homotopy groups of the space to start with:

DEFINITION 3.5.6. Letd > 0. A space X is called d-connected if X is non-
empty and 71, (X, xp) is trivial for each 0 < n < d and each basepoint x, € X.

EXAMPLE 3.5.7. A space is o-connected if and only if it is path-connected.
A 1-connected space is often called simply connected. Visually, this means
that each loop in X can be homotoped to the constant path.

EXAMPLE 3.5.8. If X is contractible, then X is d-connected for each d. (We
shall soon see that for cw complexes, the converse implication is also true!)

REMARK 3.5.9. If X is d-connected, then X is also (d — 1)-connected. In
particular, if X is d-connected for some d, then X is path-connected.
Conversely, once we know that X is path-connected, it suffices to check
that 7, (X, xo) is trivial for some basepoint x, € X. Triviality for each other
basepoint then follows using the conjugation maps from section 3.2.
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In the case of n = 0, we
use proposition 3.4.15
for injectivity.

This exercise becomes
easier if we reinterpret
elements in relative
homotopy groups as
classes of maps starting
at (D", 8", %), which
we will do in chapter 4.

Recall that for us,
‘path-connected’
includes ‘non-empty’
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Each based map
f: X =Y induces map
If: 32X — XY, and we
have £§" = §"*1.

Now we are ready to state and prove the suspension theorem:

THEOREM 3.5.10 (Freudenthal). Letd > 1. If a space X is (d — 1)-connected,
then for any xy € X, the map S: m,(X, xy) — 7,11(SX, Xo) from construc-
tion 3.5.4 is bijective for n < 2d — 1 and surjective for n < 2d — 1.

Proof. Three out of four ingredients for § are bijective, regardless of n, so
we only have to inspect g,.. To do so, we note that for any x e UNV, we
have 7,,(U,U NV, x) = m,,_1 (U NV, x), which is isomorphic to 7,,_; (X) and
hence trivial for each 1 < n < d. The very same holds for (V,UNYV).

By the homotopy excision theorem, it follows that the map in question
g« 1 (U, UNV, %) = m,,11(SX, V, %) is bijective whenever n+ 1 < 2d
and surjective whenever # + 1 < 2d. Now subtract 1 from both sides. ~ [J

COROLLARY 3.5.11. If X is (d — 1)-connected, then SX is d-connected.

Proof. As X is non-empty, SX is covered by two cones which intersect non-
trivially, and hence is path-connected. Moreover, 7r,,_1 (X, x¢) surjects onto
1, (SX, X9) for n < 2d. Using that m,,_; (X, xo) is trivial for 1 < n < d, this
shows that 77,,(SX, %) is trivial for the same values of n. O

COROLLARY 3.5.12. For d > 1, the d-sphere $% is (d — 1)-connected and
S: 71,(8%) — 71,41 (S¥Y) is bijective forn < 2d — 1 and surjective forn <2d — 1.
In particular, there is a surjective group homomorphism m,(S') — 74(S%).

We will soon see that 77, (S') = Z; then a combination of corollary 3.5.12
and corollary 3.3.3 will tell us that each ﬂd(Sd ) is isomorphic to Z.

Proof. The connectivity follows inductively from corollary 3.5.11 and the
fact that S! is path-connected. Then another application of theorem 3.5.10
shows that § is bijective (or surjective) in the range that is claimed. This
shows that in the chain of maps

N N N N
Ty (S) — mp(8?) — -+ — ma (ST — ma(SY),
the first map is surjective, and all subsequent maps are isomorphisms. [

REMARK 3.5.13. The latitude % of the basepoint Xy € SX might feel a bit
arbitrary. In fact, in the world of based spaces, it makes more sense to
consider the reduced suspension ZX = (X x I)/(X x 0I U {x¢} x I). Visually,
the longitude that passes through xj is collapsed as well. We have a quotient
map SX — XX, which is a homotopy equivalence if X is well-pointed.
Postcomposing the suspension map S with the map induced by quotient-
ing further SX — XX, and reinterpreting elements of 77,,(X) as homotopy
classes of based maps §” — X as in remark 3.1.14, the resulting reduced
suspension map 1, (X) — 7,41 (ZX) is now of the form [a] — [Z«].
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3.6 FIBRE BUNDLES AND SERRE FIBRATIONS

So far, we have not been successful in computing concrete homotopy groups.
Corollary 3.5.12 suggests that our next goal should be 7, (S'). However, the
usual method, namely covering S by two hemispheres, will not work here
as the assumptions for homotopy excision are not satisfied here.

We are therefore in need of a different tool; one we do not know from
homology. Recall that homotopy groups interact particularly well with
products, as we saw in lemma 3.1.12. Now S is not a factor in a product
space whose homotopy groups we know — however, locally this is indeed
the case! We make precise what we mean by this:

DEFINITION 3.6.1. Let F be a space. A map of spaces p: E — B is called
fibre bundle with fibre F if there is an open cover (U;);cq of B and a family
of homeomorphisms (¢;: p~* (U;) — U; x F);cq such that for each i € 7, the
following triangle commutes:

U —2 s UixF

k AU,‘
Ui

REMARK 3.6.2. If p: E — Bis a fibre bundle with fibre F, then each actual
fibre p~'(b) = {e € E; p(e) = b} C E, together with the subspace topology,
is indeed homeomorphic to F; hence the name.

EXAMPLE 3.6.3. The exponential map p: R — S' ¢ C given by p(t) = e*™

is a fibre bundle with fibre Z, carrying the discrete topology.

Proof. Cover S! with the complements of ¢® and e and call them U, and
U,, respectively. Then p~' (U;) = Uyez (k. k +1) and we have a continuous
map ¢;: p~'(U;) — U, x Z taking each t € (k,k + 1) to (p(t), k); this map
makes the above triangle commutative. Moreover, ¢; has a continuous
inverse: If log: U; — (0,27) denotes the respective branch of the complex
logarithm, then ¢;*(z,k) = k + % -log(z). For U, argue similarly. O

EXAMPLE 3.6.4. For eachd > 0, recall that RP? is defined as the quotient
of $7 by the relation z ~ —z. Then the quotient map p: $% — RP is a fibre
bundle with fibre {+1}, carrying the discrete topology.

Proof. For each 0 <i<d consider U; = {[zy,...,24] € RP% z; # 0}. Then
Ups ...,Uy constitutes an open cover of RP4, and for each 0 < i < d, we
have homeomorphisms ¢;: p~!(U;) — U; x {1} making the above triangle
commutative, which are defined by

(/)i(Z(),...,Zd) = ([ZO""’zd]’%)' =
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Lecture 12

Roughly speaking, a
fibre bundle is a map
that locally looks like
a projection out of a
product.

Fibre bundles with
discrete fibres are also
called covering maps
(»Uberlagerungenc).

Exercise: Show that ¢;
has a continuous inverse.



This was exercise 9.4
in AT last term.

When you adapt the

previous proof to this

situation, the quotient
Zi

iz now lies in st
:

Recall CP! = §%, e.g.
because CP! has a cw
structure with one
0-cell and one 2-cell.

Commutativity of the
square reads peo f =1q;
commutativity of the
triangles reads 7j, = f
and p o7, =7, for each s.

If p has the homotopy
lifting property with
respect to all spaces,

then pis called a
Hurewicz fibration.

EXAMPLE 3.6.5. For each d > 0, recall that CP? is defined as the quotient
of $24+1 ¢ C?*! by the relation z ~ a - z for any a € S'. Then the quotient
map p: $?#*1 — CP? is a fibre bundle with fibre S'.

We point out that p: $?#*! — CP? s also the attaching map for the
(2d + 2)-cell of CP*! with respect to the standard cw structure that has
been discussed in exercise 9.4 last term. In the case of d = 1, this map is the
famous Hopf map 1: S> — S* which already appeared in corollary 2.4.4.
The picture on the cover page of these notes depicts several fibres of #,
which are disjoint circles lying in S* (or rather R?, if we skip one point
from the picture). Any two such circles are linked (as shown on the margin),
which visually means that they cannot be separated from each other.

But I digress! Coming back to the general theory, the important homo-
topical property of fibre bundles is the following:

DEFINITION 3.6.6. For each class 4 of spaces, we say that p: E — B has
the homotopy lifting property (HLP) with respect to 4 if for any space A € 4,
each commutative square as below has a filler, as denoted by the dashed
arrow, making the two arising triangles commutative:

Ax{0} - E
A

[ s lp
P

AxI —— B

We call p a Serre fibration if it has the homotopy lifting property with respect
to the collection {I""},5o of cubes.

REMARK 3.6.7. If p has the homotopy lifting property with respect to a
class 4 and if (X, X,) is a pair of spaces that is homeomorphic (as a pair)
to (A x I, A x{0}) for some A € 4, then each square where the left vertical
map is Xy — X and the right vertical map is p: E — B has a filler.

EXAMPLE 3.6.8. Each projection prg: Bx F — B has the homotopy lifting
property with respect to any space. In particular, prg is a Serre fibration.

Proof. If f: Ax{0} - Bx Fand#: AxI — Bareas in (%), then the map
fis(a) = (ns(a), pre(f(a,0))) is a filler for the square. O

We want to show that each fibre bundle is a Serre fibration. This follows
from the following principle:

PROPOSITION 3.6.9 (Local-to-global principle). Let p: E — B be a map
and let U be an open cover of B such that for each U € U, the restriction
p Y (U) — U is a Serre fibration. Then p itself is a Serre fibration.
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Proof. Assume a commutative square as in (*), with A replaced by I". By
the Lebesgue lemma, we find a positive integer N such that if we put

n+l
Wi [Tl e
i=1
for any tuple A = (A4, ...,A,41) with 1 < A; < N, then each #(W),) is con-
tained in some U € U. Now we order the tuples lexicographically; hence
we can refer to them by the numbers {1, ..., N"*1}.
For each non-negative integer k, we let W be the union of I" x {0} and
all Wy with I < k. Our goal is to inductively find a filler 7 as in

I"x{0} —— E

A
//
s <k

Wae —— B,

=

noting that for k = 0, we have W¢q = I" x {0}, so we can put #jo := f; and for
k = N1, we have reached the original square (*). For the induction step
(illustrated for n = 1, N = 4, and k = 7 at the margin), assume we already
have a filler for W¢_;. Now we observe that the intersection W, N W¢;_;
is the non-empty union of some front faces of Wy, and therefore the pair
(Wi, Wi N Wg_1) is homeomorphic to (I" x I, I" x {0}); here we leave the
details as an exercise, but we illustrate the homeomorphism at the margin
in the situation that arises from the previous figure.

Now we use that 77(Wj) is contained in some U € U and that p~'(U) — U
is a Serre fibration. In combination with remark 3.6.7, applied to the pair
(Wi, Wi N1 Weg—1), we find a filler 7 of the following form:

Wi N W RS ')

/)I
[~ °
-7 Mk

-

Wi ———— U
Finally, we put fj¢x = fj<x-1 U fji; this concludes the induction step. O]

COROLLARY 3.6.10. Each fibre bundle is a Serre fibration.

Coming back to homotopy groups, the homotopy lifting property with
respect to cubes has the following useful consequence:

PROPOSITION 3.6.11. Let p: E — B be a Serre fibration. For by € B, we put
F = p~Y(by) and pick ey € F. Then the induced map

ﬂn(P): nn(E’F’eO) - ﬂn(B)bO)

is an isomorphism for each n > 1.
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This means that A < A if
and only if there is an i
such that A; = A; for
j<i,and A; < AL

For 1 <i<n, thei™
front face of I" contains
all (tl) ,tn) with t; = 0.

/ \ /

/ \ /
/ - \ /
1/ N
&

p is a map of based pairs
(E, F,e9) = (B, {bo}, by).



The square commutes
since a(z) = by = p(e,)

holds for each z € J".

For n =1, it does not
suffice to show that the
kernel of 7r,,(p) is trivial,
so we compare « and o’ .

Here p is regarded as a
map of based spaces, not
as a map of triples as in
the previous proposiion.

Proof. As a first step, we note that for each n > 1, the pair (1", J") is homeo-
morphic to (I =Ly [, I x {0}). Again, we leave the details as an exercise,
but we indicate the homeomorphism in the case of n = 2 at the margin.

Coming back to the original statement, we first show that 7z, ( p) is surject-
ive: Letae: (I",0I") — (B, by) be a based map. Using the above isomorphism
of pairs and remark 3.6.7, we obtain a filler as follows:

n Ceo
J* — E

[ - | s

InT)B

K \\

Then (po&)(AI") = a(0I") = {by}, i.e. ®(0I") € F, and we have &(J") = {eo}
by the commutativity of the upper triangle. Therefore, & is a map of triples
(I",0I",]") — (E, F,e), and we have 7,,(p)([&]) = [p~ &] = [«].

To show injectivity of 71,,(p), let &, ' : (I",01",J"*) — (E, F, ;) be two
maps of triples and assume a homotopy # from poa and poa', regarded as
maps of pairs (I",0I") — (B, by). We claim that there is a filler as follows:

(t,0) — «a(t)
1) —a ()
(t,s) — e, for te]”

(I"xd)U(J"xI) ——2 =, F

[ - lp
7T

I"xI - B,

which then finishes the proof because #j is a homotopy between « and o'
satisfying #(J") = {eo} and #,(3I") € p~'(by); hence [a] = [&'].

To justify the existence of 7j, we first of all note that the top horizontal
mayp is well-defined as the three definitions agree on the intersection J” x 0I.
Second, the square is commutative since # is a homotopy of pairs. Finally,
we use that the pair (I" x I, I" x 91 U J" x I) is homeomorphic to (I"*!, J™*1),
the homeomorphism given by exchanging the last two coordinates. Hence
the existence of the filler follows again from remark 3.6.7. O

As a consequence, we obtain a further long exact sequence of homotopy
groups, now assigned to a Serre fibration:

COROLLARY 3.6.12. Let p: E — B be a Serre fibration, by € B, F == p~'(by),
andey € F. Let1: F — E be the inclusion. Then we have a long exact sequence

(1) m,(p) d,
i nn(F’eO) — T[n(E’eO) — nn(B’bO) — nn—l(F)eO) —

which ends with --- — mo(F,eq) — 1o(E, e9) — 1 (B,by). The maps 0,, are
homomorphisms for n > 2.
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Proof. To avoid confusion, write mrel( p): m,(E,F,ey) — m,(B,by) for the
map appearing in proposition 3.6.11, and 0:': 77,,(E, F, eg) — 71,,_ (F, eg) for
the connecting homomorphism appearing in the long exact sequence of the
based pair (E, F, ey). Then the desired sequence arises by merely conjugating
the old long exact sequence at each third position by 77 (p) as follows:

rel

an
- — 7u(E,e)) — mu(E,Fe)) —— mu1(Feg) —— -

~ rel

Ty (B> bO)

While 0, is defined to make the right triangle commute, commutativity of
the left triangle follows from the fact that both ‘paths’ in the triangle describe
the assignment [«] — [p o a]. Since 7' (p) and 0% are homomorphisms
for n > 2, the same holds true for o,,.

There is one last subtlety: The old long exact sequence stops at 7o (E, e),
while the new one is claimed to continue one step further. We hence have
to check exactness at 77y (E, eg) by hand; this is exercise 9.2. ]

REMARK 3.6.13. Using how surjectivity of 77:!(p) has been shown in pro-
position 3.6.11, the connecting homomorphism 0,,: 7,,(B,by) — 7,1 (F, e9)
has the following explicit description: Given a map «: (I",0I") — (B, by),
we have 0,,[«] = [& o "], where & is the filler as in

n Cep
J' — E

A
7

[ e lP
@

IHTB.

In the special case of nn = 1, recall that « is nothing but a loop I — B at by,
and since J! = {0}, the filler &: I — E is a path with starting point &(0) = e,
that satisfies p o & = «, then 0; [«] is the path-component of &(1) in F. This
path & is traditionally called lift of « (over p) at e.

Using this explicit description of 01, we can improve proposition 3.4.15:2
in the case where 0; comes from a Serre fibration and not from a pair:

PROPOSITION 3.6.14. In the long exact sequence above, the connecting map
01: 1 (B, by) — mo(F, e) is injective if and only if its kernel ker(0, ) is trivial.

Proof. Assume that ker(0, ) is trivial and let , 3: I — B be two loops at by
such that 0; [«] = 9;[B]. This means that there are lifts &, [3: I — E with
a(0) = [?(0) = ¢y such that &(1) and [§(1) can be connected by a path y in F.
Then &y * f~ isalift of & * ¢, * B~ at ey, which ends in e,. This shows
that 9, ([«] - [B]7}) = [ce, ], and hence [«] - (BI7! = [cp ) ie [a] =[B]. O
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on « and p, the third
arrow in the arising
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Including 0,, using
proposition 3.6.14.

3.7 CALCULATIONS

Now we have finally reached the point at which we can calculate homotopy
groups for several well-known spaces. We start by calculating all homotopy
groups of the circle S! ¢ C (with basepoint * = ). We might already
expect that 77, (S, *) is isomorphic to Z, each integer k € Z corresponding
to a loop that runs around the circle k times. This is exactly what we are
going to make precise in the following proposition:

PROPOSITION 3.7.1. Foreachk € Z consider o.: 1 — S* with o (t) = 2™,

Then the map Z. — m,(S", *) defined by k — [ay] is a group isomorphism.
All further homotopy groups of S' are trivial, i.e. we have

{Z forn=1,

7, (St %) =
ol ) 0 else

Proof. First ofall, we argue that [ax] - [o] = [ag4;] for each k,] € Z, showing
that the map in question is a homomorphism. To do so, consider the path
uy;: I — R, which is depicted at the margin and formally defined as

2kt fort € [0,1],

bl (8) = {k+l-(2t— 1) fortel[l,1]

If p: R — S' denotes the exponential map p(t) = e*™" as in example 3.6.3,

then o * o = p o uy, so a homotopy between oy * o and oy, is given by
interpolating between uy; and t — (k +1) - t and then apply p, formally:

7s(t) = p((L = 5) - ugy(t) +s- (k+1) - 1).

To show that ®: k — [ay] is bijective, we consider the long exact sequence
for the exponential map p: R — S' from example 3.6.3, with basepoints
e’ €Sand 0 € Z = p~'(e°) ¢ R. If we identify 71(Z) = Z, then 9, [ ] = k,
which follows from the fact that ¢ +— k- ¢ is a lift of ay starting at 0. This
shows that 0, is a left-inverse for ®. Moreover, since R is contractible, each
of the maps d,,: 77,,(S!, *) — 7,1 (Z,0) is bijective. On the one hand, this
shows that @ is indeed bijective, and on the other hand, this shows that
7,(SY, %) = 0 for n > 2 since 71,1 (Z,0) = 0 for those n. O

In the following, we shall consider path-connected spaces X, so the iso-
morphism type of their homotopy groups does not depend on the basepoint.
Consequently, we shall skip the basepoint from the notation.

COROLLARY 3.7.2. Foreachd >0, we have

i o2 S

0 else.
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The previous corollary follows from lemma 3.1.12 and proposition 3.7.1.
Here we already see a difference between homotopy groups and homology:
For example H,(T?) = Z, but 7r5(T?) is trivial.

Next, we want to turn our attention to higher-dimensional spheres. Recall
from corollary 3.5.12 that each $% is (d — 1)-connected, i.e. 7,,(S?) is trivial
for n < d. To describe 74(S?), we again interpret its elements as homotopy
classes of based maps $?% — % as in remark 3.1.14.

THEOREM 3.7.3 (Hopf). Foreachd > 1, the map 74(8%) -7 taking [«] to
its mapping degree deg(«) is an isomorphism of groups. In particular, 7r;(S%)
is isomorphic to Z, generated by the homotopy class [idga].

Proof. We recall from corollary 3.3.3 that the Hurewicz homomorphism
H: 73(8%) — Hy(8) with [a] — Hy(a)(uy) is surjective. When identify-
ing the target with Z via the generator 1, this map becomes [«] — deg(«).
It hence is our aim to show that # is bijective, which then implies the claim.

To do so, we recall from corollary 3.5.12 that iterating the suspension
map gives rise to a surjective homomorphism 7, (S') — 7,4(8%); so since
mSH=2z by proposition 3.7.1, it follows that nd(Sd) is isomorphic to some
quotient of Z. As it surjects to Z, this quotient can only be Z itself, and
hence # is indeed bijective. O

We still do not know 77,,(S%) in the cases where 1 > d. Unlike in homology,
it will turn out that these groups are not at all trivial. We shall calculate the
smallest case, 713(S?), using complex projective spaces:

PROPOSITION 3.7.4. Let d 2 1. The projective space CP? is 1-connected,
and if p: S — CP? is the fibre bundle from example 3.6.5, then:

e 0y: 71, (CP?) - 7,(SY) is an isomorphism,

o m,(p): 7,(8%*1) 5 71,(CP?) is an isomorphism for n > 3.
In particular, we have

0 forn=1,
1, (CPH = {7 forn=2,
m,(S?HY)  fornz 3.

Proof. Note that CP? is path-connected as a quotient of $2¢*!, All other
claims (including 1 (CP?) = 0) follow straight from the long exact sequence
induced by p, using proposition 3.7.1 and the fact that 2d + 1 > 3. O

EXAMPLE 3.7.5. Recall that in the case of d = 1, the space CP! is homeo-
morphic to §%, and the above bundle map p is the Hopf map #: $* — S2.
Then proposition 3.7.4 tells us that the assignment [«] — [# 0 «] is an iso-
morphism 7,(S?) = 7,(S?) forn > 3. In particular, 75 (8%) is isomorphic
to Z, generated by the homotopy class [#] of the Hopf map.
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Recall that deg(«) is
determined by
Hy(a)(ug) = deg(ax) - ug,
where 1, is a generator
of H,(8%) as before.

Each surjective
homomorphism Z — Z
isof theformk—a-k
for a = +1 and hence
already bijective.

This argument also
shows that the iterated
suspension map
m1(81) = ma(8?) is
even bijective.

Recall that the
fibre of p is S*.



In fact, one shows that
the suspension of CP? is
still not equivalent to

$? v §*, even though all
cup products are killed
by corollary 1.9.2.

The two question marks
above, however, can be
answered; in both cases,
we again get Z,.

CP? c CPH!,
RP? c RPH!,

OUTLOOK 3.7.6. The map S: 73(S?) — 714(S?) is onto by corollary 3.5.12.
We may or may not show in an exercise that 2 - S([#]) is trivial inside 74(S%).
On the other hand, one can show (for example using Steenrod squares) that
S([n)) itself is not trivial, so in total 774(S?) is isomorphic to Z,. All following
suspension maps S: 74(8%1) - 7,441 (S%) are isomorphisms, and hence
7441(8%) = Z, for each d > 3. Using finally that 7z,(17): 774(S®) — m4(S?) is
an isomorphism by proposition 3.7.4, we have reached the following table:

Ty T T3 Ty Tis

stz 0o 0 0 O
s 0 7z 7Z 7, ?
$$ 0 o0 zZ 7z ?
st 0 0 0 Z 7
$$ 0 0 0 0 Z

Table 3.1. 77,,(S%) for 1 <n,d <5.

Many homotopy groups of spheres are still unknown; their calculation is
an ongoing project that constitutes an active area within Algebraic Topology.

We close this chapter by calculating the homotopy groups of RP, just
as we calculated the homotopy groups of CP?. Note that the case of d = 1
is not very interesting since RP! is homeomorphic to S'.

PROPOSITION 3.7.7. Letd > 2. The projective space RP? is path-connected,
and if p: S — RP? is the fibre bundle from example 3.6.4, then:

o 01: 11 (RPY) — mo({21}) is bijective,

o m,(p): 7,(8%) = 7,(RP?) is an isomorphism for n > 2.
Using that each group with two elements is isomorphic to Z,, we have

7, (RPY) = «[Zz p forn=1,
m,(8%) forn=2.

OUTLOOK 3.7.8. Asd gets bigger, more and more homotopy groups of CP4
and RP? become trivial as the connectivity of §24+1 and $9 increases. In fact,
if we define the colimits CP® := colimy5oCP¢ and RP® := colim o RP?,
then one can show that 77, (CP*°) = Z and 77, (RP*°) = Z, are the only non-
trivial homotopy groups left; this will be done carefully in example 4.3.4.

A space having precisely one non-trivial homotopy group, say 7,,(X) = A,
is called an Eilenberg-MacLane space of type (A,n). Among cw complexes,
this uniquely determines the homotopy type of X. We have argued that S*,
or more generally T9, CP®, and RP® are Eilenberg-MacLane spaces, of
type (Z%,1),(Z,2), and (Z,,1), respectively.
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HOMOTOPY THEORY OF CW COMPLEXES

In this chapter, we study cw complexes and maps between them by using
homotopy groups as our main tool. This endeavour is based on the obser-
vation that n-cells are attached along maps that start from a $”"! and hence
represent classes in 77,1 of a space, see the discussion below. We shall also
see what effect the attachment of cells has on the homotopy groups.

One of the central goals of this chapter is the theorem of Whitehead,
which states that a map f: X — Y between cw complexes is a homotopy
equivalence if and only if each 7, (f) is an isomorphism (with respect to
all basepoints). This is the first time where we have not only a necessary but
even a sufficient criterion for a map to be a homotopy equivalence, which
is expressed purely in terms of algebraic invariants.

4.1 EXTENSIONS AND RELATIVE CW COMPLEXES

Assume we have a space X and a subspace A € X. Moreover, let Bbe another
space and we assume a map u: A — B. A typical question is the extension
problem: Is there a map @: X — B such that ii|4 = u? As a diagram:

A—22>5B

[ = ()
L7 i

As a ‘warm-up;, we argue that in the case where X arises from A by attaching
an n-cell via an attaching map «: S"~! — A, this question can be answered
in terms of homotopy groups if #n > 1. More precisely, regarding elements
in 71,_; as classes of based maps starting at (S"~!, ), the following holds:

PROPOSITION 4.1.1 (Extension lemma). An extension i exists if and only if
the homotopy class [u o «] is trivial in 1,1 (B, by ), where by := (11 0 &) ().

Proof. Assume first that [u o ] is trivial; then there is a homotopy # from
cp, to uoa. As 7 is constant, n: S*' x I — B factors through the cone
CS" 1= (8" xI)/(S"! x {0}) to a map 7: CS"! — B. Now we use that
[z,s] — s- z declares a homeomorphism CS™! — D", whose inverse we
call ¢. Then (77 o ¢)[gn-1 =111 = 1o «; so the map i := u U (7] o ¢) (defined via
the universal property of the pushout, see the diagram at the margin) is a
an extension of u on X = AU, D" as desired.

Conversely, let i1 be an extension and let 8: D" — X be the characteristic
map for the cell attachment. Then #: "~ x I — Bwith #,(z) := (o B)(s - 2)
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This statement and its
proof is a generalisation
of exercise 1.2 from AT.
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One could say that
‘7t_,(B) is trivial’ if

B # &; then this remark
aligns with the previous
proposition.

Last term, property 1
was split into 1 and 3.

Again, we use 7 since I is
reserved for the interval.

This notation means
that the restriction of 3,
to 7, x ™! is called a,,.

Here 1, is given the
discrete topology.

is a homotopy from cp, to uoa, where by = (ite 8)(0). If we put v(s) = 15(*),
then by proposition 3.2.5, we have a commutative triangle

1 (Cbl )

TTy—1 (Ba bl)

Elu#

Ty-1(B, by).

TTp-1 (S?’l—l > *)

7,1 (uoa)

Now we use that vy takes [cp, | to [cp, |, which holds for n—1 > 1 since vy
is a group homomorphism, and for n — 1 = 0 since vy is the identity and b,
and b, lie in the same path-component. Thus,

[toa] =1,y (1o a)([idg1]) = vglcp | = [cp, ] O

We point out that the extension lemma and its proof straightforwardly
generalises to the case where we attach arbitrarily many n-cells. For com-
pleteness, let us address the previously excluded case of n = 0:

REMARK 4.1.2. Attaching a o-cell is the same as adding a disjoint point, so
if X arises from A by attaching a o-cell, one extends u by sending this new
point to any point in B, which is possible as long as B is non-empty.

This shows that extension problems for pairs (X, A) where the ‘difference’
is given by attaching cells are particularly amenable to homotopy theory.
Studying such pairs systematically leads us to the following generalisation
of the notion of a cw complex from AT:1v.1.3:

DEFINITION 4.1.3. A relative cw complex is a pair (X, A) of spaces, together
with a filtration by subspaces

A=sk 1 XcskgXcsk)Xc---cX,
such that the following holds:

1. X ={J, sk, X, and C ¢ X is closed if and only if each C nsk, X is
closed inside sk, X. In other words, | [, sk, X — X is a quotient map.

2. For each n > 0, the subspace sk, X arises from sk,_; X by attaching
cells of dimension n. More formally, there is a set 7,(X, A) = 1,, and
a map of pairs (B, a,): T, x (D",8" 1) — (sk,, X, sk,,_; X) such that
the arising square is a pushout. It looks as follows:

7, x §" SN sk, X

[

1, x D" ﬁ—> San.

In the case where A = &, we obtain the old definition of a cw complex.
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REMARK 4.1.4. We see that each sk, X is a closed subset of sk, ; X, so each
sk, X is closed inside X. In particular, A € X is closed.

REMARK 4.1.5. Coming back to the extension problem (), one would
proceed as follows in the case where (X, A) is a relative cw complex:

« Set sk_;u :=u, and for each n > 0, check if sk,,_;u can be extended
to sk, u: sk, X — B. For n = 0, this works via remark 4.1.2, and for
n = 1, we consider classes in 77,,_; (B) as in the extension lemma 4.1.1.

o If sk,u exists for any n, then [ [, sk,u: ], sk, X — B factors through
the quotient map [ [, sk, X — X to an extension zi: X — B.

We shall see variations of the recipe from remark 4.1.5 soon. The most
relevant examples of relative cw complexes start with an honest cw complex
X and consider a subcomplex A. Let us recall what the latter is.

REMINDER 4.1.6. Let X bea cw complex. For any n > 0, an open n-cell is a
path component of sk, X ~ sk, X. A subspace A € X is called subcomplex
if it is closed as a subspace of X, and if it is a union of a collection of open
cells in X. In that case, A itself has a cw structure by sk, A == A nsk, X.

PROPOSITION 4.1.7. Let X be a cw complex and let A € X be a subcomplex.
Then (X, A) is a relative cw complex, with filtration sk}, X = AU sk, X.

Proof. We have | J, sk, X = X and if C € X is any subset for which each
Cnsk) X is closed in sk/, X for each , then (by transitivity of the subspace
topology) C nsk, X is closed in sk, X for each #, and so C is closed in X.

It remains to show that skj, X arises from sk/,_; X by attaching n-cells. To
do so, let 7,,(X) be an index set for the n-cells of X and let 7,,(A) € 7,(X)
be the subset of n-cells of A (it contains exactly those cells whose union is
A). If we put 1,,(X, A) = T,,(X) ~ 1,,(A), we have a map of pairs

T.(X, A) x (D", 8" 1) — (sk! X, sk! _, X)

by restricting the old map 7,,(X) x (D",8"!) — (sk,, X, sk,,_; X). We claim
that the square corresponding to the above map of pairs is a pushout. To
do so, note that the square can divided into two squares

T (X, A) x 8" ! —— sk,AUsk, | X — sk! | X

l | l

T,(X,A) x D" —— sk, X sk! X,

and by the pasting law, it suffices to argue that the two small squares are
pushouts. For the left one, one directly checks the universal property (ex-
istence and uniqueness of a certain map out of sk, X), using that sk, X is a
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restricts to sk,,_u.
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See exercise 2.3C
from AT.



In general, if P,Qc X
are closed, then the
following square of

inclusions is a pushout:

PNQ —— P

[

Q — PuQ

AT:VI.1.5

AT:IV.3

This is only the first
subclaim in the proof
of AT:1IV.3.4.

The easiest example is
(X, A) = (8%, %), hence
the choice of letters.

X/A is homeomorphic
0 Vieq, §9, where 1, is
an index set for the cells.

This is even true for
n = 1, as we quantify
over all basepoints.

pushout of (7,,(X) x D" « 1,,(X) x "' — sk,,_, X). For the right one, we
note that the diagram merely encodes union and intersection of subspaces

sk! X = sk, X uUsk! | X,
sk,AUsk, X =sk, X nsk/_; X.

As all involved subspaces are closed inside X, the arising square is indeed
a pushout. This concludes the proof. O]

We close this section by recalling notions and observations for classical
cw complexes and translating them to the relative setting:

DEFINITION 4.1.8. Let (X, A) be a relative cw complex with filtration
ske X. We call (X, A) finite-dimensional if sk, X = X holds for some n. The
minimal choice of such # is then called the relative dimension dim(X, A).

DEFINITION 4.1.9. As before, an open n-cell of a relative cw complex
(X, A) is a path-component of sk, X ~ sk;,_; X. Each choice of 3, as in defin-
ition 4.1.3 restricts to a homeomorphism 7,,(X, A) x D" — sk, X ~ sk,_; X,
s0 any open n-cell is homeomorphic to D".

By copying the proof of AT:1v.3.4 verbatim, we get the following:

LEMMA 4.1.10 (Compactness argument). Let (X, A) be a relative cw com-
plex and let K € X be compact. Then K intersects only finitely many open
cells non-trivially. In particular, there is an n > —1 such that K € sk, X.

4.2 CONNECTIVITY OF CELL ATTACHMENTS

In this section, we would like to see to what extend the homotopy groups
of a space change if we attach cells. In the case of singular homology, we
see that if X arises from A by attaching d-cells, then H,, (X, A) = H,(X/A)
is trivial if n # d, and so the only homology groups that can change are the
ones in degrees d — 1 and d. The analogous statement for homotopy groups
it not true, but we will at least be able to see that 77,,(X, A) is trivial for n < d.
This quantity has only been defined for n > 1, so in order to state this result
in its entirety, we first have to add the degree n = 0 to the picture.

REMARK 4.2.1. Recall from notation 3.5.2 that we wrote 77,,(X, A) = 0 for a
fixedn > 1if m,(X, A, x¢) is trivial for each x, € A. By the exactness of the
long exact sequence, this is equivalent to demanding that for each x; € A,
the induced map 7,,(A, x9) — 7,,(X, x¢) is surjective and the induced map
yu-1(A, x9) = m,-1(X, x0) is injective.

This leads us to the following extension to the case n = 0:
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NOTATION 4.2.2. We say that 7 (X, A) is trivial, write 7y(X, A) = 0, if the
induced map 79(A) — 7o(X) is surjective.

DEFINITION 4.2.3. Letd = 0. A pair (X, A) of spaces is called d-connected
if r,,(X, A) is trivial for each 0 < n < d.

This is equivalent to demanding that for each x, € A, the induced map
7, (A, x0) = 1,(X, x¢) is bijective for n < d and surjective for n < d.

We point out that for pairs, we do not require that X is non-empty. In
fact, the pair (&, &) is d-connected for each d.

EXAMPLE 4.2.4. A space X is d-connected if and only if X is non-empty
and the pair (X, {x¢}) is d-connected for each x, € X.

The main result of this section is the following:

PROPOSITION 4.2.5. Let (X, A) be a space pair such that X arises from A
by attaching (arbitrarily many) d-cells. Then (X, A) is (d — 1)-connected.

Proof. Throughout the proof, let 8: 1; x (D%, 8%1) (X, A) be a charac-
teristic map for the cell attachment.

First, we note that there is nothing to show if d = 0; so assume from now
on that d > 1. We argue that the induced map my(A) — m¢(X) is indeed
surjective: Each point x € X ~\ A is of the form f3(i, z) for some i € 7; and
z € D% and each such z can be connected by a path to some z' € §971.
Postcomposing this path with f3, we get a path from x to (i,z’) € A.

It remains to show that 77,,(X, A, xp) is trivial for 1 <7 <d -1 and each
Xy € A. To do so, we cover X by the two open subsets

U = ‘B(']d X de),
V=AU /3(7,1 X (Dd ~ %Dd));

and it is our aim to employ homotopy excision to this situation, but first
we note that for each x, € A, the inclusion (X, A, xy) — (X,V,xp) is an
equivalence of triples, a homotopy inverse being induced by the map of pairs

2z forze %Dd,

r: (DY, D4~ 1D — (D4, 8471), zw {
else.

Z
(B
It therefore suffices to show that 77,,(X, V, x;) is trivial for 1 <n <d -1 and
xo € A. Here we use that since D? < %Dd deformation retracts onto S9!,
it follows from corollary 3.5.12 and the long exact sequence for pairs that
7,(D4, D% < %Dd) is trivial for each 1 < n < d — 1. Since f restricts to a
homeomorphism of pairs

1, x (D4, D~ 1D%) - (U,UNV),
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The preimages of U and
V along the quotient
map AL (1, x D% — X
are open.

To see that the
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induced from
(AxDu(1;xD%x1I),
see exercise 3.5A in AT.



We first find a path form
X, to some f(i, z) with
i€ 7;and z € §%7; then
t— B, %z) is a path
from (i, z) to a point

thatliesinUNV.

it follows that 7,,(U,U N V) is trivial for each 1 <# < d — 1. By homotopy
excision (without any condition for the pair (V,U NV)), it follows that the
map 7, (U, UNV,x;) = m,(X,V,x;) is surjective for each 1 <n<d-1,
and hence 7,,(X,V, x;) is trivial for each x; eUNV.

This is nearly what we want; we need the statement for x, € A. However,
there are to kinds of points x € A: If xq lies in a path-component Ay € A
to which no cell is attached, then A, is still a path-component in both V'
and X, and so ,(X,V, xg) = 7,(Ag, Ag, Xo) is trivial. If, however, x; lies
in a path-component that is hit by the attaching map, then there is a path
v inside V' from xq to some x; € U NV; this gives rise to an isomorphism
vy m, (X, V, x9) = m,(X,V, x1); now the previous result applies. OJ

EXAMPLE 4.2.6. As S arises from # by attaching a d-cell, proposition 4.2.5
tells us that S? is (d — 1)-connected, something we know from corollary 3.5.12,
and actually have used in the proof of proposition 4.2.5.

COROLLARY 4.2.7. Let (X, A) be a relative cw complex and let d > 0. Then
for each x, € sky X, the induced map m,(sky X, xo) — m,(X, x) is bijective
for n < d and surjective for n < d, i.e. (X, sk X) is d-connected.

Note that we cannot directly apply the previous proposition since X can
arise from sk X by attaching cells of possibly infinitely many dimensions.
We remedy that difficulty by means of the compactness argument 4.1.10.

Proof. To see surjectivity, let n < d and [«] € m, (X, x¢). Since a(I") is
compact, lemma 4.1.10 provides us with a d’ > d such that a lands in sky X,
so [«] is actually a class in m,(sky X, x(). Now an iterated application of
proposition 4.2.5 tells us that 7, (sky X, x) — 7, (skg X, x) is surjective,
and hence [«] is hit by a class in 77,,(sky X, x¢) as desired.

For injectivity, let n < d and let [«], [B] € m,,(sky X, x¢) such that there is
a relative homotopy #: I" xI — X between a and f3 inside X. Then y(I" x I)
is compact, so again lemma 4.1.10 provides us with with ad’ > d such that %
lands in sk X, so o and f3 are already homotopic inside sk X. An iterated
application of proposition 4.2.5 tells us that 77,,(sky X, x9) — 7, (sky X, x)
is injective, hence [«] = [f] inside 7,,(sky X, x¢). O

4.3 INDUCTIVE CONSTRUCTION OF CW COMPLEXES

Our current perspective on relative cw complexes is as follows: We are
given a space X and a subspace A € X; and a certain filtration that interpol-
ates between A and X gives (X, A) the structure of a relative cw complex.
Instead, we would like to start with a space A, attach cells to it by providing
attaching maps and forming pushouts, and then pass to the colimit. We
start with the first part, namely the cell attachment.
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CONSTRUCTION 4.3.1. Let A be a space. Moreover, let 1,, be an index set
and let a: 1xS"' — A be a map. Let X be the pushout as in

IxS 1 %, A

I

IxD" —— X.

Then the resulting map 1: A — X is an embedding (i.e. a homeomorphism
onto its image), so when identifying A with its image 1(A) € X, then X
arises from the subspace A by attaching d-cells in the sense of section 4.1.

In particular, (X, A) is a relative cw complex with (relative) cells in
dimension », and if A itself is a (n — 1)-dimensional cw complex, then X is
an honest n-dimensional cw complex, whose n-cells are indexed by 1.

Proof. The map 1 is injective (since the left vertical map is injective) and it
sends closed subsets to closed subsets (since the left does so). O

The following example is a special case of exercise 11.2 from AT, i.e. the
construction of Moore spaces, where we have implicitly used this method:

EXAMPLE 4.3.2. Letn>2,let A=8"" andleta: S"! — §"! be a map
of degree k # 0. If we define X as above, then X has a cw structure with
one o-cell, one (n — 1)-cell and one n-cell; now one employs the cellular
chain complex to show that H,,_; (X) = Z and H;(X) = 0 else.

Next, we make the colimit argument precise, i.e. we establish a way to
define a relative cw complex only by providing all finite skeleta:

CONSTRUCTION 4.3.3. Let (X,,),;>_; be a sequence of spaces such that X,
arises from X,,_; by attaching n-cells for each n > 0. Then we have embed-
dings 1,: X,,-; — X,, and we define X to be the colimit of the diagram

X_IHXO‘—?XI‘—)X2‘—)"'

More concretely, X is the quotient of [ [, X,, by the equivalence relation
spanned by x ~ 1,,(x). For each n, we have a structure map w,: X,, — X,
which is a homeomorphism onto its image. Calling that image sk, X, we
obtain a filtration of X, which has the following properties:

« The canonical map [ ], sk, X — X is homeomorphic to the quotient
map [ [, X,, — X and hence itself a quotient map.

« Since w, takes the subspace X,,_; to the subspace sk,_; X, it follows
that sk, X arises from sk,_; X by attaching n-cells.

Hence (X, sk_; X) is a relative cw complex with sk, X = X,,. We often skip
X_; and start with a discrete space Xy; then X itself is a cw complex.
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Putting RP™! := &, this

is even true for d = 0.

Here we use
proposition 3.7.7 and the
fact that 77,,(S%) is trivial

forn<d.

This diagram does not
encode the universal

property of a pushout.

In fact, the square will
almost never be a
pushout, and 7 will

almost never be unique.

Proof. Asbefore, w,, isinjective since each X,, — X, is, and it sends closed
subsets to closed subsets, since X, is closed in each X with k > n. ]

As an application, we can now formally introduce and study the spaces
RRP® and CP® mentioned in outlook 3.7.8.

EXAMPLE 4.3.4. As each RP? arises from RP9~! by attaching a d-cell, the
infinite real-projective space RP® := colim4(RP?) has a cw structure with
skyRP® = RP?. By corollary 4.2.7, we have m,,(RP®) = 7,(RP?) forn < d,
and hence 771 (RP*®°) = Z,, while 7,,(RP*) is trivial for all other #. This
shows that RP® is indeed an Eilenberg-MacLane space of type (Z,, 1).

EXAMPLE 4.3.5. In the exact same way, we define CP® := colimd((CPd),
which has a cw structure with sky;,; CP® = CP<. By corollary 4.2.7, we
have ,(CP*®) = Z, while 7,,(CP®°) is trivial for all other n. This shows
that CP® is indeed an Eilenberg—MacLane space of type (Z,2).

REMARK 4.3.6. Summarising this section, we can construct a relative cw
complex (X, A) starting with a space A inductively as follows:

o Define X_; = A. For eachn > 0, given X,,_;, we provide an attaching
map a,: T, x S"! — X,,_; and apply construction 4.3.1 to get X,,.

« Now we have a sequence (X},),,>_; as in construction 4.3.3 and hence
can pass to the colimit, which we then call X.

4.4 THE HOMOTOPY EXTENSION PROPERTY

As we shall see in this section, relative cw complexes are also very amenable
to a different kind of extension problem that is very prominent in homotopy
theory: namely the search of an extension for a given homotopy.

DEFINITION 4.4.1. Amap1: A — X is said to have the homotopy extension
property (HEP) with respect to a space Y if for each map f: X — Y and each
homotopy #: AxI — Y with 7 = f o1, there is a homotopy 77: X xI =Y
with 7jp = f and 7j; o1 =, for each t € I; in diagrams:

a (a,0)

A— AXI

11 zxidll

X —— XxI

x> (x,0) El?ﬁ
\:
f Y

We call 1 a (Hurewicz) cofibration if it has the homotopy extension property
with respect to all spaces Y.
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The entire wording reminds us of the homotopy lifting property and the
definition of a fibration. Indeed, the homotopy extension property can be
re-phrased so that it looks very similar to the homotopy lifting property:

REMARK 4.4.2. There is a topology on the set Map(I,Y) of continuous
paths I — Y such that for each space A, we have a well-defined bijection,
which can be seen as a topological version of the tensor-hom adjunction:

{continuous A X I — Y} = {continuous A — Map(I,Y)},

’7 = [a = 17(“>_)]a
[(a,1) = B(a)(t)] — 6.

For each space Y, the evaluation evy: Map(l,Y) — Y given by y + y(0) is
continuous. In this setting, the homotopy extension property with respect
to a space Y asks for a filler in the square

— s Map(I,Y)

A

| >

1 _ levo
X

=

\

-
e

— Y
f

When it comes to checking that a given map is a cofibration, we would
like to have a practical criterion. As it turns out, there is a universal space
for which we can ‘test’ the homotopy extension property. We discuss this
rather general construction for a generic map f: X — Y of spaces:

CONSTRUCTION 4.4.3. Let f: X — Y be a map of spaces. We define the
mapping cylinder Zf as the quotient of (X x I) LY by the relation spanned
by (x,0) ~ f(x). In other words, Zf arises as a pushout given by

x> (x,0)

X XxI
A
Y

- S Zf

Note that there is a canonical map s: Zf — Y x I given by taking [x,t] to
(f(x),t) and [y] to (y,0). This map is used in the following lemma, which
makes the aforementioned universal role of the mapping cylinder precise:

LEMMA 4.4.4. Foramapi: A — X, the following statements are equivalent:
1. 1 is a cofibration.
2. 1 has the homotopy extension property with respect to Z1.
3. The map s: Z1 — X x I has a left-inverse.
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Though rather of a
Hurewicz fibration, as
we require the property
to hold for all spaces.

This topology is called
compact-open topology:
It is generated by the
subsets Wiy of all y
with p(K) € U, where
K ¢ I is any compact
subset and U CY is any
open subset.

For each open subspace
U cY, we have
evy' (U) = Wigu.

Being notationally
pedantic, I shall decorate
a filler with a tilde if it is
named after the bottom
map (it lifts that map),
but with a bar if it is
named after the top map
(it extends that map).

In other words, s is
determined through the
universal property of the
pushout by the canonical
maps X xI — Y x I and
Y -YxI.

A left-inverse is a map r
in the other direction
satisfying r o s = idy,.



Now the above pushout
is of the form

a (a0

_a@0 AT

A
IJ« r J/r]u
X

— Z1.

&

(muf)ef =1,
MUf)en' =n.
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Here we also use that
7l,(ayxq1; indeed lands in
Ax{1}.

Curiously, one can get
rid of the initial
assumption that A € X
is closed, at the price of a
much longer proof, see
[7, Prop. A.18] for details.
We will not need this
stronger version.

This wording is
somewhat unclean, as
we identify a subspace

with its inclusion map.

Proof. Statement 1implies statement 2, just because Z1 is a space. To see that
statement 2 implies statement 3, let f*: X — Zrand #*: AxI — Z1 be the
two structure maps x — [x] and (a,t) — [a,t], see the square at the margin
(which is the ‘universal’ instance of the outer square in definition 4.4.1; hence
the symbols f* and #*). Then 55 = f" 1, so by the homotopy extension
property, we findamap r: X x I — Ziwithry = f* and r; o1 = 5} for each
t € I. Thisshowsrese f* = f*and roson” =y, implying that r o s = id,.

To see that statement 3 implies statement 1, we let r: X x I — Zi be a
left-inverse of s. Now given a space Y, amap f: X — Y, and a homotopy
n: AxI — Y with#y = feo1,then we defineamap U f of the form Z1 - Y,
and the composition 77:= (y U f) o r: X x I — Y has the desired properties,
which one checks using (x,0) = (s f¥)(x) and (1(a),t) = (sen*)(a,t). O

Our choice of letters suggests to think of cofibrations as of inclusions of
subspaces. This is justified by the following proposition:

PROPOSITION 4.4.5. Each cofibration1: A — X is an embedding, and if X
is Hausdorff, then 1(A) € X is closed.

Proof. It is our goal to show that the corestriction 1: A — 1(A) is a homeo-
morphism, which is equivalent to showing that 1 x {1}: A x {1} — 1(A) x {1}
is a homeomorphism. The latter, however, agrees with the (co-)restriction
of s: Z1 — X x I to A x {1} (and to its own image on the target side). Using
lemma 4.4.4, we find a left-inverse 7 of s, and then r|, 4)x(1} is a left-inverse
for1x {1}, and it even is an honest inverse since 1 x {1} is surjective by design.

If X is Hausdorft, then X x I is Hausdorff as well, and so the diagonal
Axsy =1{(x,t,x,t) : x € X,t € I} is closed inside (X x I)2. It hence suffices
to observe that 1(A) is the preimage of Ax,; under the map X — (X x I)?
that is defined by x — ((s o r)(x, 1), (x, 1)). O

Conversely, given a space X and a subspace A € X, there is a very useful
criterion to check if the inclusion map A — X is a cofibration.

PROPOSITION 4.4.6. Let X be a space and let A € X be closed. Then the
inclusion map 1: A — X is a cofibration if and only if the subspace inclusion
(AxI)U(X x{0}) € X xI has a left-inverse.

Proof. We see that (A x I) N (X x{0}) = A x {0} and all involved subspaces
are closed. As in the proof of proposition 4.1.7, it follows that the union
(AxT)U (X x{0}) is in fact the pushout of X x {0} — A x {0} -» AXI.By
identifying the left map with 1, this pushout becomes the mapping cylinder
Z1;and the map s: Z1 — X x I is literally the inclusion of (A x I) U (X x {0})
into X x I. Now we can apply the equivalence from lemma 4.4.4. O

DEFINITION 4.4.7. We call A € X a cofibration if the inclusion map is a
cofibration; and a closed cofibration, if additionally A € X is closed.
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The usefulness of proposition 4.4.6 comes from the fact that it is much
easier to define a map into a subspace (define a map into X x I and observe
that it lands in the desired subspace) than to define a map into a pushout.

EXAMPLE 4.4.8. Foreachn >0, weargue that S”~! € D" isa closed cofibra-
tion: By proposition 4.4.6, it suffices to provide a left-inverse for the in-
clusion of ("~ x I) U (D" x {0}) into D" x I. One possible left-inverse is
depicted at the margin, namely the radial projection from (0,2) € D" x R.
More precisely, each point x € D" x I is moved along the ray from (0, 2)
through x until it hits the subspace (S"~! x I) U (D" x {0}).

Even though the previous paragraph gives a full argument why the in-
clusion of $"~! € D" is a cofibration, we point out that even more is true:
If we call the radial projection r, then ps(x) := (1 —s) - x + s r(x) defines a
strong deformation retraction from D" x I onto (S"! x I) U (D" x {0}).

Using that the pairs (D", S$"1) are the building blocks for (relative) cw
complexes, we arrive at the main result of this section:

THEOREM 4.4.9. If the pair (X, A) is a relative cw complex, then A € X is
a closed cofibration.

The proof of theorem 4.4.9 requires the following lemma, whose proof
is the content of exercise 11.2:

LEMMA 4.4.10. Assume that the following diagram is a pushout

A—%>B

|

X —Y,

f
and assume that 1 is a cofibration. Then the following holds:

1. The map j is a cofibration as well.

2. Ifuis a homotopy equivalence, then f is a homotopy equivalence.

Proof of theorem 4.4.9. First, we argue that the inclusion sk,,_; X € sk, X is
a cofibration for each n > 0. If 1,, is an indexing set for the n-cells, then the
inclusion 7,, x "' € 1,, x D" is a disjoint union of copies of the inclusion
§"! ¢ D" and hence again a cofibration. Now we can apply lemma 4.4.10:1
to the pushout square from definition 4.1.3 and obtain the subclaim.

To show the theorem, let f: X — Y be a map and let#: AXI — Y be
a homotopy starting at f|4. Then we set sk_,# = #, and for each n > 0,
we use that sk,,_; X C sk, X is a cofibration to inductively find a homotopy
sk,n: sk, X x I — Y that extends sk,,_; 7 and starts at f|g x.In order to pass
to X itself, we note that the map [ [, sk, X x I — X x I is again a quotient
map, so | [, sk,# induces the desired map 77: X xI — Y. O
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(0.2)

D?x1

A is closed in X by
remark 4.1.4.

The second part of the
lemma is not relevant
for the proof of
theorem 4.4.9, but will
be very useful later.

If (1;: A; > X)jeq isa
family of maps, each of
which is a fibration, then
LLu: 1, A — L X is

again a cofibration.

This uses exercise 3.5A
from AT, plus the fact
that the canonical map
from [] (X, xI) to
(LI, X.)xTisa
homeomorphism.



Continuity of 77 uses that
Zf x I is a quotient of
(XxIxIu(Yy xI),
which is ensured by
exercise 3.5A from AT.

Both claims made here
can be checked directly
from the definition of
the HEP, without any
new ideas needed.

Note that by proposition 4.1.7, this shows in particular that the inclusion
of a subcomplex of a cw complex is a cofibration.

We close this section by noting that each map f: X — Y is, at least up to
homotopy, a cofibration; in particular, an inclusion of a subspace. For the
following construction, if may be helpful to recall the visualisation of the
mapping cylinder, so we repeat the figure here.

CONSTRUCTION 4.4.11. Let f: X — Y be a map of spaces. Then f factors
through the mapping cylinder, as described in the following triangle:

X —1 zf

N

Y

Here 1 is the inclusion at the fop of the mapping cylinder, i.e. x — [x, 1],
and py is given by ‘pushing down; i.e. [y] — y and [x,t] — f(x).

The crucial point to observe is that ¢ is a cofibration with closed image (in
particular, an embedding) and py is a homotopy equivalence. For questions
that only concern the homotopy type, we hence can replace f by (Zf, X).

Proof. We first argue that py is a homotopy equivalence. There is an evident
candidate for its inverse s;: Y — Zf, namely the inclusion of the ‘brim of
the cylinder’ y + [y]. Then py o s¢ is the identity on Y, and conversely, we
have a homotopy # from the identity on Zf to s¢ o ps by ‘moving everything
down; i.e. 75([x,t]) = [x,s-t] and ([ ¥]) = [¥].

Coming to 17, we see that its image is X x {1}, which is closed in Zf
by the bare definition of the quotient topology. In order to see that 17 is a
cofibration, we note that Zf can equivalently be described as the pushout

(3,0)— f (x)
x,1)—x

Xxol V2% yix

gl 1SfU1f
r

Xx] ———— Zf

We show that the left vertical map is a cofibration: First, we note that X x oI
is a closed subspace of X x I. Second, we use that (I,0I) = (D',S°), so by
example 4.4.8, we find a left-inverse r: I x I — (3I x I) U (I x {0}) for the
evident inclusion. Then idx X r witnesses, by virtue of proposition 4.4.6,
that the left vertical map in the above pushout square is indeed a cofibration.
By lemma 4.4.10, it follows that s¢ Li 7 is a cofibration. Finally, we use:

« that the inclusion of a disjoint summand is a cofibration, and

« that the composition of two cofibrations is a cofibration,
to conclude that 1¢ itself is a cofibration. O
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4.5 A GLIMPSE OF OBSTRUCTION THEORY

Working towards the theorem of Whitehead, we have to discuss a slightly
more sophisticated version of the extension lemma 4.1.1, which in turn is a
special case of an entire area called obstruction theory.

NOTATION 4.5.1. Let f: X — Y be a map of spaces and let n > 0. Then the
following statements are equivalent:

1. m,(Zf,X) =0.

2. 1, (f)is surjective and 77, () is injective for each basepoint x; € X.
In the case where f is the inclusion of a subspace, this is equivalent to:

3. m,(Y,X) =0.
We shall henceforth write 77,,(Y, X) = 0 even if f: X — Y is not an inclusion.

Proof. In order to see that statements 1 and 2 are equivalent, note that trivi-
ality of m,,(Zf, X) is equivalent to 7, (1) being surjective and 7,,_; (15) being
injective, where 1;: X — Zf is the inclusion at the top of the cylinder as in
construction 4.4.11. But 1; and f differ only by the homotopy equivalence
Pr: Zf — Y, and so each 7 (1) differs from 75 (f) by a bijection. O]

Now we can state the main theorem of this section, which might look
rather technical at first glance, but will be tremendously useful; for example,
it will enable us to give a rather short proof of Whitehead’s theorem:

THEOREM 4.5.2 (Obstruction theory). Let (X, A) be a relative cw complex,
and assume a commutative square as follows:

A—2>B

[ ]

X Y.
—
Assume that m,(Y, B) is trivial for each n > 0 such that (X, A) has cells in
dimension n. Then there is a map h: X — B such that:
1. hly =u, and
2. joh = f, through a homotopy n satisfying ns|a = fla foreach s € I.

Before proving the theorem, let us ponder on the statement for a while.

REMARK 4.5.3. A homotopy asin the theorem is called stationary on A, and
if such a homotopy exists, one often writes joh =4 f. Then the properties
of h can be summarised in the following diagram:

r
)[(/—>/ 2y
f
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Recall the meaning of
(X, A) being trivial
from notation 4.2.2.

For n = 0, the condition
on 7, (f) is void.

For the equivalence of
2 and 3 see remark 4.2.1.

In Hatcher, this goes
under the name
compression lemma.

It might help to think
of j as a subspace
inclusion; then u = f|4
for f beinga map of
pairs (X, A) — (Y, B).

In other words,
either sk, X = sk, X
or 71, (Y, B) = 0 holds.

The upper triangle
commutes strictly,
while the lower one
commutes up to a
homotopy that is
stationary on A.



Use the LEs for (Z, B)

and the fact that Zj = *.

Strictly speaking, the
recipe tells us to only
check triviality of certain
classes in 7,,_; (B, by);
this of course is for free
if r,,_; (B, by) as a whole

is trivial.

In this case, one also
callsthemap j: B—Y

itself d-connected.

In general, one needs
‘cohomology with
twisted coeffients’; and
for n < 3, one has to say
what H"(X, A; ,(Y, B))
even means if 77, (Y, B) is

not an abelian group.
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EXAMPLE 4.5.4. Inthe case whereY = %, and f and j are the unique maps
to *, we see that 71,,(Y, B) = 0 ifand only if 71,,_1 (B, by) = 0 for each b, € Bin
the case of n > 1, and 71y (Y, B) = 0 if and only B is non-empty. Moreover, the
lower triangle in the above diagram becomes superfluous, as there is only
a single map to the one-point space; hence a map h as above is the same
as an extension of u. This tells us that in the case of Y = *, theorem 4.5.2
recovers the recipe desribed in remark 4.1.5.

Another important special case is the following:

COROLLARY 4.5.5. Assume a commutative square as in theorem 4.5.2 and
fixd > 0. Ifdim(X, A) < d and (Y, B) is d-connected, then there exists a map
h: X — Bas in the claim.

OUTLOOK 4.5.6. The more ambitious goal of obstruction theory is to
provide a statement in terms of algebraic invariants which is equivalent to
the existence of h. This involves the construction of certain cohomology
classes in H"(X, A;,,(Y, B)), called obstructions (»Hindernisse«). Famous
examples of obstructions are the Euler class and Stiefel-Whitney classes.

Let us now work towards a proof of theorem 4.5.2. Similar to the absolute
case from remark 3.1.14, we use a reinterpretation of the relative homotopy
groups in terms of discs and spheres:

REMARK 4.5.7. Since (I"/]",0I"/J") = (D",S8"!), we find a quotient map
q: I" — D" taking 0" to ™!, and J” to a single point called *, and similar
to the absolute case, the assignment « — « o g induces a bijection between
the set of homotopy classes of maps (D", 8", %) — (X, A, x,) of based
pairs and the relative homotopy group m,,(X, A, xo).

LEMMA 4.5.8 (Compression criterion). For each morphism of based pairs
a: (D",S™, %) — (X, A, x), the following statements are equivalent:
1. [«] is trivial in (X, A, xp),
2. « is homotopic to a map with image in A, through a homotopy 3 that
is stationary on S"71, i.e. g1 = at|gn1 for each s € I.

Proof. To see that statement 1 implies statement 2, recall the strong deform-
ation retraction p of D" x I onto (S"~! x I) U (D" x {0}) from example 4.4.8.
Now if 6: D" x I — X is a homotopy (between maps of triples) from cy, to
o, then 0 takes (S"! x I) U (D" x {0}) into A, and hence #,(z) = 0(ps(z,1))
serves as a homotopy as claimed in statement 2.

To see that statement 2 implies statement 1, note that a homotopy as in
statement 2 is in particular a homotopy between maps of triples, hence
[«] is hit by the composition 7,,(A, xo) — 7,,(X, x9) = 7,(X, A, x¢). This
composition, however, is the zero map by exactness. O]
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Proof of theorem 4.5.2. We will first prove the theorem for the special case
where B is a subspace of Y and ; is just the subspace inclusion. To do so, we
shall construct a sequence ("),;>o of homotopies #": X x I — Y such that:
e n)=fandyl =nt fornz1,
o ni(sk,X) CB,
« 1" is stationary on sk,,_; X.
Once this goal is achieved, we can form one big homotopy n: X xI - Y,
which is defined on sk, X x I as

"]s(x) — n§k+15_2k+1+2(X) forse[l1- (%)k’ 1-— (%)kﬂ])o <k<n,
() for s € [1- (3", 1],

This definition is consistent with restrictions to subskeleta, and hence in-
deed defines a map #: X xI — Y, which is continuous by the universal
property of the quotient topology since it is continuous on each sk, X x I.
Moreover, we have 1y = f and #; (X) € B, and 7|4 = u as desired.

Let us now construct the promised sequence (1"),>o inductively: For
the induction start n = 0, note that sky X = A U {x;};cq,, where the second
summand carries the discrete topology. For each i € 7, we find a path v;
from f(x;) to some point b; € B; either because 77 (Y, B) is trivial or because
there is no such index i. Hence 17? = f on A and ng(xi) = v;(s) serves
as a homotopy on sky X which starts at f|g, x, moves skoX into B, and is
stationary on A = sk_; X. Finally, we use that (X, skyX) is a relative cw
complex, so by the homotopy extension property, we can extend #° to a
homotopy on X that starts with f; this concludes the start of the induction.

For the induction step, let 72 > 1 and assume that #™~! has been construc-
ted. Note that sk,, X arises from sk;,,_; X by attaching n-cells via a map of pairs
B.: (1, x D", 1, x 8" 1) — (sk, X, sk,_; X). Using that 7! (sk,_, X) € B,
we obtain, for each i € 7,,, a map of based pairs

Vi = (71’11_1 O/';n)(i)_): (Dn)Sn—l) *) - (Y,B,)/,(*))

By assumption, [y;] is trivial (either because ,,(Y, B) is trivial or because
no such index i exists), so by the compression criterion 4.5.8, we find a
homotopy 0': D" x I — Y that is stationary on $"7!, starts at y;, and ends
at a map whose image lies in B. We define #" on sk, X x I as in

X1
T, xS" 1 xI e, sk, X x 1

[ -

1
1, xD"xI -0, o X x1

~ n
SN0
~
~
\\
SY

(i,2,5) - 6}(2)

(,8) 1 (x)
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Put differently, we go 1°
inside [0, %], then we go
1" inside [%, %], and so
on, and once we reach
1- (%)"“, we have
successfully moved sk, X

into B and stay constant.

I
sk X
sk, X
sk X

sko X

nt ot ot
homotopy extension
compression criterion
constant

By abuse of notation,
we also write #° for
the extension of

70 skoXxI—>Y

to X x1I.



After all, 7,(Z;,B) =0
was the definition of
m,(Y,B) = 0, see
notation 4.5.1.

s, has been called the
inclusion of the brim of
the cylinder; it is given
by y = [y]

u
—_—

— =

o

_
K1

&N

& extends x, while 7 lifts
7 (at least inside [0, %]);
hence the choice of
decoration.

In order to see that 77 is
stationary on A, use that
p,oxs=jforeachsel.

The outer ‘square’ commutes because each ' is stationary on $""!; and the
resulting 7" indeed starts at 7}! |5k, x> is stationary on sk;,_; X, and ends at a
map taking sk, X into B. Finally, we use again that (X, sk, X) is a relative cw
complex to extend #" to a homotopy on X that starts at 7} *; this concludes
the induction step and ends the proofif j: B — Y is a subspace inclusion.

It remains to address the case of general ;. Here we make use of con-
struction 4.4.11, i.e. we replace j by the embedding ,: B — Zj, noting that
7,(Zy, B) again is trivial whenever (X, A) has cells of dimension n. Using
the notation from the last section, we alter our original square by adding a
square on its right side, resulting in

idg
e

B
_
— 7

5

o5

u
—

—
-

<o

>-.<

—_—
f

Unfortunately, we cannot directly apply our above reasoning to the ‘outer
rectangle’ as the second square does not commute strictly. However, the
map x: Bx I — Zj with k,(b) == [b, 5] satisfies kg = s, oy and x; =1,. Using
that (X, A) is a relative cw complex, we can extend «, o 1 to a homotopy k on
X satisfying &y = s, © f; and if we replace the bottom arrows in the rectangle
by &;: X — Zj, then the new ‘outer’ rectangle does commute strictly.

Now we can finally apply the version of the theorem that we have already
proven, and obtain amap h: X — Bsuch thath|4 =uand oh =&, through
a homotopy 7j which is stationary on A. In the last step, we use the pushing-
down map p,: Zj — Y, which is a left-inverse for s,, and obtain the desired
homotopy #: X xI — Y between johand f by

Py e fias
}15::{] 2

pye Ka-2s

fors e [O,%], 0
forse [%, 1].

4.6 THE THEOREM OF WHITEHEAD

Now we have all ingredients at hand that are necessary to state and prove
the theorem of Whitehead; which is our goal for this section. We start by
introducing the central assumption of the theorem:

DEFINITION 4.6.1. Amap f: X — Y of spaces is called weak homotopy
equivalence if the induced map m,,(f): 7, (X, x9) — 7, (X, f(xp)) among
homotopy groups is bijective for each x, € X and each n > 0.

REMARK 4.6.2. Using notation 4.5.1, f: X — Y is a weak homotopy equi-
valence if and only if all relative homotopy groups 7,,(Y, X) are trivial.
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REMARK 4.6.3. If f: X — Y is an ‘honest’ homotopy equivalence, then
corollary 3.2.6 tells us that f is in particular a weak homotopy equivalence,
justifying the wording ‘weak’

THEOREM 4.6.4 (Whitehead). If f: X — Y is a weak homotopy equivalence
between two cw complexes, then f is a homotopy equivalence.

The proof is surprisingly short; this is because we already did the bulk of
work when proving theorem 4.5.2 about obstruction theory.

Proof. First, we apply obstruction theory 4.5.2 to the commutative square

g —— X
| f
Y — Y,
idy
which is possible since Y is a cw complex and (Y, X) is trivial for any .
This already provides a map g: Y — X such that f o g is homotopic to idy.
We are left to show that g o f is homotopic to idx, which we do as follows:
By proposition 3.2.5, it follows that 7, ( f) o 7,(g) is an isomorphism for
each choice of basepoint, and hence 7,,(g) is an isomorphism; so in total,
we conclude that g is again a weak homotopy equivalence. By the very
same argument as above, we obtain a map f': X — Y such that go f’ is
homotopic to idx and can finally conclude

gef=(gefle(gef)=ge(fog)of =gof' =idy. —~

As mentioned several times before, the significance of Whitehead’s the-
orem cannot be overestimated. It essentially tells us that at least for cw
complexes, homotopy groups capture all relevant homotopical information.

EXAMPLE 4.6.5. One might get trapped into thinking that it suffices to
merely compare all homotopy groups of two given cw complexes, and once
they are abstractly isomorphic in each degree, conclude that the complexes
to start with are homotopy equivalent. This, however, is false: For example,
the two cw complexes RP? x S* and RP? x §? have isomorphic homotopy
groups, but are not homotopy equivalent, which we can see by calculating
their homology similar to of exercise 10.2.

If we want to come up with a good definition what it means for two
spaces X and Y to be ‘weakly homotopy equivalent, we run into the issue
that demanding the existence of a weak homotopy equivalence f: X — Y
is not symmetric in X and Y, as there is no evident candidate for an inverse
if Y is not a cw complex. We hence have to take the equivalence relation
spanned by this condition, ending up with the following:
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more:If f: X - Yisa
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More precisely, there
is a bijection among
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if we pick basepoints
in corresponding
path-components, the
homotopy groups are

isomorphic.

(figure from [7, p.79])
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DEFINITION 4.6.6. Two spaces X and Y are called weakly homotopy equi-
valent if there is a zig-zag X » Z; « Z, > Z3 « -+ —> Z, < Y of weak
homotopy equivalences.

It follows that weakly homotopy equivalent spaces have isomorphic ho-
motopy groups in each degree. However, even more is true:

OUTLOOK 4.6.7. As we shall see in section 5.1, weak homotopy equival-
ences induce isomorphisms in homology in each degree. This shows that
weakly homotopy equivalent spaces also have isomorphic homology (and
cohomology) groups. Altogether, all our algebraic invariants for spaces are
actually invariants of weak homotopy types.

Spelling out what it means to be weakly homotopy equivalent to a point
* is a bit easier, and leads to the following definition:

DEFINITION 4.6.8. We call a space X weakly contractible if the following
equivalent conditions hold:

o all ,,(X, xy) are trivial, i.e. X is d-connected for each d;

o the unique map X — =* is a weak homotopy equivalence;

+ X is weakly homotopy equivalent to .
By Whitehead’s theorem, a weakly contractible cw complex is contractible.

EXAMPLE 4.6.9. There are pathological spaces, which are weakly contract-

ible, but not contractible, such as the Warsaw circle depicted at the margin.
This coincidentally shows that Whitehead’s theorem is just wrong if we

leave out the assumption that the spaces to start with are cw complexes.

REMARK 4.6.10. Let f: X — Y be a weak homotopy equivalence. In order
to apply Whithead’s theorem, it is sufficient that X and Y are homotopy
equivalent to cw complexes. Indeed, if X and Y are cw complexes and
a: X = X:a' andb: Y 2 Y :b' are mutual homotopy inverses of each
other, then b’ o f oa: X — Y is a weak homotopy equivalence, and hence
admits an inverse g; but then ae gob’ is a homotopy inverse for f itself.

4.7 CELLULAR APPROXIMATION

Another useful consequence of obstruction theory is the cellular approx-
imation theorem, which shall be the focus of this section. It says that each
map between cw complexes is homotopic to a cellular one.

REMINDER 4.7.1. Amap f: X — Y between two cw complexes is called
cellular if f(sk,X) € sk,Y holds for each n > 0.

THEOREM 4.7.2 (Cellular approximation). Each map f: X — Y between
cw complexes is homotopic to a cellular one. If A € X is a subcomplex and
fla is already cellular, then the homotopy can be taken to be stationary on A.
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EXAMPLE 4.7.3. Foracw complex X with basepoint * a o-cell, the cellular
approximation theorem gives a nice argument why 7, (skz X, *) — 7, (X, *)
is surjective for n < d and injective for n < d, as shown in corollary 4.2.7:

o Leta: (8", %) — (X, *) be based. Then «y, is cellular, so « is homo-
topic to a map that lands in sk, X, through a homotopy that fixes *.
Thus, if n < d, then « lifts (up to based homotopy) over sk; X.

o Leta,B: (8", %) — (skyX, %) be two based maps such that there is
a based homotopy #: §" x I — X, ie. 5y = «, 17 = B and #75(*) = *.
By cellular approximation, « and f3 are based homotopic in sk; X
to cellular maps, so we may assume that o and f3 are cellular. If we
consider the (n + 1)-dimensional product cw structure on the cyl-
inder §” x I, then the map # is already cellular on the subcomplex
(8" x 0I) U ({*} x I). Therefore, #7 is homotopic to amap ' that lands
in sk, X, through a homotopy that fixes this subcomplex. But this
new ' is again a based homotopy between « and 3, now inside
sky+1X. Thus, if n < d, then [«] and [f] agree inside 7, (sk; X, *).

Proof of the cellular approximation theorem. The first part of the theorem
is the special case of A = &, so it suffices to prove the general second part.
By proposition 4.1.7, the filtration sk, X = A U sk, X turns (X, A) into a
relative cw complex with sk’ ; X = A. As in the proof of obstruction theory,
we shall construct a sequence ("),;>o of homotopies X x I — Y such that:

e ny=fandnl =yt forn>1,

o (5K, X) € sk, Y,

o 1" is stationary on sk/_; X.
Once this goal is achieved, we can form one big homotopy 7: X xI - Y
which is defined on sk, X x I exactly as in the proof of obstruction theory.
Note that #7 sends sk X into sk;Y for k < n and r; agrees with 7 on sk, X,
so 71 is indeed a cellular map. Moreover, each #” is stationary on A, hence
n itself is stationary on A as desired.

It remains to construct the sequence ("), inductively. Putting 7, := f,
we unify the first property to “#lf = #7~! for n > 07, so it suffices to assume
77! and construct " for each n > 0. To do so, we note that ! takes
sk, AU sk, X into sk, Y, so we have a commutative square:

n—1
sk, AUsk,_; X SN sk, Y

[ [

sk, X ————— Y.
m

Here we use that sk, X arises from sk, A U sk,_; X by attaching n-cells (as
seen in the proof of proposition 4.1.7) and that (Y, sk, Y) is n-connected
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We also use that both
sk, X x I and sk]_; X x I
are closed, so the
homotopy defined by
case distinction is

continuous.

This is analogous to the
following fact: Not every
non-negative chain
complex is chain
homotopy equivalent to
a degreewise free one,
but we can construct a
chain map from a free
one to it that induces
isomorphisms in
homology; this is
essentially the existence

of free resolutions.

[Sing, (X))l is a quotient
of ]_[n>0 Sing, (X) x A",

see exercise 4.4 from AT.

See exercise 10.4 in AT

for the cw structure.

by corollary 4.2.7; hence obstruction theory provides us with a homotopy
n": sk, X x I — sk, Y that starts at " (restricted to sk, X), is stationary
on sk, A Usk,_; X, and satisfies #{ (sk, X) < sk,Y.

We have to extend " to a homotopy on X, which is stationary on sk/,_, X.
To do so, we first extend " to sk}, X x I = (sk, X x I) U (sk],_; X x I) by letting
n™ == 1! on the second constituent; using that these definitions agree on
their intersection, which is (sk, A U sk,,_; X) x I. In the last step, we use that
(X, sk}, X) is a relative cw complex to extend 7" to a homotopy on X that
starts with #7~!; this concludes the inductive argument. O]

4.8 CW APPROXIMATIONS

We cannot expect that each space is homotopy equivalent to a cw complex;
otherwise Whitehead’s theorem could be improved to all spaces, and we
have seen a counterexample for that. However, if we replace ‘homotopy
equivalent’ by ‘weakly homotopy equivalent, the statement becomes true.
In fact, we will show the following:

THEOREM 4.8.1 (Cw approximation theorem). For each space X, there is a
cw complex X and a weak homotopy equivalence e: X — X.

DEFINITION 4.8.2. The weak homotopy equivalence ¢: X — X that ap-
pears in theorem 4.8.1 is called a cw approximation of X.

OUTLOOK 4.8.3. Recall the singular set Sing,(X) assigned to a space X.
Then we have a ‘tautological’ map

e: ISing, (X)]| - X

from the geometric realisation of Sing, (X) back to X, induced by taking
(0,tg,...»ty) € Sing, (X) X A" to o(ty, ..., t,). One can show that this map is
indeed a weak homotopy equivalence, see [12, Thm. 16.6]. As the geometric
realisation of a semi-simplicial set carries a canonical cw structure, this
gives a functorial way for finding cw approximations.

We shall not follow this approach, for two reasons: On the one hand, its
proof involves introducing several simplicial techniques; and on the other
hand, we can find a ‘more efficient’ cw complex, having fewer cells. We
start our construction with the following observation, which essentially
allows us to ‘kill’ certain homotopy classes by attaching cells:

REMARK 4.8.4. Let (A, x,) be a based space and let a: (81, %) - (A, x0)
be a based map for d > 1. If X arises from A by attaching a d-cell along
«, then [«] is trivial inside 741 (X, x¢): Indeed, if 3: D% — X denotes the
attaching map, then #(z) == B((1 —s) - z + s - %) is a homotopy from « to
Cx, that preserves the basepoint.
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Proof of the cw approximation theorem. We will construct a sequence of
maps (&g4: X4 — X)aso such that the following holds:

« X, is discrete, and X arises from X,_; by attaching d-cells,

« for all basepoints, 71,,(¢;) is bijective for n < d and surjective for n < d.

« &4 agrees on X, | with g4_;, and
As in construction 4.3.3, the colimit X has a cw structure whose d-skeleton
is the image of the structure map wy: X; — X. Moreover, there is a unique
map e: X — X satisfying e o w; = &, for each d. We argue that ¢ is indeed a
weak equivalence: Let 1 > 0, then each basepoint of X is of the form w(*)
for some d > nand * € X,;. Now consider the triangle

T, (sd)

nn(Xd’*) ﬂn(X’sd(*))-

meo|

(X, wa(+))

Since n < d, the top arrow 7,,(¢4) is an isomorphism; and since wy is a
homeomorphism onto its image sk; X, it follows by corollary 4.2.7 that
m,(wy) is an isomorphism; thus 77,,(¢) is an isomorphism as well.

It remains to inductively construct the announced sequence, and this is
really the heart of the argument: For d = 0, we let X, = 7o (X), together with
the discrete topology, and & is declared by choosing representatives in each
component. Then 77((e;) already bijective. We hence can argue for each
path-component of X separately, i.e. we assume that X is path-connected;
then X, = {*}, and we put x, = gy (*) € X.

Let us also do d = 1 by hand: Let (y;: (S', %) — (X, x0));e7 be a family
of representatives for a generating set of the group m; (X, xy). Then we
put X; :=\/,.; S}, which indeed arises from {} by attaching 1-cells, and let
€1: X; — X be the map that agrees with y; on the wedge summand S;. Then
7o(e,) is still bijective, but now 7 (e;) is surjective: If §i;: (S, *) — (Xy, *)
is the inclusion of the i summand, then [yi] = 1 () ([P:])-

For the induction step from d — 1 to d, we have to achieve two goals,
namely injectivity in 74_; and surjectivity in /4. To achieve the first, let
(o (S %) = (X1, *))jeg bea falzlily of representatives for a generating
setof thekernel of my_ (e4-1): ma—1(X4-1, *) = m4-1(X, xo). Then we form
X! by attaching d-cells along each of the a; in order to *kill’ them. Since
[e4-1 © @] is trivial inside 7r4_; (X, xo), the extension lemma 4.1.1 provides
us with an extension €;V: XV — X of ¢5_;. We still have to achieve the
second goal, and in order to do so, we proceed as for d = 1; that is: we attach
wedge summands S,d to X%V for a family of generators y;: (89, %) — (X, x,)
of 14(X, xo) and call the resulting space X,;; and we extend £V onto X,; by
being y; on the wedge summand S¢. Then X, indeed arises from X,;_; by
attaching d-cells (some coming from «;, some coming from ;). It remains
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to study the induced maps ,,(¢4), and we do so by considering the diagram

Ty (Edfl)

ﬂn(Xd—b *) T (X, X0)s
[
ﬂn(Xdr *)

in which the left vertical map is induced by the inclusion. Since (X4, X4-1)
is (d — 1)-connected, this vertical map is bijective for d < n—1 and surjective
for d < n— 1. Now we argue for different n separately:

o Forn < d -1, both the vertical map and m,,(e4-,) are bijective, so the
same applies to 7z, (e4).

o Indegreed—1, we use that 15, (¢4-1) is surjective and conclude that
74-1(g4) has to be surjective as well. Moreover, the vertical map is sur-
jective and sends the entire kernel of 77;_1(e4-1) to 0 by remark 4.8.4.
This shows that 77;_; (¢4) is also injective.

o The map 7;(g4) is surjective by the same argument as ford = 1. [

REMARK 4.8.5. The explicit construction in the proof of the cw approxim-
ation theorem shows even more: If X is d-connected for some d > 0, then X
can be chosen to have a single o-cell and no cells in dimensions 1 <n < d.
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HOMOTOPY AND HOMOLOGY

In the final chapter of this course, we will see several connections between
homotopy groups and homology groups. For example, we shall learn under
which conditions the Hurewicz homomorphism #: 7,,(X, xo) — H,(X)
is an isomorphism. This will lead to the following very useful variation
of Whithead’s theorem: If X and Y are simply-connected cw complexes
and f: X — Y induces isomorphisms in homology, then f is already a
homotopy equivalence. At the end, the interplay between homotopy and
homology will be exploited in a very concrete geometric application.

5.1 WEAK HOMOTOPY EQUIVALENCES IN HOMOLOGY

The goal of this section is to show what has been claimed in outlook 4.6.7,
namely that weak homotopy equivalences induce isomorphisms in singular
homology. Here is the precise statement:

THEOREM 5.1.1. Let f: X — Y be a weak homotopy equivalence. Then the
induced map H,(f): H,(X) — H,(Y) is an isomorphism for all n € Z.

In combination with the universal coefficient theorems (for homology
and for cohomology) and the five lemma, this immediately implies:

COROLLARY 5.1.2. Let f: X — Y be a weak homotopy equivalence and
let N be an abelian group. Then the maps H,(f; N): H,(X; N) — H,(Y; N)
and H"(f; N): H"(Y; N) — H"(X; N) are isomorphisms for all n € Z.

Theorem 5.1.1 follows rather directly from the following lemma:
LEMMA 5.1.3. Let (X, A) be d-connected. Then H,(X,A) =0 forn<d.

Proof of theorem 5.1.1 assuming lemma 5.1.3. Let Zf be the mapping cylin-
der of f asin construction 4.4.3. Then (Zf, X) is d-connected for each d, so
by lemma 5.1.3, it follows that H,,(Zf, X) is trivial for all n € Z. By the long
exact sequence in homology, we conclude that the map H,(X) — H,(Zf)
induced by the inclusion 1;: X — Zf is an isomorphism for all n € Z.
But 7 differs from f only by a homotopy equivalence ps: Zf — Y, see
construction 4.4.11, so the same applies to H,,( f) itself. O

Proof of lemma 5.1.3. Recall that each class x € H,,(X, A) is represented by
a relative cycle, i.e. a chain ¢ = )| _, ax - oy with a; € Z and 0: A" — X,
such that dc lies in the subgroup S,,_1 (A). This means that in the sum

dc = z Z(—l)i “a - (0 © 6;),

k=11i=0
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We write ¢ for the

tuple (0, ...,t,_1).
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where 8;: A*™! — A" denotes the inclusion of the i face, either oy, o §; lands
in A, or oy ° §; agrees with some 07 © §; so that the summands cancel out.
Now consider the following n-dimensional simplical complex

Ko {1,...,r} x A"
T (b 8,(0) ~ (1,6;(1)) if 0y 08, = 07 05,

which recovers the union of triangles in the figure at the margin. We have a
map f: K — X defined by [k,t] — 0% (t), and if we let 6;: A" — K be the
‘tautological’ simplex 6y (t) = [k, t], then f o6y = 0y, and so ¢ =} | ay -Gk
is a chain in K which gets sent via S, ( f) to c.

Since we identified all faces of the n-simplices where oy ©§; = 07 0 §; holds,
the summands that cancel in dc also cancel in dé, and therefore d¢ is a chain
in the subcomplex L € K, namely the one given by all faces {k} x 0;A" such
that oy o §; lands in A (in the above figure, this would be the boundary of
the pentagon). Hence ¢ represents a relative homology class x € H,,(K, L),
and moreover, f is a map of pairs (K, L) — (X, A) satistying

H,(f)(%) = [Se())()] = [c] = x.

This is the moment when obstruction theory enters: Because L is a subcom-
plex of an n-dimensional complex, the pair (K, L) admits the structure of
an n-dimensional relative cw complex by proposition 4.1.7. On the other
hand, (X, A) is at least n-connected, so by obstruction theory in the form
of corollary 4.5.5, f is homotopic to a map f' with image in A, through
a homotopy # that is stationary on L. Then # is in particular a homotopy
between maps of pairs (K, L) — (X, A), and hence H,(f") = H,(f). But
the map H,,(f") factors over H,,(A, A), which is trivial. This shows that the
class x = H,(f)(%) = H,(f')(x) we started with is trivial. O

5.2 THE THEOREM OF HUREWICZ

The next goal in our agenda to study the relation between homotopy groups
and homology is to understand in what situations the Hurewicz homo-
morphism from section 3.3 is an isomorphism. Let us recall the definition:

REMINDER 5.2.1. Ford >0, we pick a generator u; € Hd(Sd), and define
the Hurewicz map H: m4(X, x9) — Hy(X) as [a] — Hy(a)(uy) for each
based space (X, xp). Then # is natural and a homomorphism for d > 1.

The main result of this section is the following theorem:

THEOREM 5.2.2 (Hurewicz). Letd > 2. If X is a (d — 1)-connected space,
then H, (X) is trivial for n < d, and for each basepoint xo € X, the Hurewicz
homomorphism H: m4(X, xo) — Hy(X) is an isomorphism.
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REMARK 5.2.3. As the space X appearing in the Hurewicz theorem is in
particular connected, the commutative triangle from proposition 3.3.4 tells
us that second part of the theorem could have been equivalently stated for
just a single basepoint. This observation will simplify our proof.

In some situations, this theorem is applied infinitely many times in some
sort of ‘climbing-up process, as the following example illustrates:

EXAMPLE 5.2.4. Let X be a path-connected space such that all odd homo-
topy groups are trivial and all even homology groups of X are trivial.

Then X is 1-connected, so by using the Hurewicz theorem for d = 2, we
see that 7,(X) = H,(X) is again trivial, so X is even 2-connected. Using
once again the first assumption again, X is even 3-connected. If we continue
in this fashion, we see that in fact all homotopy groups of X are trivial, i.e.
X is weakly contractible.

REMARK 5.2.5. One might wonder if there is a Hurewicz theorem in the
case of d = 1. In other words: If X is assumed path-connected, what prop-
erties does H: ;(X, x9) — H;(X) enjoy? There are two observations:

« In exercise 3.4D of the AT lecture, you have (without knowing H)
shown that this map is at least surjective.

o As there are path-connected spaces with non-abelian fundamental
group, wheres as the target H; (X) is always abelian, we cannot hope
that this map is an isomorphism in general.

However, non-abelianity of the fundamental group is the only obstacle we
might encounter: One can show by hand (see e.g. [7, Thm. 24.1]) that the
kernel of # is the commutator subgroup of 711 (X, x). In other words, the
Hurewicz homomorphism induces an isomorphism from the abelianisation
of 11 (X, x¢) to H; (X). However, we will not need this observation.

Before giving a proof of Hurewicz’s theorem 5.2.2, we discuss an example
(which, as it will turn out, is the ‘universal’ one) where it holds.

EXAMPLE 5.2.6. Letd > 2 and let 7 be some index set. Then the bouquet
of spheres X :=\/,, S¢ has a cw structure with one o-cell, and one d-cell
for each sphere. By proposition 4.2.5, it follows that X is (d — 1)-connected.

Denoting the wedge point by *, we will argue that the Hurewicz homo-
morphism #: m4(X, *) — H;(X) is an isomorphism.

Proof. We start by noting that the following square
@Z‘E'] ﬂd(slda *) I ﬂd(X) *)

o | |
Dieq Ha(S)) —— Ha(X),
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In AT:111.8.14, this has
only been stated for
finite 7, but instead,

one can directly apply
AT:II1.8.6 to the pair

(LL; DL LIS):

As the abelianisation
of a free product is
canonically isomorphic
to the direct sum of the
abelianisations, this

aligns with remark 5.2.5.

in which the horizontal maps are induced by the inclusions S¢ < X of
the wedge summands, commutes by the naturality of the Hurewicz homo-
morphism. Moreover, we already know by Hopt’s theorem theorem 3.7.3
that the Hurewicz homomorphism for §? is an isomorphism in degree d,
showing that the left vertical map is an isomorphism. Finally, we know from
last term that the bottom map is an isomorphism. It hence suffices to show
that the top horizontal arrow is an isomorphism. To see that this map is
injective, note that \/,_, S¥ maps into [],., S¢, and the composition

@nd(s;i, *) — ﬂd<\/8id, *> - ﬂd(HS?, *) = nﬂd(S,‘-i, *)

i€l i€l i€l i€l
agrees with the canonical inclusion of the direct sum into the direct product,
and hence is injective. To see that the map in question is surjective, note
that each a: (I4,01¢) — (Vieq ¢, %) has a compact image, and therefore is
contained in finitely many wedge summands by the compactness argument
4.1.10. It therefore remains to consider the case where 7 is finite. In this case,
the above composition is the identity, so since the third map is bijective by
lemma 3.1.12, it suffices to show that the second map is injective to conclude
that the first map is surjective. To do so, we note that \/, s¢ - [, ¢ is the
inclusion of the d-skeleton of the product cw structure, and all further cells
of [, S¢ have at least dimension 2d. By corollary 4.2.7, the induced map on
71, is bijective if n < 2d — 1, which includes the case of n = d sinced > 2. [

REMARK 5.2.7. The construction of the map &P, mq(S%) — ma(\/; S%) relies
on the fact that the target is an abelian group: the source is a coproduct in
the category of abelian groups, so the map can be defined on summands.
The analogous map for n = 1 has to employ the corresponding coproduct
in the category of groups, which is known as the free product %, _, 74 (89). A
proof that the induced map ;74 (84 - ﬂd(\/i sé ) is again an isomorph-
ism (of non-abelian groups) uses the famous theorem of Seifert and van
Kampen, which is a central tool in the theory of fundamental groups.

The main step in the proof of Hurewicz’s theorem 5.2.2 is to reduce the
claim to the case of bouquets of spheres. The first reduction goes as follows:

LEMMA 5.2.8. It suffices to prove theorem 5.2.2 in the case where X is a cw
complex with sky_1 X = {xo} and skg;; X = X.

Proof. As X is (d — 1)-connected, we find a cw approximation &: X — X
such that sky_; X = {x,}, see remark 4.8.5. Since ¢ induces isomorphisms in
both 7,, and H,, (for all n), and since % is natural, we can study X instead.

Moreover, the inclusion of sk, ; X into X induces isomorphisms in 7,,
and H,, as long as n < d, see corollary 4.2.7, so since all claims of the-
orem 5.2.2 are in that range, we can restrict our attention to skd+1f( . ]
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Next, we would like to use that both sk; X and X/sk; X are bouquets of
spheres, and then use long exact sequences for pairs to come to X itself. In
homology this can be achieved by the following:

REMINDER 5.2.9 (Quotient lemma for homology). Let A € X be a cofibra-
tion. Then the morphism H,,(X, A) — H,,(X/A, A/A) = H,(X/A) induced
by the quotient map X — X/A is an isomorphism for all n € Z.

REMARK 5.2.10. Last term, the quotient lemma has not been stated under
the assumption that A € X is a cofibration, but under the assumption that
we find B € X with A C B that strongly deformation retracts onto A.

A proof of the above version can be found in [3, Prop. 10.4.5]; it uses the
same mapping cone construction that appears in our next proof. If one
does not want to relie on that external proof, let me point out that we will
use the quotient lemma in two situations: namely when X arises from A
by attaching (d + 1)-cells, and when A is the top of a mapping cylinder. In
both cases, one can check that the point-set assumption is satisfied as well.

We hence aim for a quotient lemma for homotopy groups, and as one
might expect, this follows from homotopy excision, but only in a range:

LEMMA 5.2.11 (Quotient lemma for homotopy groups). Let p,q > 0 and let
A € X be a cofibration. If (X, A) is p-connected and A is q-connected, then
the induced map 7, (X, A, x¢) — m,(X/A, A/ A) is bijective for n < p+q and
surjective for n < p+q+ 1, for each basepoint x, € A.

The proof of the quotient lemma requires the following version of the
five lemma for relative homotopy groups:

LEMMA 5.2.12. Let f: (X, A) — (Y, B) be a map of pairs, and assume that
the induced maps 1, (X, xy) — m,(Y, f(x0)) and 7, (A, xo) — 7,(B, f(x0))
are bijective for each n > 0 and each basepoint x € A. Then the induced maps
(X, A, x0) = m,(Y, B, f(x¢)) are bijective for each n > 1 and each x, € A.

While this follows for n > 2 from the algebraic five lemma, the case of
n 2 1 needs some extra care as the involved constituents are no groups. This
is the content of exercise 13.2.

Proof of the quotient lemma. In order to find an open cover to apply homo-
topy excision to, we ‘thicken’ the situation by considering the mapping cone
Ci1=(CALX)/((a,0) ~1(a)) of the inclusion map 1: A — X. Visually, we
take the mapping cylinder and collapse the top A x {1}. Then we have the
following two pushout squares:

indliliNyo)Y AJA
[ r l r l
X pra Ci C1/CA
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Here A/A is the point
corresponding to the
collapsed subspace A.

We actually do not have
to assume that the
inclusion A — X is
surjective on ;3
however, this way of
stating the conditions is
a bit cleaner.

CA

A/A is just a point, so
CA — A/A needs no
specification.



AW
AN

This is well-defined
since t < %, so in

particular, ¢ # 1.

As a notational
mnemonic, X, is at some
non-trivial height inside

the cone, while X, is at

the bottom.

By the pasting law, the outer rectangle is a pushout; this identifies the bot-
tom composition with the collapsing map X — X/A. Secondly, as the left
vertical map is a cofibration, lemma 4.4.10 tells us that all vertical maps
are cofibrations, in particular embeddings of subspaces. We therefore can
interpret the diagram as two maps of pairs, so for each x; € A, the map in
question can be written as the composition

1,(X, A, xy) — 11,,(C1,CA, %y) — m,(X/A, A/ A),

where %, denotes the point [xg,0] € Ci. Let us first deal with the second
arrow: Since CA is contractible and CA ¢ Ct is a cofibration, another ap-
plicaton of lemma 4.4.10 to the second pushout square tells us that the map
CA — X/A is a homotopy equivalence. By the five lemma 5.2.12 it follows
that this second arrow is an isomorphism. It therefore suffices to study the
first arrow. To do so, we cover C1 by the open subsets U := {[a, ]; t < %} uXx
and V= {[a,t]; t > %} as are depicted at the margin. Then we obtain a map
p: U — X given by ‘pushing down, formally: p([a,t]) :== a. That map p
takes U NV into A, so we obtain a square of maps of pairs

wunv) —2 - (x,A)

| l

(C,V) —— (C1,CA).

This square does not commute strictly, but we have a homotopy between
maps of pairs (U,UNV) — (C1,CA) from the upper to the lower com-
position, given by #5([a,t]) = [a, st]. Translating this square to homotopy
groups, we put X, = [xg, %] e UNV, then u(s) := 15(%) is a path from %,
to X and a relative version of proposition 3.2.5 (whose proof is exactly the
same) provides us with the following commutative diagram:

(X, A, xy) — 1, (C1,CA, %)
n,y
1, (U, UNV, %) =| Uy

I

nn(Cl’ ‘/) 5&0) — ﬂn(Cl’ CA) 320)'

Here the upper horizontal arrow is the one in question. Since p: U — X
and its restriction U NV — A, as well as the inclusion map V' — CA are
homotopy equivalences, it follows from the five lemma 5.2.12 that the upper
diagonal arrow 7, (p) and the lower horizontal map are isomorphisms. It
hence suffices to inspect 7,,(U,U NV, Xy) — m,(C1,V, %) instead, and here
we use homotopy excision. We check the conditions:
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o Each x e UNV can be connected by a path to some X, and so we
have 77,,(U,U NV, x) = m,(X, A, xy), which is trivial for 1 <n < p.

« Since V is contractible, we have ,,(V,UNV,x) = ,,_ (U NV, x) for
each x e UNV. Now we once again use the homotopy equivalence
p:UNV — Aandobtain thatm,_ (UNV,x) = m,_1(A, p(x)), which
is trivial for 1 <n< g+ 1.

Therefore, homotopy excision tells us that the map in question is indeed
bijective for n < p+ g+ 1 and surjective for n < p+q+1, as claimed. [

The last ingredient for proving the Hurewicz theorem by applying the five
lemma to (X, sk X) is a relative version of the Hurewicz homomorphism:

CONSTRUCTION 5.2.13. Let (X, A, x() be a based pair and let n > 1. Recall
from remark 4.5.7 that elements in 71,,(X, A, xy) can be reinterpreted as ho-
motopy classes of maps of based pairs «: (D", Sl x) = (X, A, x). Fixing
a generator v, € H,(D",$"!) = Z and define the relative Hurewicz map

-7'[: ﬂn(Xa A’ X()) - Hn(X’A)> [(X] 4 Hn(a)(vn)'

Then # is natural and a homomorphism for # > 2 (such that the left side is
a group); both statements are checked as for the absolute case.

If we moreover pick v, such that it gets sent to u,, € H,,(S") = H,,(S", *)
under the quotient map (D", 8"!) — (8", %), then the relative Hurewicz
map agrees with the absolute one in the case of A = {x,} once we identify
H,(X) = H,(X,{x,}); this justifies using the same letter again.

Proof. The Hurewicz map is well-defined on homotopy classes as homotop-
ies between maps of based pairs are in particular homotopies between maps
of pairs; so equivalent maps induce the same map in relative homology.
The naturality of # follows as in the absolute case by direct computation.

The proof that # is a homomorphism for n > 2 is the same as for the
absolute case, but in order to make sense of it, we need a reinterpretation
of the group structure on m, (X, A, x¢) using a pinch map D" — D" v D"
given by collapsing D"™! x {0}, see [7, Prop. 4.36] for details.

Denote the quotient map (D", " ') — (", %) by p. Then the identific-
ation of 7, (X, x¢) with 7,,(X, {x¢}, xo) from the perspective of discs and
spheres is given by [a] > [ o p]. Using the symbols H s and H, for the
absolute and relative Hurewicz maps, respectively, we hence obtain

-(]_[rel([(x°P]) = (Hn((x) °Hn(P))(vn) = Hn((x)(un) = j{abs([‘x])~ O

For a based pair (X, A, xy), our goal is to assemble all relevant absolute
and relative Hurewicz homomorphisms into a morphism of long exact
sequences. This is achieved as follows:
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Here we silently identify
H,(X) with H,(X, {x,}).
Since n > 1 anyway, both
just agree with H, (X).

H,(a) agrees with H,(c)
sincen > 1.



Together with the above
convention that v, gets
sent to u,, via the map
(D",8"1) — (8", ), all
choices are determined
by the single choice of
uy € Hy(S°).

The next column in the
sequence will also be
trivial, but we do not

even have to check this.

REMARK 5.2.14. For any n > 1 consider the connecting homomorphism
0: H,(D",8" ') —» H,_1(S"") from the reduced long exact sequence for
the pair (D", S"!). If we pick v, for each n > 1 such that ov,, = u,,_; holds
for eachn > 1, then for based pair (X, A, xj), the Hurewicz homomorphisms
give rise to a morphism of long exact sequences

e T, ( A, %) — T (X, %) — T0(X, A, Xg) —5 71 (A, x0) — -+

lﬂ lﬂf la{ lﬂ{

—>I:In(A) _)I:In(X) —>Hn(X’A) T’ ~n—l(A) —

Proof. The first of the above squares commutes by naturality of the absolute
Hurewicz homomorphism; and the second one commutes by naturality of
the relative Hurewicz homomorphism, using that H: 7,,(X, x¢) — H,(X)
agrees with the relative Hurewicz map 7,,(X, {xo}, x0) — H, (X, {x0}).

For the last square, we use that for each «a: (D™, 8", %) - (X, A, x0),
the class d[«] is represented by the restriction o|gn-1: (8™, %) = (A, xp).
Using u,,_; = 0v,, and the naturality of the connecting homomorphism in
homology, this shows that we indeed have

(H 2 0)([a]) = Hy(alg1)(0v,) = 0H, () (v,) = @ H)([a]). [

Now we have everything together to prove the Hurewicz theorem 5.2.2.
Recall that it is our goal to show, for d > 2 and a (d — 1)-connected space
X, that H,,(X) is trivial for n < d and that H: m4(X, x9) — H;(X) is an
isomorphism for each basepoint x € X.

Proof of the Hurewicz theorem. By lemma 5.2.8, we can assume that X is a
cw complex with sky_; X = {x} and sk, = X. Since X has only one 0-cell
and no cells in dimensions 1 < # < d — 1, we can conclude that H,,(X) is
trivial for n < d. For the second part of the claim, we consider the morphism
of long exact sequences from remark 5.2.14. A segment of it reads

a1 (X, skg X, x0) — ma(skg X, x9) — mq(X, x9) — ma(X, skg X, x)

19{ lﬂ 1}{ 1}1

Hg,1(X,skqX) —— Hy(skgX) —— Ha(X) —— Ha(X,skgX).

Recall that it is our aim to show that the third vertical arrow is an isomorph-
ism. To do so, we note that last column in this segment is trivial since X
arises from sk; X by attaching (d + 1)-cells, so we can attach a further trivial
column; now the claim follows from the five lemma once we have shown
that the first two vertical arrows are isomorphisms.
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For the second one, this is an instance of example 5.2.6 since sk; X is built
by attaching d-cells to a point, and hence is homeomorphic to a bouquet
of d-spheres. It remains to study the first arrow. For this, we note that the
quotient map X — X/sk; X induces a commutative square

a1 (X, skg X, x0) —— 411 (X/skg X, skg X /skg X)

la{ 19{

Hg1 (X, skgX) ————— Hg (X/skgX).

by the naturality of the Hurewicz homomorphism, and the left vertical map
is the one we want to exhibit as an isomorphism. Now X/sk; X is again a
bouquet, this time of (d + 1)-spheres, so another instance of example 5.2.6
tells us that the right vertical map is an isomorphism. Finally, we use that
sky X € X is a cofibration, so by the quotient lemma for homology 5.2.9,
the bottom map is an isomorphism. For the top horizontal map, we use
the quotient lemma for homotopy groups 5.2.11, noting that (X, sk; X) is
d-connected, sk; X is (d — 1)-connected,and d +1 < 2d — 1 sinced > 2. [

5.3 MAPS BETWEEN SIMPLY-CONNECTED SPACES

In this last ‘theoretical’ section, we use the Hurewicz theorem for a sufficient
criterion for a map to be a weak equivalence - in terms of singular homology!
For this, however, we have to assume that our spaces are simply-connected:

DEFINITION 5.3.1. Wecall f: X — Y ahomology equivalence if the induced
map H, (f): H,(X) — H,(Y) is an isomorphism for each n € Z.

REMARK 5.3.2. In theorem 5.1.1, we have seen that weak homotopy equi-
valences are in particular homology equivalences.

The next theorem is about the converse.

THEOREM 5.3.3. If f: X — Y is a homology equivalence between simply-
connected spaces, then f is a weak homotopy equivalence.

REMARK 5.3.4. Let us point out that theorem 5.3.3 is wrong if we leave out
the assumption that both spaces are simply-connected. There are spaces
X whose reduced homology groups all vanish (such spaces are called acylic
spaces), but which are not weakly contractible, i.e. the map X — * induces
an isomorphism in homology, but is not a weak homotopy equivalence.

In light of remark 5.2.5, an acylic space must have a fundamental group
with trivial abelianisation. Such groups are called perfect groups.

Theorem 5.3.3 will rather directly follow from a mild relative version of
the Hurewicz theorem, which goes as follows:
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In order to use naturality
of the relative Hurewicz
map here, we use once
again that the right
vertical map also is an
instance of the relative
Hurewicz map.

By the pasting law for
pushouts, X/sk,; X arises
from sk; X /sk; X = * by
attaching (d + 1)-cells.

I think the name
‘perfect’ is rather
vacuous. My doctoral
advisor and I once had
the idea of calling these
groups cainian, in order
to express maximal
distance to being abelian.
But, alas, no one else
used this word apart
from us!



Recall from

notation 4.2.2 that
triviality of 7o (Zf, X)
means that 77y (f) is

surjective.

THEOREM 5.3.5 (Relative Hurewicz). Letd > 2 and let (X, A) bea (d - 1)-
connected pair such that A is simply-connected. Then the Hurewicz homo-
morphism H: m4(X, A, xg) = Hy(X, A) is an isomorphism for each xy € A.

We shall first prove theorem 5.3.3 assuming the relative Hurewicz the-
orem, and then prove the realtive Hurewicz theorem itself.

Proof of theorem 5.3.3 assuming theorem 5.3.5. Recall the mapping cylinder
Zf, which contains X as a subspace. Since f induces isomorphisms in
homology, the long exact sequence in homology tells us that all relative
homology groups H;(Zf, X) are trivial, and it is our goal to show that all
relative homotopy groups m;(Zf, X) with d > 0 are trivial.

This is done by induction on d. For d = 0 and d = 1, we note that 7y ( f)
and 7, (f) are bijective because source and target of these maps contain
precisely one point. For the induction step, assume that d > 2 and that
7,(Zf, X) is trivial for n < d. Using that X is simply-connected, the relative
Hurewicz theorem 5.3.5 tells us that H: n4(Zf, X, x0) » Ha(Zf,X) =01is
an isomorphism for each x € X, and hence 7;(Zf, X) is indeed trivial. [

It remains to prove the relative Hurewicz theorem. Our strategy is to
reduce the statement to the absolute case using the quotient lemma. In
order to apply it, we need the following lemma:

LEMMA 5.3.6. During the proof of the relative Hurewicz theorem 5.3.5, we
can assume that A € X is a cofibration.

Proof. Here we once again employ the mapping cylinder construction 4.4.11:
Let us denote the inclusion of A into X by f. Then we have a triangle

i
A— Zf

N

X,

where py is a homotopy equivalence and 15: A — Zf is a cofibration. Us-
ing the equivalence from notation 4.5.1, the pair (Zf, A) is also (d — 1)-
connected, and by the naturality of the Hurewicz homomorphism, the map
pr (Z f,A) — (X, A) induces a commutative square

(ps)
Ta(Zf, A xo) —225 ma(X, Arxo)

a E

Hy(Zf, A) Tpf)) H;(X,A)
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for each basepoint x € A. Since py restricts to equivalences Zf — X and
A — A, it follows from the five lemma applied to the two long exact se-
quences (for homotopy groups and for homology groups) that the two
horizontal arrows are isomorphisms.

It hence suffices to show that the left vertical map is an isomorphism;
and here it is indeed the case that A € Zf is a cofibration. O]

Now we can finally give the proof of the relative Hurewicz theorem 5.3.5:

Proof of theorem 5.3.5. Using once again that the Hurewicz homomorphism
is natural, the quotient map X — X/A induces a commutative square

ma(X, A, xg) —— ma(X/A,AlA)

9{1 lﬂ

Hi(X,A) ——— Hy(X/A).

We argue that the horizontal arrows are isomorphisms: The previous lemma
allows us to assume that A € X is a cofibration, so the bottom arrow is an
isomorphism by the quotient lemma in homology. Moreover, since (X, A) is
(d — 1)-connected and A is 1-connected, the quotient lemma for homotopy
groups 5.2.11 tells us that the top map is an isomorphism as well.

We can hence equivalently show that the right vertical map is an iso-
morphism, and we do so by using the absolute Hurewicz theorem 5.2.2, for
which we have to argue that X /A is (d — 1)-connected. First, we see that since
(X, A) is (d — 1)-connected, each component of X intersects A, and hence
X /A is path-connected. Second, we use once again the quotient lemma for
homotopy to see that the induced map m,,(X, A, x9) — m,,(X/A, A/A) is an
isomorphism for n < d, in particular 7,(X/A,A/A)=0forl<n<d-1;
so altogether, the quotient X /A is (d — 1)-connected as desired. O

Combining theorem 5.3.3 and Whitehead’s theorem 4.6.4, we get:

COROLLARY 5.3.7. If f: X =Y is a homology equivalence between simply-
connected cw complexes, then f is a homotopy equivalence.

5.4 AN APPLICATION OF ALMOST EVERYTHING

Nunc est bibendum: In this final section of the lecture course, we want to
combine all tools we developed throughout the term in order to go at least
some steps towards a very concrete, yet rather ambitious goal in algebraic
topology: namely classifying manifolds up to homeomorphism. We, how-
ever, want to by slightly more modest and only consider the homotopy type.
We are interested in sufficient conditions one can impose on a compact
d-dimensional manifold M ensuring that M is homotopy equivalent to S,
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The case d = 1 is rather
boring anyway since
each compact
path-connected
1-dimensional manifold

is homeomorphic to S*.

This sign-agnostic
statement does not
depend on a choice

of orientation.

DEFINITION 5.4.1. Letd > 1. A d-dimensional homology sphere is a com-
pact d-dimensional manifold M such that H,(M) = H, (8% foralln e Z,
i.e. H,(M) = Z for n € {0,d}, and H,,(M) = 0 else.

THEOREM 5.4.2. Letd > 2. Each simply-connected d-dimensional homology
sphere is homotopy equivalent to S°.

The proof of theorem 5.4.2 relies on the Whitehead theorem, and in order
to use it, we need the following tool, see 7, Cor. A.12] for a proof:

LEMMA 5.4.3. A compact manifold is homotopy equivalent to a cw complex.

Proof of theorem 5.4.2. Let M be a simply-connected d-dimensional homo-
logy sphere. Them M is in particular connected, and since Hy(M) = Z, it
follows from proposition 2.2.9 that M is orientable. By collapsing the com-
plement of an open d-disc inside M to a point, we obtain a map f: M — §%
of degree +1, see the solution of exercise 4.4E (and its footnote) for details.
Then H(f) is an isomorphism (it sends the single path-component of
M to the single path-component of $%), and H,(f) takes a generator of
H;(M) to a generator of H,;(58%), and hence is an isomorphism as well. For
all other n € Z, the map H, (f) is trivially an isomorphism since source
and target of H,,(f) are trivial.

Now we use that both M and $¢ are simply-connected, so theorem 5.3.3
tells us that f is a weak homotopy equivalence. Finally, we use that S isa cw
complex and that M has the homotopy type of a cw complex by lemma 5.4.3,
so by the Whitehead theorem 4.6.4 (with the weaker assumption as in
remark 4.6.10), f is a homotopy equivalence. O

In dimensions 3 and 4, we can use theorem 5.4.2 to formulate very easy
conditions under which a manifold is homotopy equivalent to a sphere:

THEOREM 5.4.4. Let M be a simply-connected compact 3-dimensional man-
ifold. Then M is homotopy equivalent to S°.

If we replace ‘homotopy equivalent’ by ‘homeomorphic;, then the state-
ment is much harder, and known under the name Poincaré conjecture. It
has been proven by Grigori Perelman in 2002.

THEOREM 5.4.5. If M is a simply-connected compact 4-dimensional mani-
fold with Euler characteristic 2, then M is homotopy equivalent to S*.

Note that theorem 5.4.5 is wrong if we skip the condition on the Euler
characteristic; for example CP? or §% x §? satisfy all other conditions, but
are not homotopy equivalent to S*.

Both theorems are proven by showing that the manifold in question is a
homology sphere. In order to do so, we would like to use Poincaré duality,
so we better ensure that our manifolds in question are orientable:

100



LEMMA 5.4.6. A simply-connected compact manifold is orientable.

Let me point out that one can use different methods to get rid of the
compactness assumption here.

Proof. Call that manifold M. First of all, we note H; (M) = H, (M) is trivial
by the Hurewicz theorem 5.2.2. By the universal coefficient theorem for
cohomology 1.6.1 for the abelian group Z,, it follows that

H'(M;Z,) = Homy,(H; (M), Z,) ® Exty,(Hy(M), Z,) = 0.
Now we can apply exercise 5.38 and obtain that M is orientable. O]
Now we can finally prove our two theorems:

Proof of theorem 5.4.4. Since M is path-connected, we have Hy(M) = Z,
and since M is orientable by lemma 5.4.6, it follows from proposition 2.2.9
that H3(M) = Z. Moreover, H; (M) is trivial as we saw in the previous
proof. By lemma 2.4.6, H,,(M) is trivial for n > 3, so we are left to consider
H,(M). Since M is orientable by lemma 5.4.6, we can apply Poincaré duality
and obtain H,(M) = H' (M), which is trivial by the universal coefficient
theorem for cohomology 1.6.1. This shows that M is a simply-connected
3-dimensional homology sphere, so the claim follows by theorem 5.4.2. [

Proof of theorem 5.4.5. By using the very same arguments as in the proof
of theorem 5.4.4, we see that H,,(M) = Z for n € {0,4} and H,,(M) = 0 for
n ¢ {0,2,4}, so we only have to consider H,(M). By lemma 2.4.6, it is a
finitely generated abelian group, i.e. of the form Z" & P;_, Z;, for some
r,s > 0 and k; > 2. Then we have 2 + r = x(M) = 2, forcing r to be 0. To
show that the torsion part is trivial as well, we use the universal coefficient
theorem for cohomology 1.6.1 and obtain

H?(M) = Homz (H3(M), Z) ® Exty, (Hy(M), Z) = (P Zy.,

i=1

but, on the other hand, Poincaré duality tells us that H 3(M) = H; (M),
which is trivial. This shows that H, (M) is trivial, so M is indeed a simply-
connected homology sphere. Now the claim follows by theorem 5.4.2. [
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