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This note establishes a unified method to construct, for any set class 𝑋, a
chord complex Δ𝑋 and a group Ω𝑋 of neo-Riemannian operations. Both
constructions are introduced for set classes in arbitrary abelian interval
systems (a subcategory of Lewin’s generalised interval systems that includes
equal divisions of the octave, meantone temperaments, and 𝑝-limit tuning
as special cases), and in a functorial manner that allows comparisons of
different set classes, even from different interval systems.

1 . Introduction and overview

Over the last 50 years, it has become more and more common to use tools
from modern mathematics in order to analyse music. For example, chords
are regarded as sets containing pitch classes (i.e. pitches modulo octaves).
Very often, the octave is evenly divided into 𝑑 ⩾ 1 steps, and in this world,
the domain of ‘admissible’ pitch classes is modelled by ℤ𝑑 ≔ {0,…,𝑑 − 1}.
Interpreting these pitch classes as vertices of a regular 𝑑-gon, one can say
what transpositions (‘rotations’) and inversions (‘reflections’) are. Two chords
are ‘similar’ to each other if one arises from the other by a transposition or
an inversion, and equivalence classes with respect to this relation are called
set classes. For example, if 𝑑 = 12, the set class [047] of the chord {0, 4, 7} is
composed of all major and minor triads; it contains 24 chords.

One area of research concerns the internal structure of set classes, and
I would like to highlight two (interrelated) perspectives on the subject: On
the one hand, the geometric approach, which aims to visualise set classes,
taking into account that chords can share pitch classes. Such visualisations
are often called chord complexes (or, more traditionally, Tonnetze). Themost
famous example of such a visualisation is the Riemann–Oettingen Tonnetz,
a triangulation of the 2-torus by 24 triangles corresponding to all major and
minor triads; but the same can be done for other set classes, see [13, 4, 2, 1].
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On the other hand, the algebraic approach, initiated by [15], which studies
operations on a set class that preserve both transpositions and inversions.
These operations generalise the functional approach of Hugo Riemann,
and are hence called neo-Riemannian operations. There is an intricate con-
nection to group theory, which has been made explicit in [16, 12, 9]. Chord
complexes and neo-Riemannian operations can be used to visualise and
analyse chord progressions, see for example [8, 6, 7, 11].

In this note, I shall discuss these two approaches in amore general context:
First of all, note that no equal division of the octave is capable of modelling
other tuning systems (e.g. meantone temperaments or 𝑝-limit tuning), or,
at least, precise enough to properly reflect what classical musical notation
(which e.g. differentiates between fv and ge) captures. It is hence desirable
to have a theory that works not only for set classes inℤ𝑑, but for set classes
in generalised interval systems in the sense of Lewin [16].

For the sake of simplicity (and in the absence of a striking example that
demands higher generality), we restrict our attention to abelian interval
systems. Section 2 revisits musical set theory for abelian interval systems,
including plenty of examples that will reappear many times in later sections.
I have chosen to be rather concise and to use a suggestive notation tailored
to the abelian case. Instead of transpositions and inversions, we shall allow
more general selections of affine transformations.

Section 3 provides a unified formalism for the above geometric approach,
generalising that of [4]: Using the theory of simplicial complexes, any set
class𝑋 in some abelian interval systemgives rise to a chord complexΔ𝑋.We
study many examples, including the Riemann–Oettingen Tonnetz Δ[047],
the 3-dimensional chord complex Δ[047A] inspired by Gollin’s work [13],
the infinite tube Δ[c, e,g] in the spiral of fifths, and Euler’s original Tonnetz
Δ[c, em,g], which is an infinite triangulation of the Euclidean plane.

In the same fashion, section 4 establishes a general framework for the
above algebraic approach: We introduce neo-Riemannian operations on a
set class𝑋 as automorphisms that are equivariant with respect to all selected
affine transformations; they form a group called Ω𝑋. Using general results
from the theory of group actions, I will derive an explicit description of all
neo-Riemannian operations on𝑋 and describe the isomorphism type of
Ω𝑋. This generalises the main result of [12] on contextual groups.

Finally, section 5 explores functoriality of the aforementioned concepts.
More precisely, we study how morphisms of abelian interval systems (in the
sense of [11]) induce morphisms between set classes and their chord com-
plexes (some of these morphisms are well-known covering maps), and even
between their associated neo-Riemannian groups if an additional algebraic
condition is satisfied; see construction 5.18. Amongst other applications,
this framework simplifies the comparative analysis in [11].
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2. Set theory in abelian interval systems

2.1 Abelian interval systems

Reformulating [16] in a more algebraic way, a (generalised)1 interval system
is given by a group (of intervals) that acts simply-transitively (i.e. free and
transitive) on a set (of musical objects, such as pitches).

The scope of this paper is limited to interval systems whose group of in-
tervals is abelian. There are two reasons for this limitation: First, the theory
of these interval systems is significantly easier; in fact, we will re-discover
huge parts of [16, § 3+5] for abelian interval systems within this section
in a rather low-threshold fashion. Second, all examples where the musical
objects are interpreted as pitches have abelian groups of intervals (Lewin’s
notion aims to provide a framework that can also model rhythms; and here
non-abelian groups of intervals appear, see e.g. [16, § 4]).

Definition 2.1. An abelian interval system 𝐴 consists of:
• an abelian group2 V𝐴, whose elements are called intervals,
• a non-empty set P𝐴, whose elements are called pitches, and
• a simply-transitive (left) action of V𝐴 on P𝐴.

We call V𝐴 the interval group of 𝐴. For each interval 𝑣 ∈ V𝐴 and each pitch
𝑎 ∈ P𝐴, we write 𝑣 + 𝑎 ∈ P𝐴 for the result of applying 𝑣 to 𝑎.

Remark 2.2. In all our examples, elements of P𝐴 are actually pitch classes,
i.e. pitches up to octaves. For the general theory, however, this is irrelevant,
whence we stick to the shorter word ‘pitch’.

Using that the action of V𝐴 on P𝐴 is free and transitive, we recover the
interval function from Lewin’s original definition:

Construction 2.3. Let 𝐴 be an abelian interval system. For any two
pitches 𝑎, 𝑏 ∈ P𝐴, there is a unique interval, denoted by 𝑏 − 𝑎 ∈ V𝐴, such
that (𝑏 − 𝑎) + 𝑎 = 𝑏. It satisfies 𝑎 − 𝑎 = 0 and 𝑣 + (𝑏 − 𝑎) = (𝑣 + 𝑏) − 𝑎.

Next, we recall the notion of amorphismbetween such systems, a straight-
forward definition that first appears in [11] for all interval systems:

Definition 2.4. A morphism 𝜇∶ 𝐴 → 𝐵 of abelian interval systems is
given by a group homomorphism V𝜇∶ V𝐴→V𝐵 and a map P𝜇∶ P𝐴→ P𝐵
satisfying P𝜇(𝑣 + 𝑎) = V𝜇(𝑣) + P𝜇(𝑎) for any 𝑣 ∈ V𝐴 and 𝑎 ∈ P𝐴. This turns
the class of abelian interval systems into a category and the assignments V
and P into functors to the categories of abelian groups and sets, respectively.

1. In the context of this article, I shall skip the adjective ‘generalised’.
2. Since ‘I’ is commonly used for inversions, I chose ‘V’ as it reminds us of ‘vector’.
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Remark 2.5. Let 𝐴 and 𝐵 be abelian interval systems. Then a morphism
𝜇∶ 𝐴→ 𝐵 can be declared by providing the homomorphism V𝜇∶ V𝐴→V𝐵
and the value 𝑞 ∈ P𝐵 of a single pitch 𝑝 ∈ P𝐴, i.e. a key-value pair for P𝜇.
For all further pitches 𝑎 ∈ P𝐴, we then have P𝜇(𝑎) = V𝜇(𝑎 −𝑝) + 𝑞.

Before coming to musically interesting examples, I would like to point
out that from a purely mathematical perspective, the interval group is the
only relevant component of an interval system. This is made precise by the
following remark, which is a special case of [11, prop. 2.10]:

Remark 2.6. The easiest way to construct an abelian interval system is to
take some abelian group and let it act on itself by (left) translation. Up to
isomorphism, all abelian interval systems arise in this way: Let 𝐴 be some
abelian interval system. Then each choice of 𝑝 ∈ P𝐴 gives rise to a bijection
V𝐴→ P𝐴 declared by 𝑣 ↦ 𝑣 +𝑝; its inverse given by 𝑎 ↦ 𝑎−𝑝. Together
with the identity homomorphism on V𝐴, this constitutes an isomorphism
from V𝐴, acting on itself by translation, to 𝐴.

In fact, the mathematical core of this paper could have been formulated
using only abelian groups as the basic notion (then the correct notion of
morphisms would have been affine maps between abelian groups, see [11]).
From a musical perspective, however, it is desirable to properly distinguish
intervals from pitches (one should be able to form differences of pitches, the
result being an interval, but it makes no sense to form sums of pitches).

Now we can finally introduce the main examples for this article, most of
which appeared in [16, § 2] in a different language.

Recall that we are actually interested in systems containg pitch classes.
One concrete musical interpretation of such a system is a tuning, i.e. a map
that teakes each interval to a ratio between frequencies, up to powers of 2.
The precise domain for that is the group ℝ+/⟨2⟩ of positive real numbers
modulo the subgroup spanned by 2. I shall point out that such a tuning is
merely an interpretation and not part of the actual structure.

Example 2.7 (Equal division of the octave). For each 𝑑 ⩾ 1, we have an
abelian interval system𝔼𝑑 modelling the equal division of the octave into 𝑑
units. It is given by the residue group ℤ𝑑 ≔ {0,…,𝑑 − 1} acting on itself by
(left) translation (here we indeed interpret the residues once as pitch classes
and once as intervals, which is rather common practice). The eponymous
tuning takes any interval 𝑘 ∈ ℤ𝑑 to

𝑑√2𝑘 ∈ ℝ+/⟨2⟩.
This model is often called EDO system (equal division of the octave); its

most prominent example being the EDO-12 system 𝔼12. In order to have a
single character for each interval/pitch in 𝔼12, we put A ≔ 10 and B ≔ 11.
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Example 2.8 (Spiral of fifths). The abelian interval system that models
‘written’ pitch classes is the spiral of fifths 𝔽: Its set of pitches P𝔽 contains
all symbols like fv or eE, and its interval group V𝔽 is the abelian group ℤ
of integers, acting on P𝔽 such that 1 ∈ ℤmoves each pitch upwards by a
perfect fifth, e.g. 1 + c = g. This determines the entire action inductively,
e.g. 8 + ge = d and cv − ce = 14. The intervals in 𝔽 also have musical names;
for example, 4 is called a major third upwards.

There is a morphism of interval systems 𝔽→𝔼12 which visually maps
‘written’ pitch classes to a piano (and hence identifies enharmonically equi-
valent pitch classes). On interval groups, it is given by the homomorphism
ℤ→ℤ12 via 𝑣 ↦ 7𝑣 (a perfect fifth comprises 7 semitones). By remark 2.5,
it remains to specify a single key-value pair, and as itmight bemost common
to pick c as a reference pitch, we take c ∈ P𝔽 to 0 ∈ P𝔼12.

When it comes to a tuning of 𝔽, we are free to choose an arbitrary ratio
for a perfect fifth, preferably one ‘close’ to 3modulo ⟨2⟩:

• Choosing the ratio 3 is exactly the bare Pythagorean interpretation.
• Combining𝔽→𝔼12 and the interpretation of𝔼12, we may pick 12√27.
• Quarter-comma meantone temperament takes a fifth to 4√5.
• Third-comma meantone temperament takes a fifth to 3√10/3.

The next example is closest to the real world, as it captures simple ratios
between concrete frequencies. These ratios are fractions where numerator
and denominator are generated by small primes.

Example 2.9 (𝑝-limit system). For any odd prime 𝑝, we have an abelian
interval system 𝕃𝑝 called 𝑝-limit system, given by the subgroup of ℝ+/⟨2⟩
spanned by all odd primes ⩽𝑝, acting on itself by translation. The tuning
is merely the subgroup inclusion (often called 𝑝-limit tuning, a term that
goes back to [19]). For small primes 𝑝, the pitches of 𝕃𝑝 can alternatively
be described using Helmholtz–Ellis symbols for microalterations, [14, 18]:

• 𝕃3 contains the same pitches as 𝔽.
• 𝕃5 additionally contains pitches like em or af.
• 𝕃7 additionally contains pitches like ge< or cm>.

As the interval group is written multiplicatively, we adapt that notation for
the action as well, e.g. we have 3−352 ⋅ af = gm inside 𝕃5.

By uniqueness of prime factorisation, the interval group V𝕃𝑝 is free
abelian, its rank being exactly the number of odd primes ⩽𝑝. Finally, these
systems are interrelated by several morphisms:

• We have a sequence of inclusions 𝕃3 ↪𝕃5 ↪𝕃7 ↪⋯ .
• We have an isomorphism 𝔽→ 𝕃3 of interval systems, which is the

identity on pitch sets and is declared on interval groups by 𝑘 ↦ 3𝑘.
• We have a morphism 𝕃5 → 𝔽 which forgets microalterations; it is

given on interval groups by 3𝑣5𝑤 ↦ 𝑣+ 4𝑤 (a major third is 4 fifths).
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Example 2.10 (Scales). Each scale with𝑚 steps can be modelled by the
abelian interval system 𝕊𝑚 whose interval group is the residue group ℤ𝑚
and whose set of ‘pitches’ contains the degrees of the scale, denoted by
Roman numbers starting with I. The action is given by shifting Roman
numbers cyclically, e.g. 2 + IV = VI and 4 + V = III inside 𝕊6.

In the special case of𝑚 = 7 (heptatonic scale), we have musical names for
intervals, e.g. 3 is a fourth. There is morphism of interval systems 𝔽→ 𝕊7
which forgets all alterations. More precisely, it is declared on interval groups
by 𝑣 ↦ 4𝑣, and we send c to the first degree I. This defines a morphism by
remark 2.5, which e.g. sends ge, g, gv, gV altogether to degree V.

Remark 2.11. From a mathematical viewpoint, there is some redundancy
in these examples: The spiral of fifths 𝔽 is isomorphic to 3-limit system 𝕃3,
while the scale 𝕊𝑚 is isomorphic to the EDO system 𝔼𝑚. However, these
examples differ in theirmusical interpretation. If we are truly only interested
in the isomorphism type, we can e.g. speak of finite cyclic interval systems, a
notion that includes both EDO systems and scales.

2.2 Symmetries and affine transformations

When studying the structure of an interval system, one usually considers
two types of self-maps on the set of pitches: transpositions and inversions.
This often leads to case distinctions, which have to face the issue that if all
intervals have order 2, these two types coincide. I will therefore propose a
generalisation that enables us to address these types simultaneously.

The central property of transpositions and inversions is the way they
transform intervals between pitches: Transpositions preserve them, while
inversions reverse them. These are two instances of the following concept:

Definition 2.12. A symmetry of an abelian interval system 𝐴 is a group
automorphism of V𝐴, i.e. an element of the general linear group GL(V𝐴).

If 𝜎 is a symmetry, a 𝜎-transformation is a self-map 𝜂∶ P𝐴 → P𝐴 such
that 𝜂(𝑏) − 𝜂(𝑎) = 𝜎(𝑏 − 𝑎) holds for all pitches 𝑎 and 𝑏. This is equivalent
to require that (𝜎, 𝜂) is a morphism 𝐴→𝐴 of abelian interval systems.

Example 2.13. For some integers 𝑘 ∈ ℤ, the homomorphism 𝑣 ↦ 𝑘 ⋅ 𝑣
on V𝐴 is bijective, and thus constitutes a symmetry of 𝐴 which we call 𝑘𝐴,
or just 𝑘. The EDO-12 system, for instance, has four distinct such symmetries,
namely ±1 and ±5 (note that e.g. 7 = −5 as symmetries of EDO-12).

Each interval system has the symmetries 1 and −1, and they differ if
and only if 2 ⋅ V𝐴 ≠ 0. Classically, 1-transformations are called interval-
preserving, while (−1)-transformations are called interval-reversing.
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Remark 2.14. The identity on P𝐴 is a 1-transformation, and if 𝜂 is a 𝜎-
transformation and 𝜃 is a 𝜏-transformation, then 𝜃𝜂 is a 𝜏𝜎-transformation.

Next, we want to understand what 𝜎-transformations look like explicitly.
For this purpose, note that for each symmetry 𝜎, remark 2.5 tells us that
specifying a 𝜎-transformation is the same as specifying a key-value pair:

Construction 2.15. Fix a symmetry 𝜎 of an abelian interval system 𝐴.
For any two pitches 𝑝 and 𝑞, there is a unique 𝜎-transformation 𝜎𝑞,𝑝 that
takes 𝑝 to 𝑞, and it is given by 𝜎𝑞,𝑝(𝑎) ≔ 𝜎(𝑎 −𝑝) + 𝑞. Conversely, if 𝜂 is any
𝜎-transformation, then 𝜂 = 𝜎𝜂(𝑝),𝑝 holds for each pitch 𝑝.

For any ̃𝑝, ̃𝑞 ∈ P𝐴, we have 𝜎 ̃𝑞, ̃𝑝 = 𝜎𝑞,𝑝 if and only if ̃𝑞 = 𝜎( ̃𝑝 −𝑝) + 𝑞,
which in turn is equivalent to ̃𝑝 = 𝜎−1( ̃𝑞 − 𝑞) + 𝑝. This allows us to write
each 𝜎-transformation in a way that one of the indices is our favourite pitch,
and that choice uniquely determines the other index.

Example 2.16. For each abelian interval system, the interval-preserving
maps are of the form 1𝑞,𝑝(𝑎) = (𝑎 −𝑝) + 𝑞 = (𝑞 −𝑝) + 𝑎, i.e. transpositions
by the interval 𝑞 − 𝑝, often denoted as 𝑇𝑞−𝑝. Put differently, the interval-
preserving maps are exactly the maps 𝑇𝑣 with 𝑣 ∈ V𝐴.

Similarly, interval-reversingmaps are of the form (−1)𝑞,𝑝(𝑎) = (𝑝−𝑎)+𝑞,
which visually is a central inversion across the midpoint between 𝑝 and 𝑞
(think of an example inside 𝕃5). These maps are hence called inversions
and denoted by 𝐼𝑞,𝑝. Inside an EDO system 𝔼𝑑, it is also rather common to
abbreviate 𝐼𝑣 ≔ 𝐼𝑣,0 for the unique inversion that takes 0 to 𝑣.

Proposition 2.17. Let 𝐴 be an interval system and let 𝜎, 𝜏 be symmetries.
For any pitches 𝑝,𝑞, 𝑟 ∈ P𝐴, we have 𝜏𝑟,𝑞 ∘ 𝜎𝑞,𝑝 = (𝜏𝜎)𝑟,𝑝.

Proof. By remark 2.14, the left side has to be a 𝜏𝜎-transformation, and it
also takes 𝑝 to 𝑟. This uniquely characterises the right side.

Note that proposition 2.17 actually determines all possible compositions
of 𝜎- and 𝜏-transformations, as we can always choose the second index of
the 𝜏-transformation to agree with the first index of the 𝜎-transformation.

The set of transpositions and inversions forms a group via composition,
which is often called the TI-group. The above framework suggests to instead
consider the set of all 𝜎-transformations, but then one has to specify the
set of symmetries 𝜎 ∈GL(V𝐴) to take into account. Already the case of 𝔼12
shows that there is no ‘obvious’ choice here: We might allow {1} or {±1},
but we could also allow {1, 5}, {1,−5}, or {±1,±5}.

One conceptual solution of this ambiguity is to make the selection of
symmetries that should be taken into account part of the structure.
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Definition 2.18. An abelian interval system with symmetries 𝐴 consists
of an abelian interval system (V𝐴,P𝐴) and a subgroup S𝐴 ⊆ GL(V𝐴) of
selected symmetries, which is called the symmetry group of 𝐴.

Accordingly, a morphism 𝜇∶ 𝐴 → 𝐵 of abelian interval systems with
symmetries consists of morphisms (V𝜇,P𝜇)∶ (V𝐴,P𝐴) → (V𝐵,P𝐵) between
abelian interval systems, and a homomorphism S𝜇∶ S𝐴→ S𝐵 of symmetry
groups, satisfying S𝜇(𝜎) ∘ V𝜇 = V𝜇 ∘ 𝜎 for each 𝜎 ∈ S𝐴.

In most cases, however, the desired selection is indeed the subgroup {±1},
and in order to avoid repetitions, we introduce the following convention:

Remark 2.19. If not stated otherwise, we take S𝐴 to be the group {±1𝐴}.
If 𝐴 and 𝐵 carry these symmetry groups, then each morphism 𝜇∶ 𝐴→ 𝐵
between abelian interval systems can be extended on symmetry groups by
S𝜇(±1𝐴) ≔ ±1𝐵, as long as one of the two conditions 2 ⋅V𝐴 ≠ 0 or 2 ⋅V𝐵 = 0
holds. (Note that the requirement (±1𝐵) ∘ V𝜇 = V𝜇 ∘ (±1𝐴) is automatically
satisfied.) Allmorphisms from examples 2.8 to 2.10 satisfy the first condition,
and are henceforth extended on symmetry groups in exactly that way.

Example 2.20. While 𝔼12 carries symmetry group {±1} by the previous
remark, let 𝔼+12 be the EDO-12 system with trivial symmetry group. There
is a morphism 𝔼+12 →𝔼12 that is the identity on intervals and pitches, and
the inclusion map on symmetry groups.

Construction 2.21. Fix an abelian interval system with symmetries 𝐴.
We call 𝜂∶ P𝐴→ P𝐴 an affine transformation if it is a 𝜎-transformation for
some symmetry 𝜎 ∈ S𝐴. The set Aff(𝐴) of all affine transformations forms
a group via composition, which we call the affine group of 𝐴.

Proof. By remark 2.14, the set Aff(𝐴) contains the identity and is closed
under composition.Moreover, each affine transformation is of the form 𝜎𝑞,𝑝
for some 𝜎,𝑝, 𝑞, and by proposition 2.17, its inverse is given by (𝜎−1)𝑝,𝑞.

Example 2.22. In our default case of S𝐴 = {±1}, the affine group Aff(𝐴)
is exactly the TI-group of transpositions and inversions.

Our setting is similar to that of affine spaces and maps, see [3, ch. ii, § 9].
Therefore, the group Aff(𝐴) can be studied in the very same manner:

Construction 2.23. Fix an abelian interval system with symmetries 𝐴.
We have an injective homomorphism 𝚤∶ V𝐴→ Aff(𝐴) by taking an interval
𝑣 to the transposition 𝑇𝑣, and a surjective homomorphism 𝜀∶ Aff(𝐴) → S𝐴
taking each 𝜂 to the symmetry 𝑣 ↦ 𝜂(𝑣 +𝑝) − 𝜂(𝑝), independently of 𝑝.
Intuitively, the map 𝜀 recovers what kind of affine transformation 𝜂 is.

The image of 𝚤 is exactly the kernel of 𝜀, so 1 → V𝐴→ Aff(𝐴) → S𝐴→ 1
is a short exact sequence; that means Aff(𝐴) is an extension of S𝐴 by V𝐴.
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Remark 2.24. The injective homomorphism 𝚤∶ V𝐴→ Aff(𝐴) identifies
V𝐴 with a subgroup of Aff(𝐴). Moreover, the group Aff(𝐴) acts on P𝐴 by
evaluation and the restriction of that action to this subgroup V𝐴 recovers
the original V𝐴-action on P𝐴, as preset by the abelian interval system.

As in [3, ch. ii, § 9.4], the above extension splits, but an explicit section
of 𝜀 depends on a choice of reference pitch.

Construction 2.25. Fix an abelian interval system with symmetries 𝐴.
For each pitch 𝑝, we have a section 𝑠𝑝∶ S𝐴→ Aff(𝐴) of 𝜀, which is defined
by 𝑠𝑝(𝜎) ≔ 𝜎𝑝,𝑝. Consequently, we obtain an isomorphism of groups

Φ𝑝∶ V𝐴⋊ S𝐴→ Aff(𝐴), (𝑣, 𝜎) ↦ 𝜎𝑣+𝑝,𝑝,

where V𝐴⋊ S𝐴 is the semidirect product with respect to the tautological
action of S𝐴 onV𝐴 by evaluation: Its underlying set is the cartesian product
V𝐴× S𝐴, and the multiplication is given by (𝑤, 𝜏) ⋅ (𝑣, 𝜎) ≔ (𝑤 + 𝜏(𝑣), 𝜏𝜎).

Proof. The map 𝑠𝑝 is a homomorphism by proposition 2.17, and it satisfies
𝜀∘ 𝑠𝑝 = idS𝐴. Using that 𝜎𝑣+𝑝,𝑝 = 𝚤(𝑣) ∘ 𝑠𝑝(𝜎), the properties ofΦ𝑝 now follow
directly from the theory of group extensions, see [3, ch. i, § 6.1, prop. 4].

Example 2.26. For 𝑑 ⩾ 3, the affine group Aff(𝔼𝑑) is isomorphic to the
dihedral groupℤ𝑑 ⋊ {±1}, our preferred isomorphism being induced by the
pitch 0 ∈ ℤ𝑑. The action of Aff(𝔼𝑑) on ℤ𝑑 can be visualised by rotations
and reflections3 of the regular 𝑑-gon, see figure 1 for 𝑑 = 12.

Note that for 𝑑 = 1 or 𝑑 = 2, our default selection {±1} of symmetries is
trivial, so in these cases, the map 𝚤∶ ℤ𝑑 → Aff(𝔼𝑑) is an isomorphism.

⓪ ①
②

③

④
⑤⑥⑦

⑧

⑨

Ⓐ
Ⓑ

𝑇2 ⓪ ①
②

③

④
⑤⑥⑦

⑧

⑨

Ⓐ
Ⓑ 𝐼1,2=𝐼0,3=𝐼3

Figure 1. The operations 𝑇2 and 𝐼1,2 in 𝔼12, visualised as rotations and reflections of the
regular 12-gon, respectively. (Recall that we abbreviate A≔ 10 and B ≔ 11.)

3. Even though it looks like an axial reflection, it is still a central inversion: For ‘1-dimensional’
groups, there is no difference between these two notions; the ambiguity is caused by the
cyclic embedding of ℤ𝑑 into the plane.
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2.3 Chords and set classes

Roughly speaking, chords are collections of pitches. Let us introduce the
formal vocabulary and notation, simplifying and generalising [16, § 5].

Definition 2.27. Given an abelian interval system 𝐴, a chord is a finite
set of pitches of 𝐴. Its cardinality is called the pitch count. Depending on
the pitch count, we use Greek prefixes, e.g. bichord, trichord, or tetrachord.
(It is also common to use the words dyad, triad, or tetrad instead.)

For example, {c, e,g} is a chord in the spiral of fifths. We note that {d, fv, a}
is disjoint from the first one, but still very similar, as one can be ‘moved’ to
the other one by transposing all its ingredients simultaneously.

In an abelian interval system with symmetries, we know precisely which
of these ‘movements’ we want to allow in order to regard chords as similar:

Construction 2.28. Fix an abelian interval system with symmetries 𝐴.
The action of the affine group Aff(𝐴) on P𝐴 can be extended to an action
on the power set 2P𝐴, simply by 𝜂 ⋅ 𝑥 ≔ {𝜂(𝑎) ∶ 𝑎 ∈ 𝑥}.

For each chord 𝑥 ⊆ P𝐴, we denote its Aff(𝐴)-orbit as [𝑥]. A set𝑋 ⊆ 2P𝐴

of chords is called set class if it is the Aff(𝐴)-orbit of a chord. By definition,
Aff(𝐴) acts transitively on each given set class. As the Aff(𝐴)-action on 2P𝐴

preserves the pitch count, the pitch count of a set class is well-defined.

Notation 2.29. For 𝑎1,… ,𝑎𝑛 ∈ P𝐴, we write [𝑎1,… ,𝑎𝑛] ≔ [{𝑎1,… ,𝑎𝑛}].
In the EDO-12 system 𝔼12, it is also rather common to even leave out the
commata (using that all pitch classes are referenced by a single character),
e.g. {047A} ≔ {0, 4, 7,A} and [047A] = [0, 4, 7,A].

For the upcoming examples, recall that our default group of symmetries
for each concrete example is {±1}, unless explicitly stated otherwise.

Example 2.30. In𝔼12, the set class [047] contains all 24 major and minor
chords; it has pitch count 3. It might also be called [074], [158], or [037].

The set class [036] contains the 12 diminished triads, while the set class
[048] contains only the 4 augmented triads; both have pitch count 3.

The set class [047A] = [0258] contains the 12 dominant-seventh chords
(major chord with minor seventh) and their inversions, which are Tristan
chords (minor chords with major sixth); it has pitch count 4.

Example 2.31. As in example 2.20, let 𝔼+12 be the EDO-12 system with
trivial symmetry group. In that system, the set class of {047}, which we shall
denote by [047]+ to avoid confusion, contains only the 12 major chords.
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Example 2.32. In the spiral of fifth 𝔽 (example 2.8), the set class [c, e,g]
consists of major and minor triads, properly written down. For example, it
contains {d, fv, a}, but not {d,ge, a}. The set class has infinitely many chords.

Similarly, the set class [c, e,g,be] consists of dominant-seventh chords
and Tristan chords, properly written down. For example, it does not contain
the German augmented sixth chord {c, e,g, av}.
Example 2.33. Inside the 5-limit system 𝕃5 (example 2.9), the infinite
set class [c, em,g] consists of all just major and minor triads, i.e. all triads
whose frequency ratio (modulo octave) is 1 :3 :5 or 3:5 :15.

Example 2.34. In a heptatonic scale (example 2.10), the set class [i, iii, v]
contains all seven triads that consist of two thirds (in each concrete mode:
three major triads, three minor triads, and one diminished triad).

Similarly, [i, iii, v, vii] contains all 7 tetrads in a scale consisting of three
thirds (two major chords with major seventh, one dominant-seventh chord,
three minor chords with minor seventh, and one Tristan chord).

As example 2.30 shows, set classes are smaller if their chords have more
isotropy: For example, the isotropy group of the augmented chord {048}
inside the affine group has 6 transformations (namely 𝑇0, 𝑇4, 𝑇8, 𝐼0, 𝐼4, 𝐼8).
Accordingly, the set class [048] only has 24 ÷ 6 = 4 elements.

We are mostly interested in the generic case, i.e. the case where𝑋 is free
(with respect to the Aff(𝐴)-action). I am not aware of a general result telling
us which set classes are free,4 but the question can be split into two parts:

Remark 2.35. Let𝑋 be a set class inside an abelian interval system𝐴 with
symmetries. Then𝑋 is free if and only if the following conditions hold:

• The action of V𝐴 ⊆ Aff(𝐴) on𝑋 is free (then call𝑋 rotation-free).
• The action of Aff(𝐴)/V𝐴 on𝑋/V𝐴 is free (then call𝑋 chiral).

Rotational freeness is often easier to check, and it is even independent
of the symmetry group, as it only analyses the V𝐴-action on chords. For
example, it is a quite rewarding exercise to show that ifV𝐴 has no 𝑛-torsion,
then all set classes of pitch count 𝑛 are rotation-free. (This implies that if
𝑑 and 𝑛 are coprime, then all 𝑛-chords in 𝔼𝑑 are rotation-free. In EDO-12,
this applies to unisons, pentachords, heptachords, and hendecachords.)

Chirality, on the other hand, means that if we apply a 𝜎-transposition to
some chord 𝑥 ∈ 𝑋, then we move 𝑥 into another V𝐴-orbit unless 𝜎 = 1. For
example, if we apply any inversion to the major chord {047}, then the result
is a minor chord, which is not a mere transposition of a major chord.

4. Note that the tritone condition from [12] only works for (ordered) tuples of pitches, but
not for (unordered) sets of pitches.
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3 . Chord complexes

This section establishes a method to visualise set classes geometrically. It
assumes basic familiarity with simplicial complexes and their geometric
realisation as topological spaces; an overview can be found in [10, § 8.1].

The key idea is to take into account the fact that chords within a set class
may share (one or several) pitches. This is formalised as follows:

Construction 3.1. Let𝑋 be a set class in an abelian interval system with
symmetries 𝐴. Its associated chord complex Δ𝑋 is the simplicial complex
with vertex set P𝐴 spanned by all chords in𝑋. Put differently, its simplices
are non-empty subsets of chords inside𝑋. If𝑋 has pitch count 𝑛, then Δ𝑋
has dimension 𝑛− 1. Moreover, the action of the affine group Aff(𝐴) on the
vertex set P𝐴 extends5 to a simplicial action on Δ𝑋.

We will often draw the geometric realisation |Δ𝑋| of the chord complex,
which is a topological space with a continuous action of Aff(𝐴).

Pictorially, each chord 𝑥 ∈ 𝑋 gives rise to an (𝑛−1)-dimensional simplex,
whose vertices are the 𝑛 pitches of 𝑥, and we glue these simplices together
along faces that represent intersections of these chords.6

Remark 3.2. The core idea of construction 3.1 is not at all new, and we
shall discuss several classical examples of chord complexes below.

While set classes have originally been visualised as subspaces ofℝ2 orℝ3

(restricting to regions if necessary), [17] introduced the idea of an abstract
model (called class nerve). The description as simplicial complexes appeared
in [4] for set classes of triads inside an EDO system; a different simplicial
construction inside finite cyclic interval systems has been studied in [2, 1].
As Catanzaro points out, the main merit of this approach is its ‘directness’:
It does not rely on any planar representation as an intermediate step.

The above construction for set classes inside arbitrary abelian interval
systems with symmetries brings two improvements: First, it allows us to
visualise further practically interesting set classes (see examples 3.12 and 3.13)
in the same language, including Euler’s original Tonnetz; and second, we
shall see in section 5 that chord complexes behave functorially with respect
to morphisms of abelian interval systems with symmetries, allowing us to
compare the geometry of different chord complexes.

The remainder of this section is dedicated to plenty of examples. Most of
them appeared in earlier works, but can now be phrased in a uniform way.

5. As simplicial maps are defined on vertices, this is a property, not an extra structure.
6. I am intentionally avoiding words like ‘voice leading’ or ‘parsimony’: A generic abelian
interval system has no notion of proximity between pitches, whence the topology of |Δ𝑋|
in general captures nothing but intersections between chords.
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⓪ ⑦
②

⑨

④
Ⓑ⑥①

⑧

③

Ⓐ
⑤
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②
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⑥

⑧

Ⓐ
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③

⑤
⑦

⑨

Ⓑ

Figure 2. Left: The chord complex Δ[07] inside EDO-12 is the well-known circle of fifths.
Right: The chord complex Δ[02] decomposes into two disjoint circles, both of length 6.

Example 3.3. Let 𝑑 ⩾ 1. For each 𝑣 ∈ ℤ𝑑 ∖ {0}, the chord complex Δ[0𝑣]
inside𝔼𝑑 is a graphwith vertex setℤ𝑑, whose edges are of the form {𝑎, 𝑣+𝑎}.
For example, Δ[07] inside EDO-12 is exactly the circle of fifths. If 𝑣 and 𝑑
are not coprime, then Δ[0𝑣] is comprised of multiple circles, see figure 2.

Example 3.4. A prototypical example of a chord complex is the complex
Δ[047] inside 𝔼12, also known as the Riemann–Oettingen Tonnetz. Each
major and each minor chord gives rise to a triangle (i.e. we get 24 triangles
in total), and they are glued along shared intervals.

Its geometric realisation |Δ[047]| is homeomorphic to the 2-dimensional
torus 𝑆1 × 𝑆1, as one can see in figure 3. The same can be done for Δ[014].
(The relation between the set classes [047] and [014]will be discussed later.)

⓪ ③ ⑥ ⑨ ⓪

④ ⑦ Ⓐ ① ④

⑧ Ⓑ ② ⑤ ⑧

⓪ ③ ⑥ ⑨ ⓪

⑦ ④ ① Ⓐ ⑦

Ⓑ ⑧ ⑤ ② Ⓑ

③ ⓪ ⑨ ⑥ ③

⑦ ④ ① Ⓐ ⑦

Figure 3. Left: The Riemann–Oettingen Tonnetz Δ[047] is a triangulation of the 2-torus
by 24 triangles, corresponding to all major and minor triads. (One has to identify the two
horizontal edges and the two vertical edges of the big rectangle to see the torus.) Right:
The same works for Δ[014]; I shall come back to this in example 5.8.

Very similar pictures show that the chord complexesΔ[013],Δ[015], and
Δ[025] all triangulate the 2-torus 𝑆1 × 𝑆1. But not all EDO-12 set classes of
pitch count 3 lead to tori, as the following examples show:

Example 3.5. The set class [036] of diminished triads contains only 12
chords (see example 2.30). As figure 4 shows, the complex Δ[036] consists
of three copies of a tetrahedron’s boundary, whence its geometric realisation
is homeomorphic to three copies of the 2-sphere: |Δ[036]| ≅ ∐3 𝑆2.
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⓪
③

⑥

⑨

①
④

⑦

Ⓐ

②
⑤

⑧

Ⓑ

Figure 4. The geometric realisation of the chord complexΔ[036] is given by three copies
of the boundary of a tetrahedron, and is hence homeomorphic to three copies of 𝑆2.

Example 3.6. The set class [048] of augmented triads contains only 4
chords, which are pairwise disjoint (as seen in example 2.30). Accordingly,
the chord complex Δ[048] consists of four disjoint triangles.

Even though the next example uses a heptatonic scale instead of an EDO
system in order to have amore commonmusical interpretation, it continues
our list of triadic chord complexes in finite cyclic interval systems.

Example 3.7. As discussed in example 2.34, the set class [I, III, V] inside
a heptatonic scale contains all triads that are comprised of two thirds. Its
associated chord complex [I, III, V] is built out of seven triangles, and its
geometric realisation is homeomorphic to a Möbius strip, see figure 5. Note
that the boundary is a circle of seven fifths. (Any choice of mode will turn
six of them into perfect fifths and one into a diminished fifth.)

I V II VI III

III VII IV I

Figure 5. In a heptatonic scale, the simplicial complex Δ[I, III, V] triangulates a Möbius
strip. (One has to identify the two outer diagonal edges in ‘contrary’ directions in order
to see the strip.) This example of a chord complex is due to [17, fig. 14.7].

Remark 3.8. The main result of [4] classifies all possible chord complexes
of triads inside finite cyclic interval systems (always with {±1}-symmetries)
up to isomorphism: The connected components of such a chord complex
are mutually homeomorphic7, and the homeomorphism type of a single
component is either a 2-torus, 2-sphere, triangle, Möbius strip, cylinder, or
a ‘circle of tetrahedra boundaries’ (e.g. Δ[016] is such a circle).

Example 3.9. As in example 2.31, let [047]+ be the set class of {047} inside
𝔼+12 (EDO-12 with trivial symmetries). The chord complex Δ[047]+ only
triangulates half of the 2-torus, as the missing minor triads leave 12 gaps.

7. This holds for any set class because the Aff(𝐴)-action on Δ𝑋 is transitive on vertices.
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Chord complexes of tetrads are more difficult to classify. We shall content
ourselves with mentioning one prominent example inside EDO-12:

Example 3.10. Gollin’s article [13] visualises segments of [047A] = [0258]
(dominant-seventh and Tristan chord, see example 2.30). In the language
of this note, the chord complex Δ[047A] is composed of 24 tetrahedra. For
each tetrahedron Δ𝑥 (indexed by a tetrad 𝑥 ∈ [047A]), there is precisely one
other tetrahedron sharing an entire triangle with Δ𝑥, and there are nine
tetrahedra sharing an edge with Δ𝑥 (these can be determined by applying
the operations 𝑆𝑖(𝑗) and 𝐶𝑖(𝑗) from [5] to 𝑥).

Outlook 3.11. There is a rather visual triangulation of the 3-manifold
𝑆2 ×𝑆1, which containsΔ[047A] as a subcomplex. The complexΔ[047A] has
non-empty boundary, leaving gaps inside 𝑆2 × 𝑆1. These gaps can be ‘filled’
by the chord complexes Δ[0479] (major chord with major sixth, 12 chords)
andΔ[0268] (dominant-seventh with flatted fifth, 6 chords). In other words,
the union of complexes Δ[047A]∪Δ[0479]∪Δ[0268] triangulates 𝑆2 ×𝑆1. I
shall elaborate on these 3-dimensional chord complexes in a separate note.

While all previous examples are based on finite cyclic interval systems,
the following examples are concerned with infinite systems:

Example 3.12. Recall from example 2.32 that in the spiral of fifths, [c, e,g]
is the set class of ‘written’ major andminor chords. Its associated chord com-
plex Δ[c, e,g] is comprised of infinitely many triangles, and its geometric
realisation is homeomorphic to the infinite tube ℝ× 𝑆1, see figure 6.
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ce

ge

de
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ae

ee

be
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c

g

d

a

e

e
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fv

cv

gv

gv

dv

av

ev

bv

Figure 6. A segment of the simplical complex Δ[c, e,g] within the spiral of fifths. Its
geometric realisation is homeomorphic to the infinite tube ℝ×𝑆1. (Top and bottom edge
of the figure have to be identified in order to see the ‘tube’.)

Example 3.13. Recall from example 2.33 that in the 5-limit system 𝕃5, the
set class [c, em,g] is comprised of major and minor chords in just intonation.
Its associated chord complex Δ[c, em,g] triangulates the Euclidean planeℝ2,
see figure 7; this is the original Tonnetz of Euler.
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gf df af ef bf f o co

be f c g d a e

dm am em bm fu cu gu

Figure 7. A segment of Euler’s Tonnetz, i.e. the simplicial complex Δ[c, em,g] inside the
5-limit system. It triangulates the entire Euclidean plane ℝ2.

The geometry of |Δ𝑋| is often exploited in the following way: For many
chord progressions (sequences of chords), consecutive chords share pitches.
Inside a chord complex, that means that we move from one simplex to the
next one via a common face. This is typically visualised by a path in |Δ𝑋|
consisting of line segments from barycentre to barycentre. If the respective
chord progression is cyclic (i.e. we come back at some point), then the path
is closed (i.e. we obtain a loop inside |Δ𝑋|). In figure 8, we see an example
from [7], visualising a cyclic chord progression in Brahms’ Violin Concerto
op. 102 as a loop inside the 2-torus |Δ[047]|.

⓪ ③ ⑥ ⑨ ⓪

④ ⑦ Ⓐ ① ④

⑧ Ⓑ ② ⑤ ⑧

⓪ ③ ⑥ ⑨ ⓪

Figure 8. A cyclic chord progression from Brahms’ Violin Concerto op. 102, visualised
as a loop inside the 2-torus |Δ[047]|. This example is due to [7].

From a melodic perspective, however, it can also be interesting to move
from vertex to vertex (i.e. from pitch to pitch). A melody which consists of
arpeggi inside a set class will lead to paths moving along boundary edges of
simplices (e.g. around triangles). We will see an example later in figure 10.

Remark 3.14. Since Aff(𝐴) acts continuously on |Δ𝑋|, we can transform
such paths, corresponding to transformations of the chord progression.

4 . Neo-Riemannian operations

Let𝑋 be a set class in an abelian interval system 𝐴 with symmetries. A key
aspect of neo-Riemannian theory is the study of relations on 𝑋 that are
preserved by affine transformations (e.g. transpositions and inversions): If
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two chords 𝑥 and𝑦 of 𝑋 are ‘in relation to each other’ and 𝜂 is any affine
transformation, then 𝜂 ⋅ 𝑥 and 𝜂 ⋅𝑦 should also be in relation to each other.
Instead of relations, however, it is more common to consider operations, i.e.
self-bijections 𝜔∶ 𝑋→𝑋, which are required to have a similar property: If
𝑦 = 𝜔(𝑥), and 𝜂 is an affine transformation, then 𝜂 ⋅ 𝑦 = 𝜔(𝜂 ⋅ 𝑥). This is the
same as saying that 𝜔 is Aff(𝐴)-equivariant.

Example 4.1. Consider the set class [047] ofmajor andminor triads inside
the EDO-12 system. The relation that links triads 𝑥 and𝑦 if [𝑥 ∩𝑦] = [03]
(i.e. 𝑥 and𝑦 intersect in a minor third) is invariant under transpositions and
inversions. For each triad 𝑥 ∈ [047], there is a unique triad 𝐿(𝑥) that satisfies
[𝑥∩𝐿(𝑥)] = [03], so this gives rise to an operation 𝐿∶ [047] → [047], which
is Aff(𝔼12)-equivariant. It is usually called leading tone exchange.

Construction 4.2. Let𝑋 be a set class in an abelian interval systemwith
symmetries 𝐴. A neo-Riemannian operation is a self-bijection 𝜔∶ 𝑋→𝑋
which is Aff(𝐴)-equivariant, i.e. we require 𝜔(𝜂 ⋅ 𝑥) = 𝜂 ⋅ 𝜔(𝑥) to hold for
all chords 𝑥 ∈ 𝑋 and affine transformations 𝜂 ∈ Aff(𝐴).

The set Ω𝑋 of neo-Riemannian operations is a group via composition,
called the neo-Riemannian group of the set class𝑋.

Remark 4.3. The construction of the neo-Riemannian groupΩ𝑋 is an
instance of of following general mathematical concept: We have a group 𝐺
(in our case: Aff(𝐴)) acting transitively on a set𝑋 (in our case: a set class).

If Aut(𝑋) denotes the group of bijections𝑋→𝑋 (i.e. automorphisms),
then we study the subgroup Aut𝐺(𝑋) of 𝐺-equivariant automorphisms, in
our case called Ω𝑋. Several statements will be discussed in this generality.

We want to gain a better understanding of the neo-Riemannian group
Ω𝑋 for any given set class 𝑋: What do its elements look like? What is its
isomorphism type? As suggested by remark 4.3, we answer these questions
in their natural setting. This requires us to introduce a bit of algebra. We
refer to [3, ch. i, § 5.3] for more details and mathematical context.

Definition 4.4. Let 𝐺 be a group and let𝐻 ⊆ 𝐺 be a subgroup. We say
that a given group element 𝑔 ∈ 𝐺 normalises𝐻 if it satisfies 𝑔𝐻 =𝐻𝑔.

Moreover, we define the normaliser 𝑁𝐻≔ {𝑔 ∈ 𝐺 ∶ 𝑔𝐻 = 𝐻𝑔} as the set
of all 𝑔 that normalise𝐻. It is the largest subgroup of 𝐺 containing𝐻 as a
normal subgroup. If𝐻 itself is normal, then𝑁𝐻 = 𝐺.

Notation 4.5. Let𝐺 be a group acting on a set𝑋, and let 𝑥 ∈ 𝑋 be a point.
We define its isotropy group as 𝐺𝑥 ≔ {𝑔 ∈ 𝐺 ∶ 𝑔𝑥 = 𝑥}, which is a subgroup
of 𝐺. The 𝐺-action on𝑋 is free if and only if all isotropy groups are trivial.

Now we can answer the aforementioned questions in full generality:
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Proposition 4.6. Let 𝐺 be a group acting transitively on a set𝑋, and let
𝑥 ∈ 𝑋 be any point (often called ‘root’). Then the following holds:

1. For each 𝑔 ∈ 𝑁𝐺𝑥, there is a unique 𝐺-equivariant automorphism 𝑔∗

of𝑋 that sends 𝑥 to 𝑔𝑥.
2. The map8 𝜅𝑥∶ 𝑁𝐺op𝑥 → Aut𝐺(𝑋) with 𝑔 ↦ 𝑔∗ is a surjective homo-

morphism, and its kernel is precisely 𝐺op𝑥 . Hence𝑁𝐺𝑥/𝐺𝑥 ≅ Aut𝐺(𝑋).

Proof. We have a 𝐺-equivariant isomorphism 𝐺/𝐺𝑥 →𝑋 via 𝑔𝐺𝑥 ↦ 𝑔𝑥,
whence it suffices to address the case where𝑋 = 𝐺/𝐺𝑥 and 𝑥 = 𝐺𝑥. In that
setting, however, the statement is well-known, see e.g. [3, ch. i, § 5.5].

We will mostly be concerned with free set classes. In this case, propos-
ition 4.6 gets considerably simpler: If 𝐺 acts freely on𝑋, then each isotropy
group𝐺𝑥 is trivial, and hence𝑁𝐺𝑥 = 𝐺.We thus have reached the following:

Corollary 4.7. Let 𝐺 be a group acting freely and transitively on a set𝑋,
and let 𝑥 ∈ 𝑋. Then we have a group isomorphism𝐺op → Aut𝐺(𝑋),𝑔 ↦ 𝑔∗.
Moreover, Aut𝐺(𝑋) acts again freely and transitively on𝑋.

Proof. We only have to argue for the last sentence. For transitivity, note that
each point in𝑋 is of the form 𝑔𝑥 = 𝑔∗(𝑥). Hence, all isotropy groups inside
Aut𝐺(𝑋) are conjugates of the isotropy group of 𝑥. That one, however, is
trivial since 𝑔𝑥 = 𝑔∗(𝑥) = 𝑥 implies 𝑔 = 1 as the original action is free.

Corollary 4.7 is one way of expressing a property called group duality:
We actually consider two groups that act on𝑋, namely𝐺 itself and Aut𝐺(𝑋).
It turns out that this situation is isomorphic to the situation where 𝐺 acts in
two ways on itself: Once by left-translation and once by right-translation.

Coming back tomusic theory, we can now use proposition 4.6 to describe
all neo-Riemannian operations on a set class. I shall use the terminology
of [12], the rationale for which is explained in example 4.10.

Corollary 4.8. Let𝑋 be a set class inside an abelian interval system with
symmetries 𝐴, and let 𝑥 ∈ 𝑋 be a preferred root.

1. For each affine transformation 𝜂 that normalises the isotropy group of 𝑥,
we have a ‘contextual operation’ 𝜂∗∈ Ω𝑋, determined by 𝜂∗(𝑥) = 𝜂(𝑥).

2. Two such contextual operations 𝜂∗ and 𝜃∗ agree if and only if 𝜂 and 𝜃
differ only by an element in the isotropy group of 𝑥.

3. Each neo-Riemannian operation is a contextual operation, and so the
neo-Riemannian group Ω𝑋 consists precisely of these maps 𝜂∗.

8. Here 𝐺op is the opposite group: It has the same elements as 𝐺, but its multiplication is
defined as 𝑔 ⋅op ℎ ≔ ℎ ⋅ 𝑔. Note that 𝑔↦ 𝑔−1 defines an isomorphism 𝐺→𝐺op.
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We want to understand what these operations do on other chords than
the root 𝑥. Here we use equivariancy and the fact that every chord 𝑦 ∈ 𝑋
arises from 𝑥 by applying some affine transformation.

Remark 4.9. Let𝑋 be a set class inside an abelian interval system with
symmetries 𝐴, and let 𝑥 be a root of𝑋. If 𝜎𝑞,𝑝 is an affine transformation
admissible to corollary 4.8:1, then each chord 𝑦 ∈ 𝑋 can be written as 𝜏𝑟,𝑞(𝑥)
for some suitable pitch 𝑟, and then proposition 2.17 tells us that

𝜎∗𝑞,𝑝(𝑦) = 𝜏𝑟,𝑞𝜎𝑞,𝑝(𝑥) = (𝜏𝜎𝜏−1)𝑟,𝜏(𝑝−𝑞)+𝑟(𝑦).

Example 4.10. If we start with a transposition𝑇𝑣 (i.e. 𝜎 = 1 and 𝑞 = 𝑣+𝑝),
then remark 4.9 tells us that 𝑇∗𝑣 (𝑦) = 𝑇𝜏(𝑣)(𝑦). In other words, the operation
𝑇∗𝑣 transposes each chord, but the ‘vector’ depends on the V𝐴-orbit of 𝑦.
Similarly, 𝐼∗𝑞,𝑝 inverts each 𝑦, but the ‘centre of reflection’ depends on 𝑦.

In total, both 𝑇∗𝑣 and 𝐼∗𝑞,𝑝 behave pointwise like usual transpositions and
inversions, respectively; yet their ‘parameter’ depends on the concrete input.
This is why [12] calls them contextual transpositions and inversions.

For the upcoming examples in the EDO-12 system, recall the notational
convention 2.16 to write 𝐼𝑣 ≔ 𝐼𝑣,0 for each element 𝑣 ∈ ℤ12.

Example 4.11. Consider again the set class [036] of diminished triads
inside 𝔼12 and let {039} be its root. The isotropy group of {039} inside the
affine group is given by {𝑇0, 𝐼0}, and its normaliser is given by {𝑇0, 𝐼0, 𝑇6, 𝐼6}.
Therefore, Ω[036] is a group with two elements, namely 𝑇∗0 = 𝐼∗0 , which is
the identity, and 𝑇∗6 = 𝐼∗6 , which transposes each triad by a tritone.

Example 4.12. Consider the set class [047] of major and minor triads.
As this set class is free, corollary 4.7 tells us thatΩ[047] ≅ Aff(𝔼12). More
precisely, if we pick {047} as our root, thenΩ[047] consists of 12 contextual
transpositions 𝑇∗𝑣 and 12 contextual inversions 𝐼∗𝑣 . For example, 𝑇∗1 moves
all major triads upwards and all minor chords downwards by a semitone.

There are three famous neo-Riemannian operations on [047], which are
of the form ‘go to the triad that intersects the input in a fixed dyadic type’:

• The parallel operation 𝑃 is determined by [𝑃(𝑥) ∩ 𝑥] = [07].
• The relative operation 𝑅 is determined by [𝑅(𝑥) ∩ 𝑥] = [04].
• The leading tone exchange 𝐿, which we have already encountered in

example 4.1, is determined by [𝐿(𝑥) ∩ 𝑥] = [03].
These operations can be visualised inside the chord complex Δ[047] from
figure 3 (for example, figure 8 arises from alternatingly applying𝑃 and 𝐿 to a
given triad). To see that these maps are indeed neo-Riemannian operations,
note that𝑃 = 𝐼∗7 ,𝑅 = 𝐼∗4 , and 𝐿 = 𝐼∗B . It is shown in [9] that they generate the
neo-Riemannian groupΩ[047]; their proof uses a cyclic chord progression
from Beethoven’s Ninth Symphony that has been analysed in [8].
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Example 4.13. Because [047A] is also free, the neo-Riemannian group
Ω[047A] is again isomorphic to the affine group Aff(𝔼12). As is shown in
[12, § 5], it contains the 6 operations 𝑆𝑖(𝑗) from [5] (actually, Ω[047A] also
contains the 3 operations 𝐶𝑖(𝑗) from [5] and is generated by 𝑆3(2) and 𝑆4(3)).

Remark 4.14. In [12], contextual operations are introduced in a slightly
different setting: They only consider finite cyclic interval systems, and study
orbits of tuples ⃗𝑎 = (𝑎1,… ,𝑎𝑛) ∈ (P𝐴)𝑛 of pitches instead of set classes. In
this framework, some contextual inversions are of the form ⃗𝑎 ↦ 𝐼𝑎𝑖,𝑎𝑗 ( ⃗𝑎).

However, I chose to work with set classes since orbits of tuples carry ‘too
much’ information, whence their orbits can have redundancies (e.g. (0, 3, 6)
(6, 3, 0) are different tuples within the same orbit inside 𝔼12).

5 . Induced morphisms

In this last section, we will study how morphisms between abelian interval
systems with symmetries (definition 2.18) induce maps between set classes
𝑋→𝑌 and even between their associated chord complexes Δ𝑋→ Δ𝑌 and
neo-Riemannian groupsΩ𝑋→Ω𝑌, allowing us to translate all tools that
have been discussed in this paper from one world to the other.

Before coming to actual constructions, I shall introduce some general
terminology for group actions in order to avoid tedious repetitions:

Definition 5.1. Given any category 𝐂, recall that an action of a group 𝐺
on an object𝑋 of 𝐂 is a group homomorphism𝑋•∶ 𝐺 → Aut(𝑋) into the
automorphism group of𝑋. The entire constellation is called ‘object with a
group action’ and abbreviated by the pair (𝐺,𝑋).

Amorphism (𝐺,𝑋) → (𝐻,𝑌) between such objects with group actions is
a pair (𝜙,𝑓) where 𝜙∶ 𝐺→𝐻 is a group homomorphism and 𝑓∶ 𝑋→ 𝑌 is
a 𝜙-equivariant morphism, i.e. 𝑌𝜙(𝑔) ∘𝑓 = 𝑓 ∘𝑋𝑔 holds for each 𝑔 ∈ 𝐺. If 𝐂
is a concrete category (e.g. sets, simplicial complexes, or spaces), then this
condition can be written as 𝑓(𝑔 ⋅ 𝑥) = 𝜙(𝑔) ⋅𝑓(𝑥) for all 𝑔 ∈ 𝐺 and 𝑥 ∈ 𝑋.

Remark 5.2. We have already seen two special cases of that terminology:
• Morphisms𝐴→ 𝐵 between abelian interval systems, as introduced in

definition 2.4, are the very same as morphisms (V𝐴,P𝐴) → (V𝐵,P𝐵)
between sets with group actions.

• Recall that neo-Riemannian operations on a set class𝑋 in an abelian
interval system with symmetries 𝐴 are bijections 𝜔∶ 𝑋→𝑋 that are
Aff(𝐴)-equivariant, i.e. 𝜔(𝜂 ⋅ 𝑥) = 𝜂 ⋅ 𝜔(𝑥). In light of the previous
definition, this is the same as saying that 𝜔 is idAff(𝐴)-equivariant.
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5.1 Induced morphisms between affine groups

As a first step, we shall study how morphisms of abelian interval systems
with symmetries induce homomorphisms between their affine groups.

Construction 5.3. Let 𝜇∶ 𝐴→ 𝐵 be any morphism of abelian interval
systems with symmetries. Then we obtain a group homomorphism

Aff(𝜇)∶ Aff(𝐴) → Aff(𝐵), 𝜎𝑞,𝑝 ↦ (S𝜇(𝜎))P𝜇(𝑞),P𝜇(𝑝).

This turns Aff into a functor from abelian interval systems with symmetries
to groups. Moreover, the map P𝜇∶ P𝐴→ P𝐵 is not onlyV𝜇-equivariant, but
even Aff(𝜇)-equivariant, and so the pair (Aff, P) becomes a functor from
abelian interval systems with symmetries to sets with group actions.

Proof. All subclaims from the construction boil down to straightforward
calculations, out of which we only spell out the argument that P𝜇 is indeed
Aff(𝜇)-equivariant: For each 𝜎𝑞,𝑝 ∈ Aff(𝐴) and 𝑎 ∈ P𝐴, we see

(P𝜇 ∘ 𝜎𝑞,𝑝)(𝑎) = P𝜇(𝜎(𝑎 − 𝑝) + 𝑞)
= V𝜇(𝜎(𝑎 − 𝑝)) + P𝜇(𝑞)
= S𝜇(𝜎)(P𝜇(𝑎) − P𝜇(𝑝)) + P𝜇(𝑞)
= (Aff(𝜇)(𝜎𝑞,𝑝) ∘ P𝜇)(𝑎).

Example 5.4. As the homomorphism S𝜇 always preserves 1, we get

Aff(𝜇)(𝑇𝑣) = Aff(𝜇)(1𝑣+𝑝,𝑝) = 1P𝜇(𝑣+𝑝),P𝜇(𝑝) = 𝑇V𝜇(𝑣)

for each interval 𝑣 ∈ V𝐴. Similarly, if S𝜇(−1) = −1 (which is the case in all
our examples), then Aff(𝜇) takes the inversion 𝐼𝑞,𝑝 to 𝐼P𝜇(𝑞),P𝜇(𝑝).

Remark 5.5. Recall from construction 2.23 that Aff(𝐴) is an extension of
S𝐴 by V𝐴, and similarly for 𝐵. In that setting, the above homomorphism
Aff(𝜇) extends S𝜇 by V𝜇, i.e. we have a diagram of short exact sequences

1 V𝐴 Aff(𝐴) S𝐴 1

1 V𝐵 Aff(𝐵) S𝐵 1.

←→

←→ V𝜇

←→

←→ Aff(𝜇)

←→

←→ S𝜇

←→

←→ ←→ ←→ ←→

Proof. Commutativity of the first square is precisely the first part of the
previous example 5.4, while commutativity of the second square encodes
that if 𝜂 is any 𝜎-transformation, then Aff(𝜇)(𝜂) is an S𝜇(𝜎)-transformation.
This follows straight from the definition of Aff(𝜇) in construction 5.3.
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5.2 Induced morphisms between set classes

Construction 5.6. Let 𝜇∶ 𝐴 → 𝐵 be a morphism of abelian interval
systems with symmetries and let𝑋 be a set class in 𝐴. Then P𝜇∶ P𝐴→ P𝐵
sends all chords 𝑥 ∈ 𝑋 to the same set class in 𝐵, which we shall call 𝜇(𝑋).
Thus, we get an induced map 𝜇𝑋∶ 𝑋→ 𝜇(𝑋), which is Aff(𝜇)-equivariant
since P𝜇 is. This assignment behaves functorially:9 id𝐴 induces the identity
on all set classes, and if 𝜈∶ 𝐵 → 𝐶 is any other morphism of abelian interval
systems with symmetries, then 𝜈𝜇(𝑋) ∘ 𝜇𝑋 = (𝜈 ∘ 𝜇)𝑋.

Proof. If 𝑥,𝑦 lie in𝑋, then there exists an 𝜂 ∈Aff(𝐴)with𝑦 = 𝜂 ⋅𝑥. But then,
P𝜇(𝑦) = Aff(𝜇)(𝜂) ⋅ P𝜇(𝑥), so P𝜇(𝑥) and P𝜇(𝑦) lie in the same set class.

Example 5.7. The morphism𝔽→𝔼12 from example 2.8 takes the infinite
set class [c, e,g] of written major and minor triads to the set class [047] of
24 major and minor triads in the EDO-12 system. Similarly, the morphism
𝕃5 →𝔽 from example 2.9 takes the set class [c, em,g] of justmajor andminor
chords to the set class [c, e,g]. The morphism 𝔽→ 𝕊7 from example 2.10
takes the set class [c, e,g] to the set class [i, iii, v] of triads in a scale.

Example 5.8. As in [11], we consider the endomorphism 𝜇∶ 𝔼12 →𝔼12
that is given on intervals by 𝑣 ↦ 7𝑣 and takes the pitch 0 to 7 (and preserves
{±1}-symmetries as usual). Note that 𝜇 is invertible; its inverse is given on
intervals again by 𝑣 ↦ 7𝑣 and takes the pitch 7 to 0.

Although the musical reason behind that specific morphism will have
to wait until example 5.14, we already see that 𝜇 takes the set class [047]
of major and minor triads to the set class [014] of ‘jets’ and ‘sharks’ triads,
named after their rôle in Bernstein’s West Side Story.

Remark 5.9. In general, 𝜇(𝑋) can have smaller pitch count than𝑋; the
pitch count is preserved if and only if the restriction P𝜇|𝑥 is injective for
some (and then for all) 𝑥 ∈ 𝑋. For example, if we take 𝜇 to be the morphism
𝔽→ 𝔼12 from example 2.8 and put 𝑋≔ [fv,ge] (the diminished second),
then its image set class 𝜇(𝑋) = [6] = [0] is the unison.

Remark 5.10. If 𝜇∶ 𝐴→ 𝐵 is an isomorphism of abelian interval systems
with symmetries, then it follows essentially from functoriality of (Aff, P)
that a set class𝑋 in 𝐴 is free if and only if 𝜇(𝑋) is free.

In general, it can happen that𝑋 is free, but 𝜇(𝑋) is not. For example, let
𝜇∶ 𝔼12 →𝔼12 be the morphism that is given on intervals by 𝑣 ↦ 3𝑣, while
preserving the pitch 0 and {±1}-symmetries, and let𝑋≔ [013]. Then𝑋 is
free (it is rotation-free and chiral), but 𝜇(𝑋) = [036] is not.

9. This is the same kind of functoriality the derivation 𝑓↦ 𝑇𝑥𝑓 of smooth maps has: If we
take all set classes at once, then 𝜇↦∐𝑋 𝜇𝑋 defines a functor.
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5.3 Induced morphisms beetwen chord complexes

Next, we want to study how morphisms of abelian interval systems with
symmetries induce maps between chord complexes.

Construction 5.11. Let 𝜇∶ 𝐴→ 𝐵 be a morphism of abelian interval sys-
tems with symmetries and𝑋 be a set class of 𝐴. Then P𝜇 takes simplices10

of Δ𝑋 to simplices of Δ𝜇(𝑋), and thus constitutes an Aff(𝜇)-equivariant
simplicial mapΔ𝜇∶ Δ𝑋→ Δ𝜇(𝑋) of chord complexes. Passing to geometric
realisations, we get a continuous map |Δ𝜇|∶ |Δ𝑋| → |Δ𝜇(𝑋)|.

Proof. For any simplex 𝑒 ofΔ𝑋, there is an 𝑥 ∈ 𝑋 such that 𝑒 is a non-empty
subset of 𝑥. But then P𝜇(𝑒) is a non-empty subset of P𝜇(𝑥), which is a chord
in 𝜇(𝑋). This shows that P𝜇(𝑒) is a simplex of Δ𝑌, as desired.

Example 5.12. The morphism 𝔽→𝔼12 from example 2.8 induces a sim-
plicialmapΔ[c, e,g] → Δ[047] of chord complexes. Its geometric realisation
is isomorphic to the covering map ℝ× 𝑆1 → 𝑆1 × 𝑆1, (𝑠, 𝑧) ↦ (𝑒2𝜋𝑖𝑠, 𝑧).

Example 5.13. The morphism𝕃5 →𝔽 from example 2.9 induces a simpli-
cial mapΔ[c, em,g] → Δ[c, e,g] of chord complexes. Its geometric realisation
is isomorphic to the covering map ℝ×ℝ→ℝ× 𝑆1, (𝑠, 𝑡) ↦ (𝑠, 𝑒2𝜋𝑖𝑡).

Figure 9 shows a chord progression in 𝕃5 exemplifying the phenomenon
of comma drifting : Starting with a just C-major triad, we move such that
each step keeps at least one pitch; yet we end with a Cm-major triad. Thus,
the corresponding path inside Euler’s Tonnetz |Δ[c, em,g]| is not closed. The
image of that path inside the infinite tube |Δ[c, e,g]|, however, is a loop:
The comma drift disappears once we forget microalterations.
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Figure 9. A comma drift inside the 5-limit system, the corresponding path in |Δ[c, em,g]|
(not closed), and the image of that path in |Δ[c, e,g]| (a loop).

10. Recall that simplices of Δ𝑋 are subsets of P𝐴.
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Example 5.14. The automorphism 𝔼12 →𝔼12 from example 5.8 (given
on intervals by 𝑣 ↦ 7𝑣 and taking the pitch 0 to 7) gives rise to a simplicial
isomorphism Δ[047] → Δ[014] of triangulations of the 2-torus.

In [11], a cycle of [047]-arpeggi from Schönberg’s String Quartet op. 7 is
compared to a cycle of [014]-arpeggi in Bernstein’s West Side Story. Both
cycles describe a simplicial loop in their corresponding chord complexes,
and the above simplicial map sends one loop to the other one, see figure 10.

⓪ ③ ⑥ ⑨ ⓪

④ ⑦ Ⓐ ① ④

⑧ Ⓑ ② ⑤ ⑧

⓪ ③ ⑥ ⑨ ⓪

⑦ ④ ① Ⓐ ⑦

Ⓑ ⑧ ⑤ ② Ⓑ

③ ⓪ ⑨ ⑥ ③

⑦ ④ ① Ⓐ ⑦

Figure 10. A cycle of [047]-arpeggi from Schönberg’s String Quartet op. 7 (left) and a
cycle of [014]-arpeggi from Bernstein’sWest Side Story (right). The morphism 𝔼12→𝔼12
from example 5.8 induces a simplicial map Δ[047] → Δ[014], which visually takes the
left rectangle ‘as it is’ to the right, and hence transfers the left loop to the right one.

Example 5.15. Recall from example 3.9 that inside 𝔼+12 (EDO-12 with
trivial symmetries), the chord complex Δ[047]+ triangulates half of a torus,
with gaps corresponding to the missing minor chords. The inclusion map
𝔼+12 →𝔼12 from example 2.20 induces a simplicial map Δ[047]+ →Δ[047],
which is the inclusion of one half of the torus into the full torus.

5.4 Induced morphisms between neo-Riemannian groups

Lastly, we study how𝜇∶ 𝐴→ 𝐵 induces amapΩ𝜇𝑋∶ Ω𝑋→Ω𝜇(𝑋) between
neo-Riemannian groups, in a way that 𝜇𝑋∶ 𝑋 → 𝜇(𝑋) is equivariant not
only with respect to Aff(𝜇), but also with respect toΩ𝜇𝑋.

Following remark 4.3, I shall derive such maps from the general theory
of group actions, continuing the discussion from proposition 4.6:

Proposition 5.16. Let (𝜙,𝑓)∶ (𝐺,𝑋) → (𝐻,𝑌) be a morphism of sets with
transitive group actions. Then the following statements are equivalent:

1. There is a group homomorphism 𝜓∶ Aut𝐺(𝑋) → Aut𝐻(𝑌) such that
the map 𝑓∶ 𝑋→ 𝑌 is 𝜓-equivariant.

2. We have 𝜙(𝑁𝐺𝑥) ⊆ 𝑁𝐻𝑓(𝑥) for all 𝑥 ∈ 𝑋.
3. We have 𝜙(𝑁𝐺𝑥) ⊆ 𝑁𝐻𝑓(𝑥) for some 𝑥 ∈ 𝑋.

In this case, we have 𝜓(𝑔∗) = 𝜙(𝑔)∗ for any root 𝑥 ∈ 𝑋 and each 𝑔 ∈ 𝑁𝐺𝑥,
with respect to the root𝑓(𝑥) in 𝑌. Thus, 𝜓 is uniquely determined by (𝜙,𝑓).
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Even though proposition 5.16 fits quite naturally into the general theory
of group actions, I could not find a proof in the literature, and hence will
provide one in appendix A. Let us discuss a much easier sufficient condition
that ensures the existence of 𝜓.

Remark 5.17. If the𝐻-action on 𝑌 is free, then the normalisers𝑁𝐻𝑓(𝑥)
all agree with𝐻 itself, whence 𝜙(𝑁𝐺𝑥) ⊆ 𝑁𝐻𝑓(𝑥) holds for all 𝑥 ∈ 𝑋. Thus,
the desired map between automorphism groups exists in this case.

Coming back to music theory, we now can use proposition 5.16 in order
to establish the desired construction for neo-Riemannian groups:

Construction 5.18. Let 𝜇∶ 𝐴→ 𝐵 be amorphism of abelian interval sys-
tems with symmetries and let𝑋 be a set class in𝐴. If Aff(𝜇) sends𝑁Aff(𝐴)𝑥
into𝑁Aff(𝐵)𝜇(𝑥) for some 𝑥 ∈ 𝑋, then there is a unique homomorphism
Ω𝜇𝑋∶ Ω𝑋→Ω𝜇(𝑋) of neo-Riemannian groups such that 𝜇𝑋∶ 𝑋→ 𝜇(𝑋)
is Ω𝜇𝑋-equivariant. If we choose a root 𝑥 and take 𝜇(𝑥) to be the root of
𝜇(𝑋), thenΩ𝜇𝑋(𝜂∗) = (Aff(𝜇)(𝜂))∗ holds for all admissible 𝜂.

This construction behaves functorially: We have Ω(id𝐴)𝑋 = idΩ𝑋, and if
𝜈∶ 𝐵 → 𝐶 is another admissible morphism, thenΩ(𝜈 ∘𝜇)𝑋 = Ω𝜈𝜇(𝑋) ∘Ω𝜇𝑋.

Proof. Existence and uniqueness ofΩ𝜇𝑋 is an instance of proposition 5.16,
here for the case (𝜙,𝑓) = (Aff(𝜇), 𝜇𝑋). For the second part of functoriality,
we use the uniqueness part of proposition 5.16, together with the fact that
(𝜈 ∘ 𝜇)𝑋 = 𝜈𝜇(𝑋) ∘ 𝜇𝑋 is (Ω𝜈𝜇(𝑋) ∘ Ω𝜇𝑋)-equivariant.

Example 5.19. Recall that the automorphism𝔼12 →𝔼12 from example 5.8
(given on intervals by 𝑣 ↦ 7𝑣 and taking the pitch 0 to 7) induces a map
[047] → [014] between set classes and their chord complexes, translating
Schönberg’s chords cycle to Bernstein’s chord cycle.

If we take {047} as root chord of [047], then the cyclic chord progression
in Schönberg’s piece is built by alternatingly applying the neo-Riemannian
operations 𝐼∗7 (also known as 𝑃) and 𝐼∗4 (also known as 𝑅). More explicitly,
the cycle of triangles from the left side of figure 10 arises as follows:

{047} {037} {37A} ⋯ {049} {047}.→↤
𝐼∗7 →↤

𝐼∗4 →↤
𝐼∗7 →↤

𝐼∗7 →↤
𝐼∗4

Taking 𝜇{047} = {78B} as our corresponding root chord for [014], the above
machinery tells us how these transformations between chords change if
we apply 𝜇: First of all, remark 5.17 ensures thatΩ𝜇[047] can be defined as
above since the target set class [014] is free. Now we get Ω𝜇[047](𝐼∗7 ) = 𝐼∗3
andΩ𝜇[047](𝐼∗4 ) = 𝐼∗6 , so since 𝜇[047]∶ [047] → [014] isΩ𝜇[047]-equivariant,
Bernstein’s cycle of triads from the right side of figure 10 arises as follows:

{78B} {478} {458} ⋯ {7AB} {78B}.→↤
𝐼∗3 →↤

𝐼∗6 →↤
𝐼∗3 →↤

𝐼∗3 →↤
𝐼∗6

25



Example 5.20. To demonstrate that the condition on normalisers is not
void, we shall briefly discuss a non-example: As in remark 5.10, we consider
the endomorphism 𝜇∶ 𝔼12 →𝔼12, which is given on intervals by 𝑣 ↦ 3𝑣
and preserves the pitch 0, and the set class𝑋≔ [013] with root 𝑥 ≔ {013}.
Since𝑋 is free,𝑁Aff(𝔼12)𝑥 is the entire affine group. Its image under Aff(𝜇)
contains all operations of the form 𝑇3𝑣 or 𝐼3𝑣.

On the other hand, we have seen in example 4.11 that the normaliser of
the isotropy group of 𝜇(𝑥) = {039} is given by {𝑇0, 𝐼0, 𝑇6, 𝐼6}, which does not
contain the entire image of𝑁Aff(𝔼12)𝑥 under Aff(𝜇). Accordingly, there is
no group homomorphism Ω𝜇[013]∶ Ω[013] → Ω[036] for which the map
𝜇[013]∶ [013] → [036] isΩ𝜇[013]-equivariant.

A . Proof of proposition 5.16

We close this note by spelling out the pending proof of proposition 5.16. In
order to do so, we give an equivalent characterisation of equivariancy:

Lemma A.1. Let (𝜙,𝑓)∶ (𝐺,𝑋) → (𝐻,𝑌) be a morphism of sets with trans-
itive group actions and let 𝑥 ∈ 𝑋 be a root. For each group homomorphism
𝜓∶ Aut𝐺(𝑋) → Aut𝐻(𝑌), the following statements are equivalent:

1. The map 𝑓 is 𝜓-equivariant.
2. We have 𝜓(𝑔∗)(𝑓(𝑥)) = 𝜙(𝑔) ⋅𝑓(𝑥) for each 𝑔 ∈ 𝑁𝐺𝑥.

The proof of lemma A.1 comes down to a straightforward calculation,
using from proposition 5.16 that all 𝐺-equivariant automorphisms of𝑋 are
of the form 𝑔∗ for some 𝑔 ∈ 𝑁𝐺𝑥. The details are left to the reader.

Proof of proposition 5.16. Recall that, given a morphism (𝜙,𝑓) of transitive
group actions, we want to show the equivalence of three statements:

1. There is a group homomorphism 𝜓∶ Aut𝐺(𝑋) → Aut𝐻(𝑌) such that
the map 𝑓∶ 𝑋→ 𝑌 is 𝜓-equivariant.

2. We have 𝜙(𝑁𝐺𝑥) ⊆ 𝑁𝐻𝑓(𝑥) for all 𝑥 ∈ 𝑋.
3. We have 𝜙(𝑁𝐺𝑥) ⊆ 𝑁𝐻𝑓(𝑥) for some 𝑥 ∈ 𝑋.

To see that 1 implies 2, let 𝑥 ∈ 𝑋 and let 𝑔 ∈ 𝑁𝐺𝑥. For any ℎ ∈ 𝐻, lemma A.1
tells us that 𝜓(𝑔∗)(ℎ ⋅𝑓(𝑥)) = ℎ ⋅ 𝜓(𝑔∗)((𝑓(𝑥)) = ℎ𝜙(𝑔) ⋅𝑓(𝑥). In particular,
if ℎ lies in the isotropy group𝐻𝑓(𝑥), then

ℎ𝜙(𝑔) ⋅𝑓(𝑥) = 𝜓(𝑔∗)(ℎ ⋅𝑓(𝑥)) = 𝜓(𝑔∗)(𝑓(𝑥)) = 𝜙(𝑔) ⋅𝑓(𝑥),

i.e. ℎ𝜙(𝑔) ∈ 𝜙(𝑔)𝐻𝑓(𝑥). As ℎ was arbitrary, we get 𝐻𝑓(𝑥)𝜙(𝑔) ⊆ 𝜙(𝑔)𝐻𝑓(𝑥).
Repeating the argument with 𝑔−1 ∈ 𝑁𝐺𝑥 proves the other inclusion, and
hence 𝜙(𝑔) indeed lies in the normaliser𝑁𝐻𝑓(𝑥).

Statement 2 implies statement 3 just because𝑋 is non-empty. To see that
3 implies 1, note that statement 3 ensures that 𝜙∶ 𝐺→𝐻 (co-)restricts to a
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map 𝜙∶ 𝑁𝐺𝑥 →𝑁𝐻𝑓(𝑥). The same is true for the opposite morphism 𝜙op

(which is actually the same map). Now consider the surjective homomorph-
ism 𝜅𝑥∶ 𝑁𝐺op𝑥 → Aut𝐺(𝑋) from proposition 4.6, with kernel 𝐺op𝑥 , and its
analogue 𝜅𝑓(𝑥) with kernel𝐻op

𝑓(𝑥). Since 𝜙
op takes 𝐺op𝑥 into𝐻op

𝑓(𝑥) (note that
this inclusion holds for all maps between sets with group actions), there is
a unique homomorphism 𝜓 that makes the square

𝑁𝐺op𝑥 𝑁𝐻op𝑓(𝑥)

Aut𝐺(𝑋) Aut𝐻(𝑌)

← →
𝜙op

←→𝜅𝑥 ←→ 𝜅𝑓(𝑥)

←→𝜓

commutative. To show that 𝑓 is indeed 𝜓-equivariant, we use lemma A.1
and the fact that for each 𝑔 ∈ 𝑁𝐺𝑥, we have

𝜓(𝑔∗)(𝑓(𝑥)) = (𝜓 ∘ 𝜅𝑥)(𝑔)(𝑓(𝑥))
= (𝜅𝑓(𝑥) ∘ 𝜙op)(𝑔)(𝑓(𝑥))
= 𝜅𝑓(𝑥)(𝜙(𝑔)(𝑓(𝑥))
= 𝜙(𝑔) ⋅𝑓(𝑥).

This concludes the proof for the above equivalence. In order to show the
addendum, we note that by lemma A.1, each 𝜓 for which 𝑓 is 𝜓-equivariant
satisfies 𝜓(𝑔∗)(𝑓(𝑥)) = 𝜙(𝑔) ⋅𝑓(𝑥), i.e. 𝜓(𝑔∗) is the unique𝐻-equivariant
automorphism that sends 𝑓(𝑥) to 𝜙(𝑔) ⋅𝑓(𝑥). But this is precisely the map
𝜙(𝑔)∗ with respect to the root 𝑓(𝑥) in 𝑌.
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