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This note studies four types of nearly even tetrachords: diminished seventh
chords and three types obtained from themby semitonal perturbations.We
analyse their intersection patterns combinatorially and reinterpret them
topologically by representing each chord as a simplex on its pitch classes,
turning common subchords into common faces. The complexes associated
with the three perturbed types jointly triangulate 𝑆2 × 𝑆1 by 42 tetrahedra;
our proof identifies the compound complex with Tymoczko’s four-note
Tonnetz and gives an explicit trivialisation of its 𝑆2-bundle. That argument
also provides a parity criterion for the triviality of the 𝑆𝑛−2-bundles in his
general construction. Finally, we describe transformations between these
four types both algebraically and via intersection types, obtaining new
characterisations of familiar seventh-chord transformations.

1 . Introduction and overview

This article is concerned with four tetrachord types, which are connected
by the following observation: Each diminished seventh chord divides the
octave perfectly evenly into four parts. Raising some of its pitch classes by
a single semitone produces tetrachords of three further types. Following
Tymoczko (17), we refer to chords in these four types (including the perfectly
even type) as nearly even tetrachords. Explicitly, these types are:

• [0258]: half-diminished seventh and dominant seventh chords,
• [0358]: minor seventh chords,
• [0268]: French sixth chords, and
• [0369]: diminished seventh chords.

Alongside Tymoczko’s voice-leading perspective, we adopt an elementary
set-theoretic viewpoint, asking simply how these tetrachords intersect as
subsets of the twelve pitch classes. More precisely, we establish a general
combinatorial setting to systematically track such chord intersections, and
study the topological and transformational structures they encode.

1



Section 2 develops that combinatorial setting by assigning to each pair
of chord types𝑋 and 𝑌 an intersection profile 𝐼(𝑋,𝑌): This profile records,
uniformly for all chords of type𝑋, how many chords of type 𝑌 realise each
possible intersection type. For instance, 𝐼([0268], [0369]) = []+2 ⋅ [06] says
that each French sixth chord is disjoint from one diminished seventh chord
and shares tritones with the other two. Lewin’s embedding number from
(14) is recovered as a particular coefficient of an intersection profile. We
calculate several such profiles for the nearly even tetrachords and establish
a reciprocity formula relating 𝐼(𝑋,𝑌) to 𝐼(𝑌,𝑋); see proposition 2.14.
The passage from combinatorics to topology is achieved as follows: we

represent every 𝑛-note chord 𝑥 by the (𝑛−1)-simplexΔ𝑥 on its pitch classes,
so that shared subchords appear as common faces. For a chord type𝑋, these
simplices form the chord complexΔ𝑋 = ⋃𝑥∈𝑋 Δ

𝑥, a construction introduced
for triads by Catanzaro (5) and generalised in (13).
Section 3 applies this topological construction to the four nearly even

tetrachord types. Unlike the spatial models in (10, 1), these chord complexes
record pitch-class incidence directly, without positional multiplicities. The
principal result of the section, proposition 3.13, states that the complexes
Δ[0258], Δ[0358], and Δ[0268] together triangulate the 3-manifold 𝑆2 × 𝑆1

by 42 tetrahedra. Its proof identifies this compound complex with the four-
note Tonnetz from (17) and explicitly trivialises the associated 𝑆2-bundle,
thereby confirming an assertion by Yust (19). The same argument yileds a
general monodromy description for Tymoczko’s 𝑛-noteTonnetz in EDO-𝑛𝑚:
the corresponding 𝑆𝑛−2-bundle over 𝑆1 is non-trivial precisely when both𝑚
and 𝑛 are even; see remark 3.16. Returning to EDO-12, we finally show that
adjoining the fourth complex Δ[0369] (a disjoint union of three tetrahedra)
to the compound complex fills three of the spherical fibres of 𝑆2 × 𝑆1.
Section 4 studies transformations between chord types in the form of

TI-equivariant maps (i.e. maps that are compatible with transpositions and
inversions), which need not be bijective. We start by giving an algebraic
classification of all such equivariant maps in terms of isotropy groups and
transporters. Proposition 4.13 then establishes a connection between this
classification and intersection profiles: since transpositions and inversions
preserve intersection types, a coefficient-one term of 𝐼(𝑋,𝑌) canonically
determines a TI-equivariant map𝑋→𝑌. For instance, the familiar leading-
tone exchange 𝐿 on major and minor triads is determined by the equation
[𝑥 ∩ 𝐿(𝑥)] = [03]. Applied to nearly even tetrachords, this result gives rise
to intersection-based descriptions of numerous transformations within
[0258], including one of Gollin’s edge flips (10) and Childs’ operations (6).
It also shows how four T-equivariant bijections of Douthett and Steinbach
(8) combine in pairs to form two TI-equivariantmaps from [0258] to [0358].
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2. Chord intersections by type

This section develops a formal language for the combinatorial viewpoint
and applies them selected pairs of nearly even tetrachord types. We begin
by recalling standard notions concerning chords and their types.

2.1 Chords and chord types

In this article, weworkwith the EDO-12 system,which ismodelled as follows:
Its group of intervals is given by the finite residue group ℤ12 = {0,…,11};
it acts on the set ℤ12 of pitch classes by (left) translation. We abbreviate
A ≔ 10 and B ≔ 11 to have a single symbol for each interval or pitch class.

Definition 2.1. For any 𝑣 ∈ ℤ12, we have a transposition 𝑇𝑣∶ ℤ12 →ℤ12
given by 𝑎 ↦ 𝑣 + 𝑎, and an inversion 𝐼𝑣∶ ℤ12 → ℤ12 given by 𝑎 ↦ 𝑣 − 𝑎.
These maps satisfy 𝑇𝑣𝑇𝑤 = 𝑇𝑣+𝑤, 𝑇𝑣𝐼𝑤 = 𝐼𝑣+𝑤, 𝐼𝑣𝑇𝑤 = 𝐼𝑣−𝑤, and 𝐼𝑣𝐼𝑤 = 𝑇𝑣−𝑤.
Thus, the transpositions and inversions form a group under composition,
which we call the TI-group and denote by TI. We have an isomorphism
ℤ12 ⋊ {±1} → TI by taking (𝑣, 1) to 𝑇𝑣 and (𝑣,−1) to 𝐼𝑣. A generic element
in TI is called a TI-operation; it is either a transposition or an inversion.

Definition 2.2. A chord is a subset of the set ℤ12 of pitch classes. Its
cardinality is called its pitch count. Chords of pitch count two, three, and
four are called bichords, trichords, and tetrachords, respectively. Since every
element of ℤ12 is represented by a single symbol, we omit commata when
writing chords; for example, {47B} is an E-minor triad.

Definition 2.3. The TI-action onℤ12 induces an action on the power set
of ℤ12. Given a TI-operation 𝜂 and a chord 𝑥, we write 𝜂𝑥 for the translate,
e.g. 𝑇1{47B} = {058}. Orbits of chords are called chord types, TI-types, or
just types. Since the induced TI-action preserves pitch count, all chords of a
given type have the same pitch count, called the pitch count of the type.

For each chord 𝑥, its type is denoted by [𝑥], and we shorten [{𝑎1⋯𝑎𝑛}]
by [𝑎1⋯𝑎𝑛]. For example, [0258] is the chord type of {0258}: It contains
all chords that can be reached from {0258} by transposition or inversion.

Remark 2.4. For every chord 𝑥, let TI𝑥 ⊆ TI be the isotropy group of 𝑥: it
contains all TI-operations that satisfy 𝜂𝑥 = 𝑥. The map TI/TI𝑥 → [𝑥] given
by 𝜂TI𝑥 ↦ 𝜂𝑥 is a bijection; in particular, #[𝑥] ⋅ #TI𝑥 = 24.

Sometimes, a single TI-type splits into two orbits under transposition.
This happens for [0258]: its half-diminished and dominant seventh chords
form two distinct such orbits under transposition. To distinguish them, we
introduce the following refinement.
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Construction 2.5. The subset T ⊂ TI of all transpositions is a subgroup
of index 2. Orbits of chords with respect to that subgroup are called T-types.
For each chord 𝑥, the TI-type [𝑥] comprises two T-types if and only if TI𝑥
is contained in T. In this case, we write1 [𝑥]+ ⊂ [𝑥] for the T-type of 𝑥, and
[𝑥]− ≔ [𝑥] ∖ [𝑥]+ for its complement inside [𝑥].

Example 2.6. For the nearly even tetrachords, this means the following:
• The isotropy group of {0258} is trivial, so the type [0258] contains 24
chords and comprises two T-types, namely [0258]+ (half-diminished
seventh chords) and [0258]− (dominant seventh chords).

• The isotropy group of {0358} is given by the span ⟨𝐼8⟩ = {𝑇0, 𝐼8}, so
the type [0358] contains 12 chords and comprises a single T-type.

• The isotropy group of {0268} is given by ⟨𝑇6, 𝐼8⟩ = {𝑇0, 𝑇6, 𝐼2, 𝐼8}, so
the type [0268] contains 6 chords and comprises a single T-type.

• The isotropy group of {0369} is given by ⟨𝑇3, 𝐼0⟩, so the type [0369]
contains 3 chords and comprises a single T-type.

In what follows, we will call the chords {0258}, {0358}, {0268}, and {0369}
standard representatives of their respective types.

2.2 Intersection types and profiles

We start by introducing vocabulary for intersections of individual chords.

Definition 2.7. Let 𝑛 be a non-negative integer. Two chords 𝑥 and 𝑦
are 𝑛-related if their intersection 𝑥 ∩ 𝑦 has cardinality 𝑛. We then call 𝑦 an
𝑛-relative of 𝑥 and vice versa. (This relation is symmetric, but not reflexive
or transitive in general, although each 𝑛-note chord is 𝑛-related to itself.)

To refine this notion, we record not only the cardinality of the intersection
but also its chord type:

Definition 2.8. The intersection type of two chords 𝑥 and 𝑦 is [𝑥 ∩ 𝑦].
Given a chord type𝑊, we say that 𝑥 and 𝑦 are𝑊-related if their intersection
type is𝑊. We then call 𝑦 a𝑊-relative of 𝑥 and vice versa.

The second definition indeed refines the first in the following way: if𝑊
has pitch count 𝑛, then𝑊-related chords are in particular 𝑛-related.

Example 2.9. The chord {0258} has exactly two 3-relatives inside [0358],
namely {0358} and {0259}. More precisely, {0358} is a [037]-relative and
{0259} is a [025]-relative of {0258}.

1. Note that the T-type [𝑥]+ depends on the chord 𝑥 and not only on the type [𝑥].
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Construction 2.10. Let 𝑥 be a chord and let 𝑌 be a chord type. The
intersection profile 𝐼(𝑥,𝑌) is a map defined by

𝐼(𝑥,𝑌)(𝑊) ≔ #{𝑦 ∈ 𝑌 ∶ [𝑥 ∩ 𝑦] =𝑊},

for each type𝑊. In words, 𝐼(𝑥,𝑌)(𝑊) counts the𝑊-relatives of 𝑥 in 𝑌. If 𝑥
and 𝑥′ have the same chord type, then 𝐼(𝑥,𝑌) = 𝐼(𝑥′, 𝑌), so we can define
𝐼(𝑋,𝑌) ≔ 𝐼(𝑥,𝑌), where 𝑥 is any chord of type𝑋. We then have

𝐼(𝑋,𝑌)(𝑊) = #{(𝑥,𝑦) ∈ 𝑋×𝑌 ∶ [𝑥 ∩ 𝑦] =𝑊}
#𝑋

. (1)

Proof. As 𝑥 and 𝑥′ have the same type, there is a TI-operation with 𝑥′ = 𝜂𝑥.
For each 𝑦 ∈ 𝑌, we then have 𝑥∩𝑦 = 𝜂−1𝑥′ ∩𝑦 = 𝜂−1(𝑥′ ∩ 𝜂𝑦), which is of
type𝑊 if and only if 𝑥′ ∩𝜂𝑦 is of type𝑊. Thus, 𝑦↦ 𝜂𝑦 defines a bijection
between𝑊-relatives of 𝑥 inside 𝑌 and𝑊-relatives of 𝑥′ inside 𝑌, showing
𝐼(𝑥,𝑌) = 𝐼(𝑥′, 𝑌) as desired. The final equality follows from

#{(𝑥,𝑦) ∈ 𝑋×𝑌 ∶ [𝑥 ∩ 𝑦] =𝑊} = ∑
𝑥∈𝑋
𝐼(𝑥,𝑌)(𝑊) = #𝑋 ⋅ 𝐼(𝑋,𝑌)(𝑊).

Example 2.11. Let𝑋 and 𝑌 be chord types. Then 𝐼(𝑌,𝑋)(𝑋) tells us how
many chords of𝑋 are subchords of any fixed chord 𝑦 ∈ 𝑌. This is precisely
Lewin’s embedding number Emb(𝑋,𝑌) = #(𝑋∩ 2𝑦) from (14, § 5.3.1+2).

Convention 2.12. In order to see all values of 𝐼(𝑋,𝑌) at once, wewrite the
map as a formal sum 𝐼(𝑋,𝑌) = ∑𝑊 𝐼(𝑋,𝑌)(𝑊) ⋅𝑊. This may be regarded
as an element in the free abelian group with basis the chord types.

Example 2.13. For the chord types [037] (major and minor chords) and
[036] (diminished triads), we see

𝐼([037], [036]) = 5 ⋅ [] + 5 ⋅ [0] + 2 ⋅ [03],
𝐼([036], [037]) = 10 ⋅ [] + 10 ⋅ [0] + 4 ⋅ [03].

For example, the first line encodes that eachmajor orminor chord is disjoint
from five diminished triads, shares exactly one pitch class with five, and
shares a minor third with two.

The above calculations show that 𝐼(𝑋,𝑌) and 𝐼(𝑌,𝑋) need not coincide.
However, they differ only by a scalar factor, as the following result shows:

Proposition 2.14 (Reciprocity). For any two chord types 𝑋 and 𝑌, we
have the identities ∑𝑊 𝐼(𝑋,𝑌)(𝑊) = #𝑌 and #𝑋 ⋅ 𝐼(𝑋,𝑌) = #𝑌 ⋅ 𝐼(𝑌,𝑋).
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Proof. The first identity follows directly from the definition, since for each
fixed chord 𝑥 ∈ 𝑋, the sets {𝑦 ∈ 𝑌 ∶ [𝑥 ∩ 𝑦] =𝑊} form a partition of 𝑌. For
the second identity, we note that both#𝑋⋅ 𝐼(𝑋,𝑌)(𝑊) and#𝑌 ⋅ 𝐼(𝑌,𝑋)(𝑊)
count how many pairs (𝑥,𝑦) ∈ 𝑋×𝑌 satisfy [𝑥 ∩ 𝑦] =𝑊.

Outlook 2.15. Dividing 𝐼(𝑋,𝑌) by #𝑌 yields a symmetric normalisation
whose coefficients form a probability distribution. Concretely, we put

𝑋 ⋅ 𝑌 ≔ 𝐼(𝑋,𝑌)
#𝑌
= 1
#𝑋 ⋅ #𝑌

⋅ ∑
(𝑥,𝑦)∈𝑋×𝑌

[𝑥 ∩ 𝑦],

which lies in the ℝ-vector space 𝐴 spanned by the chord types. This defini-
tion extends uniquely to a commutative bilinear product on 𝐴, which even
has a multiplicative unit, namely the type [0⋯B] of the ‘full chord’. This is
an instance of an orbit algebra; a brief discussion of that concept, including
a general associativity argument, can be found in appendix A.

2.3 Intersections of nearly even tetrachords

Example 2.16. For the types [0268] and [0369], we see the following:
• 𝐼([0268], [0268]) = 3 ⋅ [] + 2 ⋅ [06] + [0268], i.e. each French sixth
chord shares tritones with two other French sixth chords.

• 𝐼([0369], [0369]) = 2 ⋅ [] + [0369], reflecting the fact that all three
diminished seventh chords are disjoint.

• 𝐼([0268], [0369]) = [] + 2 ⋅ [06], i.e. each French sixth chord shares
tritones with two diminished seventh chords.

• 𝐼([0369], [0268]) = 2⋅[]+4⋅[06], in accordancewith proposition 2.14,
i.e. each diminished seventh chord shares tritones with four French
sixth chords and is disjoint from the other two French sixth chords.

Example 2.17. In order to study all 2- and 3-relatives of {0258} inside
[0258] and [0358], we first calculate the intersection profiles

𝐼([0258], [0258]) = 6 ⋅ [] + 7 ⋅ [0] + [02] + 4 ⋅ [03] + [04] + [05]
+ 2 ⋅ [06] + [036] + [0258],

𝐼([0258], [0358]) = 2 ⋅ [] + 6 ⋅ [0] + 2 ⋅ [03] + [025] + [037].

Next, we list the 3-relatives of {0258}, uniquely determined by their intersec-
tion type (the second and the third case already appeared in example 2.9):

• The [036]-relative of {0258} inside [0258] is {258A}.
• The [025]-relative of {0258} inside [0358] is {0259}.
• The [037]-relative of {0258} inside [0358] is {0358}.
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The numerous 2-relatives of {0258} are listed in table 1. The six [03]-relatives
(four in [0258], two in [0358]) can be divided into two kinds, depending
on which of the two [03]-subchords of {0258} they contain. If we moreover
split [0258] into its two T-types, then each 2-relative is uniquely determined
by its T-type and its intersection with {0258}, as we can see in the table.

intersection {02} {25} {58} {08} {05} {28}
type [02] [03] [03] [04] [05] [06]

[0258]+ {259B} {358B} {268B}
[0258]− {0269} {257B} {158B} {0368} {0359} {248B}
[0358] {257A} {158A}

Table 1. All 2-relatives of {0258} inside [0258] = [0258]+ ∪[0258]− and [0358], uniquely
characterised by their T-type and their intersection with {0258}.

Remark 2.18. Although residue-class notation expresses example 2.17
most cleanly, it obscures its musical interpretation. We hence temporarily
switch to musical pitch-class names, by identifying 0 with the pitch class C
and using contextually appropriate enharmonic spellings for the remaining
pitch classes. For our chords, we use the following convention:

• [0258]+ contains half-diminished seventh chords, e.g. {0258} = D∅7.
• [0258]− contains dominant seventh chords, e.g. {0368} = A♭7.
• [0358] contains minor seventh chords, e.g. {0358} = Fm7.

In that language, the 3-relatives read as follows: D∅7 shares a diminished
triad with B♭7, a chord of type [025] with Dm7, and a minor triad with Fm7.
Table 2 parallels table 1 by listing all 2-relatives of D∅7 musically.

{C,D} {D,F} {F,A♭} {C,A♭} {C,F} {D,G♯}

B∅7 F∅7 G♯∅7

D7 G7 D♭7 A♭7 F7 E7

Gm7 B♭m7

Table 2. The 2-relatives of {0258} = D∅7, written using common chord symbols. This
table contains precisely the same data as table 1. Note that in the final column, the tritone
{28} requires a different enharmonic spelling.

3 . Chord complexes of nearly even tetrachords

This section turns the intersection patterns studied above into simplicial
complexes and investigates their topology.We assume basic familiarity with
these techniques; an overview can be found in (7, § 8.1).
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3.1 Chords as simplices

The passage to topology is based on a simple principle: a chord canonically
spans a simplex whose vertices are its pitch classes. Its subchords span the
simplicial faces, so intersections of chords correspond to common faces.
This construction was introduced for triads in (5) and recently generalised
in (13). Related constructions have also been considered in (3, 2).

Definition 3.1. For a finite set 𝑥, let Δ𝑥 ⊂ [0, 1]𝑥 be the simplex on 𝑥: it
is the space of all tuples (𝑡𝑖)𝑖∈𝑥 with∑𝑖 𝑡𝑖 = 1. We equip Δ𝑥 with its standard
simplicial structure: its faces are the simplices spanned by subsets of 𝑥. By
identifying each 𝑖 ∈ 𝑥 with its corresponding standard basis vector, the
elements of 𝑥 are regarded as the vertices of Δ𝑥.

Definition 3.2. For each 𝑛 ⩾ 0, a simplicial complex is called an (𝑛 − 1)-
simplex if it is simplicially isomorphic to Δ𝑥 for some set 𝑥 of cardinality 𝑛.
In particular, the empty simplicial complex is of the form Δ∅ and hence a
(−1)-simplex. As usual, 0-, 1-, 2-, and 3-simplices are called vertices, edges,
triangles, and tetrahedra, respectively.

Example 3.3. The vertices of the 11-simplex Δℤ12 are precisely the EDO-12
pitch classes. For every chord 𝑥 ⊆ ℤ12, extension by zero identifies Δ𝑥 with
a face of Δℤ12 ; conversely, every face arises in this way. We regard every
union of such faces considered below as a subcomplex of Δℤ12 , equipped
with the induced simplicial structure. Accordingly, we freely use terms such
as ‘simplicial isomorphism’ or ‘triangulation’.

Proposition 3.4. For any two chords 𝑥 and 𝑦, we have Δ𝑥 ∩Δ𝑦 = Δ𝑥∩𝑦. In
particular, 𝑥 and 𝑦 are 𝑛-related if and only if Δ𝑥 ∩Δ𝑦 is an (𝑛 − 1)-simplex.

Proof. Apoint belongs to the intersectionΔ𝑥∩Δ𝑦 if and only if its support is
contained in both 𝑥 and 𝑦, or equivalently, if it lies inΔ𝑥∩𝑦. By definition 3.2,
Δ𝑥∩𝑦 is an (𝑛 − 1)-simplex exactly when 𝑥 and 𝑦 are 𝑛-related.

Example 3.5. The triads {27A} (G-minor) and {25A} (B♭-major) intersect
in {2A}. Accordingly, the triangles Δ{27A} and Δ{25A} share the edge Δ{2A}.

The preceding proposition concerns pairs of chords. In order to study
the incidence structure of an entire collection topologically, we take the
union of the simplices associated with its chords.

Definition 3.6. Let 𝑆 ⊆ 2ℤ12 be any collection of chords. Its associated
chord complex Δ𝑆 is the union of simplices Δ𝑥 spanned by chords in 𝑆:

Δ𝑆 ≔ ⋃
𝑥∈𝑆
Δ𝑥.
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Remark 3.7. Every TI-operation 𝜂 induces a simplicial automorphism of
Δℤ12 that maps Δ𝑥 to Δ𝜂𝑥. Consequently, 𝜂(Δ𝑆) = Δ(𝜂𝑆).

If𝑋 is a chord type, then Δ𝑋 is TI-invariant; indeed, for any 𝑥 ∈ 𝑋, it is
the smallest TI-invariant subcomplex of Δℤ12 containing Δ𝑥. If𝑋 has pitch
count 𝑛 > 0, then the chords in𝑋 are exactly the facets of Δ𝑋.

Example 3.8. For example, the chord complex Δ[037], more commonly
known as the Riemann–Oettingen Tonnetz, consists of 24 triangles, one for
each major or minor triad. These triangles fit together along their common
faces to triangulate the 2-torus 𝑆1 × 𝑆1; see figure 1.

⓪ ③ ⑥ ⑨ ⓪

④ ⑦ Ⓐ ① ④

⑧ Ⓑ ② ⑤ ⑧

⓪ ③ ⑥ ⑨ ⓪

Figure 1. The Riemann–Oettingen Tonnetz Δ[037] forms a triangulation of the 2-torus
by 24 triangles, corresponding to allmajor andminor triads. Identifying the two horizontal
sides of the rectangle, and likewise its two vertical sides, produces the torus.

In analogy with the Riemann–Oettingen Tonnetz, our goal is to visualise
chord complexes of nearly even tetrachords.

Convention 3.9. We use the following colour scheme throughout:
• Tetrahedra for chords of type [0258] are drawn in green.
• Tetrahedra for chords of type [0358] are drawn in red.
• Tetrahedra for chords of type [0268] are drawn in blue.
• Tetrahedra for chords of type [0369] are drawn in yellow.

3.2 The chord complexes of [0369] and [0268]

Example 3.10. Because [0369] consists of three disjoint tetrachords, its
chord complex is the disjoint union of the three tetrahedra Δ{0369}, Δ{147A},
and Δ{258B}; see the first part of figure 2.

Example 3.11. Recall from example 2.16 that each of the six tetrachords
from [0268] has two 2-relatives of the same type and is disjoint from the
remaining three chords. Moreover, the type can be divided into two disjoint
parts: Three of the six chords only use even pitch classes, and the other
three only use odd pitch classes. Consequently, the chord complex Δ[0268]
consists of two subcomplexes, each comprising three tetrahedra. Inside any
of these subcomplexes, each tetrahedron shares one edge with each of the
remaining two; see the second part of figure 2.
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In order to visualise relatives of chords of type𝑋 within another type 𝑌,
it is convenient to consider the union Δ𝑋∪Δ𝑌 = Δ(𝑋∪𝑌).

Example 3.12. The union of the chord complexes Δ[0369] and Δ[0268] is
depicted as the third part of figure 2; note that the topmost and bottommost
tetrahedra of the figure are identical (namely Δ{0369}). The figure recovers
further results from example 2.16: Each [0268]-chord has two 2-relatives
in [0369], while each [0369]-chord has four 2-relatives in [0268], and all
these intersections are tritones, i.e. of the type [06].

⓪
③ ⑥

⑨

④
⑦ Ⓐ

①

⑧
Ⓑ ②

⑤

③ ⑨

Ⓑ ⑤

⑦ ①

③ ⑨

⓪ ⑥

⑧ ②

④ Ⓐ

⓪ ⑥ ⓪

④

⑧

⓪

⑥

Ⓐ

②

⑥

③

⑦

Ⓑ

③

⑨

①

⑤

⑨

Figure 2. The chord complex Δ[0369] is a disjoint union of three tetrahedra (yellow).
The chord complex Δ[0268] splits into two disjoint subcomplexes, each comprising three
(blue) tetrahedra that pairwise share edges. Matching arrowheads indicate that the upper
and lower edges of each strip are identical. The final panel depicts the union of the two
chord complexes; its topmost and bottommost tetrahedra are identical.

3.3 A triangulation of 𝑆2 × 𝑆1 from three chord types

Next, we consider the chord complexes Δ[0258] and Δ[0358]. Rather than
studying them separately, it is more illuminating to visualise their union
and, in fact, to include the previously discussed complex Δ[0268] as well.
To see why this is conceptually natural, recall the Riemann–Oettingen

Tonnetz. It is properly filled in the sense that each edge is shared by exactly
two triangles; moreover, the resulting complex is a closed surface. This
suggests looking for an analogous phenomenon in dimension 3, where
every triangular face should be shared by exactly two tetrahedra. From this
perspective, Δ[0258] is underfilled: some of its triangular faces are incident
to only one tetrahedron. Adding Δ[0358] fills most of these exposed faces,
while adding Δ[0268] fills exactly the remaining ones. The resulting com-
pound complex is therefore a natural candidate for a closed 3-manifold; the
visualisation below will show that this is indeed the case.
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Proposition 3.13. The union of Δ[0258], Δ[0358], and Δ[0268] forms a
triangulation of the 3-manifold 𝑆2 × 𝑆1 by 42 tetrahedra.

Remark 3.14. Although our compound complex has a plain simplicial
definition, the proof of proposition 3.13 reveals that it coincides with the
four-note voice-leading Tonnetz introduced by Tymoczko (17), which is
defined as a certain 𝑆2-bundle over 𝑆1. By giving an explicit trivialisation of
that bundle, our proof also confirms Yust’s assertion in (19) that the Tonnetz
is ‘topologically the direct product of a sphere and a circle’.

It is also useful to compare our simplicial construction itself with earlier
three-dimensional complexes that geometrically encode tetrachords:

Remark 3.15. Gollin (10) provided an early tetrahedral visualisation of
[0258]. That construction is a spatial realisation in which identical pitch
classes, and consequently chords, occur at several lattice positions. Arnett
and Barth (1) extended this construction to include [0358], retaining these
positional multiplicities. Yust (18), in turn, obtained Tymoczko’s four-note
Tonnetz from such a spatial complex with multiplicities by successively
identifying repeated chord and interval occurrences.

Our construction takes a different route: the compound chord complex
is a union of simplices in Δℤ12 and hence records only pitch-class incidence,
with one simplex for each chord. It therefore constructs the resulting incid-
ence structure directly, without introducing positional multiplicities first.

Let us now turn to the proof of proposition 3.13:

Step 1. Throughout the proof, let𝐶 be the compound complex, i.e. the union
of Δ[0258], Δ[0358] and Δ[0268]. Adapting a key insight of (8), we divide
the 42 tetrachords belonging to these types into three classes of 14 chords
each: Every class consists of the chords obtained from one diminished
seventh chord by raising a nonempty proper subset of its four pitch classes
by one semitone. These classes span subcomplexes 𝐶0, 𝐶1, 𝐶2, where the
index records the smallest pitch-class label in the initial diminished seventh
chord. Their union is precisely the full compound complex 𝐶.

Step 2. First consider 𝐶0: Its vertex set is the union of the two surrounding
diminished seventh chords {0369} and {147A}. Re-labelling 𝑣− ≔ 𝑣 and
𝑣+ ≔ 𝑣+ 1 for each 𝑣 ∈ {0369}, the facets of 𝐶0 are of the form Δ{0

±,3±,6±,9±},
excluding the two cases where all signs are equal.
This shows that the complex 𝐶0 is the deleted join of two signed copies of
𝜕Δ{0369} (as defined in (16)), also known as the boundary of a 4-dimensional
cross-polytope with the interiors of two opposite tetrahedral facets removed.
Consequently, the complex 𝐶0 is homeomorphic to the cylinder 𝑆2 × [0, 1]
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(this argument appears in a different combinatorial context in (15, prop. 5)).
Similarly, we obtain homeomorphisms 𝐶1 ≅ 𝑆2 × [1, 2] and 𝐶2 ≅ 𝑆2 × [2, 3].

We postpone a concrete geometric rendering of this deleted join until
after the proof. So far, we have shown that the compound complex 𝐶 is the
union of three cylinders over 𝑆2. The idea for the final step is the following:
As figure 3 illustrates, these cylinders meet cyclically along their boundaries.
Hence 𝐶 is a mapping torus with fibre 𝑆2, in accordance with Tymoczko’s
description in (17). Making all identifications explicit will reveal that the
monodromy of that 𝑆2-bundle is trivial and thereby conclude the argument.

⓪⑥⓪
⑨③⑨

⑧
②⑧

⑤Ⓑ⑤

④
Ⓐ

④
①

⑦①

⓪
⑥

⓪
⑨

③
⑨

}}}}
}}}}
}
}}}
}}}
}
}}}
}}}
}

𝐶2

𝐶1

𝐶0

𝐵0

𝐵1

𝐵2

𝐵0

Figure 3. The compound complex is subdivided into three cylinders 𝐶0, 𝐶1, and 𝐶2.
Their boundaries are precisely the boundaries𝐵0,𝐵1, and𝐵2 of the tetrahedra representing
the three diminished seventh chords, depicted as grey layers (within each layer, edges with
matching arrowheads are identified to recover the corresponding tetrahedral boundary;
moreover, the upper and lower layers labelled 𝐵0 represent the same subcomplex).

Step 3. In accordance with figure 3, we define 𝐵0 ≔ 𝜕Δ{0369}, 𝐵1 ≔ 𝜕Δ{147A},
and 𝐵2 ≔ 𝜕Δ{258B}. Indexing modulo 3, we then obtain that 𝜕𝐶𝑖 = 𝐵𝑖 ∪𝐵𝑖+1
and 𝐶𝑖 ∩𝐶𝑖+1 = 𝐵𝑖+1; in other words, 𝐶𝑖 is a bordism between 𝐵𝑖 and 𝐵𝑖+1.
Now consider the simplicial isomorphism 𝑇4∶ 𝐵𝑖 →𝐵𝑖+1 transposing each
vertex by four semitones.We will argue below that𝑇4 reverses the boundary
orientations induced by𝐶𝑖. As the isotopy class of a self-homeomorphism of
𝑆2 is fully determined by its degree, each cylinder admits a parametrisation
with fixed boundary behaviour as follows: Given any homeomorphism
𝛽𝑖∶ 𝑆2 → 𝐵𝑖, there is a homeomorphism 𝜙𝑖∶ 𝑆2 × [𝑖, 𝑖 + 1] → 𝐶𝑖 such that
𝜙𝑖(−, 𝑖) = 𝛽𝑖 and 𝜙𝑖(−, 𝑖 + 1) = 𝑇4 ∘ 𝛽𝑖 holds.
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Starting with any such 𝛽0∶ 𝑆2 →𝐵0, let 𝛽𝑖 ≔ 𝑇4𝑖 ∘ 𝛽0 and find 𝜙0, 𝜙1, 𝜙2
as above. For 𝑖 ∈ {0, 1}, we see 𝜙𝑖(−, 𝑖 + 1) = 𝑇4 ∘ 𝛽𝑖 = 𝛽𝑖+1 = 𝜙𝑖+1(−, 𝑖 + 1), so
these three maps glue to a global quotient map

𝜙0 ∪ 𝜙1 ∪ 𝜙2∶ 𝑆2 × [0, 3] → 𝐶0 ∪𝐶1 ∪𝐶2.

The remaining identification of 𝑆2 × {0} with 𝑆2 × {3} incorporates the con-
jugate of 𝑇34 by 𝛽0 in the first coordinate. Since 𝑇34 is the identity on 𝐵0, the
quotient is the trivial mapping torus 𝑆2 × 𝑆1, as desired.

It remains to show that 𝑇4∶ 𝐵𝑖 →𝐵𝑖+1 indeed reverses the boundary ori-
entation. This is most easily seen for 𝑖 = 0, using the deleted-join notation
from step 2: Note that the simplicial self-map on 𝐶0 defined by 𝑣± ↦ 𝑣∓ is
orientation-preserving, as it changes four signs of each facet.2 Its restriction
to 𝐵0 takes 𝑣− to 𝑣+ and hence agrees with 𝑇1. That map differs from 𝑇4
by the cyclic vertex permutation 𝑇3 of either source or target. Since this
4-cycle is odd, this vertex permutation reverses the orientation.

This description as a mapping torus coincides precisely with Tymoczko’s
definition of the four-note Tonnetz in (17).

Remark 3.16. The bundle classification for tetrachords in EDO-12 extends
to Tymoczko’s general Tonnetz for 𝑛-note chords in EDO-𝑛𝑚, with 𝑛,𝑚 ⩾ 2.
That complex decomposes into regions 𝐶0,… ,𝐶𝑚−1, each interpolating
between two consecutive perfectly even chords. Again, each region 𝐶𝑖 is a
deleted join and hence homeomorphic to 𝑆𝑛−2 × [𝑖, 𝑖 + 1]. The monodromy
of the resulting 𝑆𝑛−2-bundle over 𝑆1 has degree (−1)(𝑛−1)(𝑚+1); in particular,
the bundle is non-trivial precisely when both 𝑛 and𝑚 are even.

The argument is the same parity calculation as above: the transposition
𝑇𝑚+1 reverses the boundary orientations of any 𝐶𝑖, enabling us to construct
a homeomorphism between the underlying space of the complex and the
mapping torus of a conjugate of 𝑇𝑚𝑚+1 = 𝑇𝑚+1𝑚 . On the boundary of each
perfectly even chord, the self-map 𝑇𝑚 is a cyclic vertex permutation and
hence of degree (−1)𝑛−1. Thus, 𝑇𝑚+1𝑚 indeed has degree (−1)(𝑛−1)(𝑚+1).

For𝑚 = 2, Tymoczko’s construction retains positional information that
is lost when equal pitch classes are identified. Accordingly, the preceding
bundle description refers to his cyclic gluing of the individual cylinders
rather than to the corresponding union of simplicial chord complexes. No
such distinction is needed for𝑚 ⩾ 3.

The preceding proof deliberately studied each cylinder 𝐶𝑖 through its
combinatorial description as a deleted join.We now unpack this description
geometrically and visualise how its fourteen tetrahedra indeed assemble

2. Giving the facet spanned by 0𝜀0 , 3𝜀3 , 6𝜀6 , 9𝜀9 the sign 𝜀0𝜀3𝜀6𝜀9 defines an orientation of 𝐶0.
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into a cylinder. As an example,3 we show how the cylinder 𝐶2 from figure 3
is assembled from the 14 tetrahedra lying between {258B} and {0369}. Put
differently, we triangulate 𝐵2 × [0, 1] by 14 tetrahedra, which correspond
to our chords under the vertex identification (𝑣, 𝑘) ↦ 𝑣 + 4𝑘.

First, we decompose the tetrahedral boundary 𝐵2 into two quadrilateral
regions𝑄1 ≔ Δ{258} ∪Δ{25B} and𝑄2 ≔ Δ{28B} ∪Δ{58B}, which correspond to
the left and right squares of the 𝐵2-layer in figure 3. Taking products with
[0, 1] decomposes 𝐵2 × [0, 1] into two cubes. Next, we subdivide each of the
two cubes separately into six tetrahedra, each belonging to either [0258]
or [0358]. Figure 4 shows this subdivision of 𝑄2 × [0, 1]; that of 𝑄1 × [0, 1]
is obtained by transposing every pitch class in the figure by a tritone.
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Figure 4. A subdivision of the cube 𝑄2 × [0, 1] into six tetrahedra: four corresponding
to chords of type [0258] (green) and two to chords of type [0358] (red).

To combine these two subdivisions, their restrictions to the four common
rectangular facesmust agree. As the first panel of figure 5 shows, they instead
induce different diagonals on the two front faces and on the two back faces.
Each of these two mismatches is resolved by inserting a single tetrahedron
of type [0268], which interpolates between the incompatible face triangula-
tions; see the secondpanel. This leads to the desired subdivision of𝐶2 into 14
tetrahedra: twelve form two six-tetrahedron triangulations of cubes, while
the remaining two [0268]-tetrahedra bridge the resulting incompatibilities.
Proceeding in exactly the same way for 𝐶0 and 𝐶1 gives rise to the desired
subdivision of all three cylinders from figure 3 into 42 tetrahedra in total.

3.We chose 𝐶2 because it contains the standard representatives of all three chord types that
comprise 𝐶. Since the visualisation treats this cylinder in isolation, we use [0, 1] rather
than [2, 3] for the second factor.
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Figure 5. The first part shows the subdivision induced on common faces of 𝑄1 × [0, 1]
and 𝑄2 × [0, 1] (already glued in the middle, where they agree). The two identified front
faces and the two identified back faces have incompatible diagonals. The second part
shows how each of these mismatches is resolved by inserting a [0268]-tetrahedron (blue).

This visualisation also allows us to depict all 2- and 3-relatives of {0258}
inside [0258] or [0358], as catalogued in example 2.17: Figure 6 shows all
corresponding tetrahedra that share either a triangle or an edge withΔ{0258}.
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①

❺
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Ⓐ
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❽
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Figure 6. All 2- and 3-relatives of {0258} inside [0258] (green) and [0358] (red), as seen
in example 2.17. The tetrahedron Δ{0258} itself is omitted, but indicated by black vertices.
As usual, matching arrowheads indicate identification of equally labelled occurrences.

3.4 Adding [0369] fills three spherical fibres

Proposition 3.13 also raises the question of what happens when the fourth
chord complex Δ[0369] is added to the compound complex 𝐶 ≅ 𝑆2 × 𝑆1.
Intuitively, while 𝐶 is properly filled, adding Δ[0369] will overfill it, because
some triangles will then be incident to three tetrahedra instead of two.
Topologically, adding Δ[0369] to 𝐶 amounts to attaching three 3-cells

along the tetrahedral boundaries 𝐵0, 𝐵1, 𝐵2. Under the homeomorphism
𝐶 ≅ 𝑆2 × 𝑆1 constructed in the proof of proposition 3.13, these boundaries
are identified with 𝑆2-fibres over three distinct points in 𝑆1. Therefore, if
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𝑅𝑛 ≔ {𝜁 ∈ 𝑆1 ∶ 𝜁𝑛 = 1} denotes the set of 𝑛th roots of unity, then the union
of all four chord complexes triangulates the 3-dimensional cell complex

(𝑆2 × 𝑆1) ∪ (𝐷3 ×𝑅3) ⊂ 𝐷3 × 𝑆1.

This space cannot be properly visualised, but an analogous construction
one dimension lower is rather illuminating: Adding the four triangles from
Δ[048] (the augmented triads) to the Riemann–Oettingen Tonnetz Δ[037]
amounts to attaching four 2-cells to the 2-torus, along four disjoint 𝑆1-fibres.
Thus, the union of these two complexes triangulates the 2-dimensional cell
complex (𝑆1 × 𝑆1) ∪ (𝐷2 ×𝑅4) ⊂ 𝐷2 × 𝑆1, which is visualised in figure 7.

⑧ Ⓑ ② ⑤ ⑧⓪ ③ ⑥ ⑨ ⓪

④ ⑦ Ⓐ ① ④

Figure 7. An analogy one dimension lower: The union Δ[037]∪Δ[048] triangulates the
2-dimensional cell complex (𝑆1 × 𝑆1) ∪ (𝐷2 ×𝑅4). Note that the leftmost and rightmost
yellow triangles are identical, leading to the toroidal picture. Since [048] plays the rôle of
[0369] in that analogy, the same yellow colouring for these triangles is used.

This also reveals a connection to Tymoczko’s flattening procedure from
(17): His three-note Tonnetz is obtained from cross-polytopes by reducing
the four [048]-triangles to their boundary circles; similarly, his four-note
Tonnetz retains the boundaries of the three [0369]-tetrahedra while omit-
ting their interiors. Adjoining Δ[048] or Δ[0369], respectively, reverses this
procedure by filling these circle or sphere fibres again.

4 . TI-equivariant maps between tetrachord types

The preceding sections count and visualise intersections between chords of
specific types. We now study their transformational consequences: first, we
algebraically classify TI-equivariant maps between chord types; then, we
identify maps canonically determined by intersection profiles and interpret
them in music-theoretical terms.

4.1 Equivariant maps and transporters

Throughout this subsection, we fix a general group 𝐺 and two transitive
𝐺-sets𝑋 and 𝑌. What follows is a modern reformulation of (4, § 1.3).

Definition 4.1. A map 𝑓∶ 𝑋→ 𝑌 is 𝐺-equivariant if 𝑓(𝑔 ⋅ 𝑥) = 𝑔 ⋅𝑓(𝑥)
holds for all 𝑔 ∈ 𝐺 and 𝑥 ∈ 𝑋. Let Map𝐺(𝑋,𝑌) denote the set of such maps.
The composite of two 𝐺-equivariant maps is again 𝐺-equivariant.
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Remark 4.2. Since 𝑋 and 𝑌 are transitive 𝐺-sets, each 𝐺-equivariant
map 𝑓∶ 𝑋→ 𝑌 is surjective. Indeed, fix 𝑥 ∈ 𝑋. For every 𝑦 ∈ 𝑌, transitivity
provides a group element 𝑔 ∈ 𝐺 with 𝑦 = 𝑔 ⋅𝑓(𝑥) = 𝑓(𝑔 ⋅ 𝑥).

To classify the maps in Map𝐺(𝑋,𝑌), choose basepoints 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌
and let 𝐺𝑥 and 𝐺𝑦 be their respective isotropy groups; then the orbit maps
identify𝑋 and 𝑌 with the coset spaces 𝐺/𝐺𝑥 and 𝐺/𝐺𝑦, respectively.

Definition 4.3. For two subgroups𝐾,𝐿 ⊆ 𝐺 we define the transporter of
𝐾 into 𝐿 as the subsetN(𝐾,𝐿) ≔ {𝑔 ∈ 𝐺 ∶ 𝑔−1𝐾𝑔 ⊆ 𝐿}. This subset is stable
under right-multiplication by 𝐿, and hence is a union of left cosets 𝑔𝐿. This
identifiesN(𝐾,𝐿)/𝐿 with a subset of 𝐺/𝐿.

Proposition 4.4. Fix two elements 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 (called ‘basepoints’).
1. For each element 𝑔 ∈N(𝐺𝑥,𝐺𝑦), there is a unique 𝐺-equivariant map
𝑔∗∶ 𝑋→ 𝑌 with 𝑔∗(𝑥) = 𝑔 ⋅𝑦, namely 𝑔∗(𝑎 ⋅ 𝑥) = 𝑎𝑔 ⋅𝑦 for 𝑎 ∈ 𝐺.

2. The map N(𝐺𝑥,𝐺𝑦) →Map𝐺(𝑋,𝑌) defined by 𝑔↦ 𝑔∗ is surjective
and factors through a bijection N(𝐺𝑥,𝐺𝑦)/𝐺𝑦 →Map𝐺(𝑋,𝑌).

3. If 𝑍 is a transitive 𝐺-set with basepoint 𝑧 ∈ 𝑍 and if ℎ ∈N(𝐺𝑦,𝐺𝑧),
then 𝑔ℎ ∈N(𝐺𝑥,𝐺𝑧) and (𝑔ℎ)∗ = ℎ∗ ∘ 𝑔∗.

Proof. Under the 𝐺-equivariant isomorphisms 𝐺/𝐺𝑥 →𝑋 and 𝐺/𝐺𝑦 →𝑌,
the proposition reduces to standard facts about equivariant maps between
coset spaces of 𝐺; see e.g. (4, § 1.3).

Remark 4.5. Note that the map 𝑔∗∶ 𝑋→ 𝑌 depends on both basepoints.
In particular, even when the identity element 1 ∈ 𝐺 belongs toN(𝐺𝑥,𝐺𝑦),
the induced map 1∗ need not be an identity map.

We conclude this subsection with two observations on self-maps and
invertibility; both will be useful in the music-theoretical setting below.

Remark 4.6. For each 𝑥 ∈ 𝑋, the transporterN(𝐺𝑥,𝐺𝑥) is a submonoid
of𝐺 and the multiplication descends to left𝐺𝑥-cosets (this follows from the
fact that each 𝑔 ∈N(𝐺𝑥,𝐺𝑥) satisfies 𝐺𝑥𝑔 ⊆ 𝑔𝐺𝑥). Then proposition 4.4
gives an anti-isomorphism of monoidsN(𝐺𝑥,𝐺𝑥)/𝐺𝑥 →Map𝐺(𝑋,𝑋).

Remark 4.7. For each 𝑔 ∈N(𝐺𝑥,𝐺𝑦), the induced 𝐺-equivariant map
𝑔∗ is injective (and hence bijective) if and only if the conjugate 𝑔−1𝐺𝑥𝑔 is
not only contained in 𝐺𝑦, but actually equal to it.

In the case of𝑋 = 𝑌 and 𝑥 = 𝑦, these elements form the normaliser 𝑁𝐺𝑥.
Thus, the bijection from proposition 4.4 restricts to an anti-isomorphism
between𝑁𝐺𝑥/𝐺𝑥 and the 𝐺-equivariant automorphism group of𝑋.
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4.2 Classifying TI-equivariant maps between tetrachord types

Let us specialise definition 4.1 to the music-theoretical setting:

Definition 4.8. A map 𝑋→ 𝑌 of chord types is called TI-equivariant
if it is equivariant with respect to the transitive TI-action on𝑋 and 𝑌. We
denote the set of these maps accordingly by MapTI(𝑋,𝑌).

Remark 4.9. Since each chord type𝑋 contains only finitely many chords,
TI-equivariant self-maps𝑋→𝑋 are not only surjective but even bijective;
in other words: they are neo-Riemannian operations in the general sense of
(13). Therefore, MapTI(𝑋,𝑋) is exactly the neo-Riemannian group of𝑋.

Since TI is finite, every inclusion 𝑔−1TI𝑥𝑔 ⊆ TI𝑥 is already an equality,
and hence the transporterN(TI𝑥,TI𝑥) agrees with the normaliser𝑁TI𝑥.

In the following examples, we will use the standard representatives from
example 2.6 as basepoints throughout.

Example 4.10. Applying proposition 4.4 to the isotropy groups listed in
example 2.6, we obtain the following neo-Riemannian groups:

• Since TI{0258} is trivial, the neo-Riemannian group of [0258] is iso-
morphic to the TI-group and hence contains 24 operations.

• Recall that TI{0358} = ⟨𝐼8⟩. As its normaliser is ⟨𝐼8, 𝑇6⟩, there are only
two neo-Riemannian operations on [0358], namely the identity and
transposition by a tritone 𝑇∗6 (the direction is irrelevant).

• Recall that TI{0268} = ⟨𝐼8, 𝑇6⟩. As its normaliser is ⟨𝐼8, 𝑇3⟩, there are
only two neo-Riemannian operations on [0268], namely the identity
and transposition by a minor third 𝑇∗3 (the direction is irrelevant).

• Recall that TI{0369} = ⟨𝐼0, 𝑇3⟩. As its normaliser is ⟨𝐼0, 𝑇3⟩ itself, the
neo-Riemannian group of [0369] contains only the identity.

Example 4.11. As TI-equivariant maps between types are surjective and
#[0258] > #[0358] > #[0268] > #[0369], only six ordered pairs of distinct
types can admit such a map. We completely analyse the following three:

• Since TI{0258} is trivial, the transporter N(TI{0258},TI{0358}) is the
full TI-group. Therefore, the set MapTI([0258], [0358]) is in bijection
with TI/⟨𝐼8⟩ and contains 12 TI-equivariant maps.

• SinceN(⟨𝐼8⟩,⟨𝑇6, 𝐼8⟩) = ⟨𝑇3, 𝐼8⟩, there are exactly two TI-equivariant
maps of the form [0358] → [0268], namely 𝑇∗0 , which takes {0358}
to {0268}, and 𝑇∗3 , which takes {0358} to 𝑇3{0268} = {359B}.

• SinceN(⟨𝐼8⟩, ⟨𝑇3, 𝐼0⟩) is the coset 𝑇1⟨𝑇3, 𝐼0⟩, there is only a single
TI-equivariant map [0358] → [0369], namely 𝑇∗1 ∶ {0358} ↦ {147A}.
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Remark 4.12. Maps between distinct chord types are often called cross-
type transformations; see (11).Workingwith pitch-class segments rather than
pitch-class sets, Fiore et al. (9) consider related TI-equivariant bijections
from consonant triads to several kinds of seventh chords.

4.3 Maps defined by intersections

The preceding subsection gives an algebraic classification of TI-equivariant
maps𝑋→𝑌, but that description does not yet explain them adequately in
music-theoretical terms. The intersection profiles developed in section 2
provide such an interpretation: For each chord type𝑊, consider the relation

𝑅𝑊(𝑋,𝑌) ≔ {(𝑥,𝑦) ∈ 𝑋×𝑌 ∶ [𝑥 ∩ 𝑦] =𝑊}.

This relation is invariant under the diagonal action of the TI-group, and
the fibre of its projection onto𝑋 over any 𝑥 ∈ 𝑋 has cardinality 𝐼(𝑋,𝑌)(𝑊).
Consequently, if 𝐼(𝑋,𝑌)(𝑊) = 1, then 𝑅𝑊(𝑋,𝑌) is the graph of a uniquely
determined map 𝑋 → 𝑌, and its TI-invariance forces this map to be TI-
equivariant. This proves the following proposition:

Proposition 4.13. Let𝑋,𝑌, and𝑊 be chord types. If 𝐼(𝑋,𝑌)(𝑊) = 1, then
there is a unique TI-equivariant map 𝑓𝑊∶ 𝑋→𝑌 such that [𝑥 ∩𝑓𝑊(𝑥)] = 𝑊
holds for each chord 𝑥 ∈ 𝑋.

Note that the notation 𝑓𝑊 suppresses its dependence on the ordered pair
(𝑋,𝑌); the source and target will always be specified or clear from context.
Moreover, the identity [𝑥 ∩ 𝑓𝑊(𝑥)] = 𝑊 shows that𝑊 can be recovered
from the map 𝑓𝑊 alone.

Remark 4.14. Suppose that 𝐼(𝑋,𝑌)(𝑊) = 1, and let 𝑓𝑊∶ 𝑋 → 𝑌 be the
TI-equivariant map from proposition 4.13. As 𝑅𝑊(𝑋,𝑌) is the graph of 𝑓𝑊,
the fibre of 𝑓𝑊 over each 𝑦 ∈ 𝑌 is precisely the set {𝑥 ∈ 𝑋 ∶ [𝑥 ∩ 𝑦] = 𝑊}.
Therefore, 𝐼(𝑌,𝑋)(𝑊) is the common cardinality of the fibres of 𝑓𝑊, and
the reciprocity formula from proposition 2.14 becomes the fibre-counting
identity #𝑋 = #𝑌 ⋅ 𝐼(𝑌,𝑋)(𝑊); this implies that #𝑌 divides #𝑋.
In particular, #𝑋 = #𝑌 if and only if 𝑓𝑊 is bijective. In that case, the

inverse of 𝑓𝑊 is precisely the unique TI-equivariant map 𝑌→𝑋 obtained
by applying proposition 4.13 to 𝐼(𝑌,𝑋)(𝑊) = 1; this follows directly from
the fact that 𝑅𝑊(𝑌,𝑋) is the transpose of 𝑅𝑊(𝑋,𝑌). In the case of 𝑌 = 𝑋,
this shows that 𝑓𝑊 is its own inverse and hence an involution.

Several TI-equivariant maps from examples 4.10 and 4.11 admit an easier
description in light of proposition 4.13. For reference, table 3 summarises
the relevant values of MapTI(𝑋,𝑌) and 𝐼(𝑋,𝑌).

19



𝑋 𝑌 #MapTI(𝑋,𝑌) coefficient-one terms of 𝐼(𝑋,𝑌)

[0258] [0258] 24 [02], [04], [05], [036], [0258]
[0258] [0358] 12 [025], [037]
[0258] [0268] 6 [], [06], [026]
[0258] [0369] 3 [], [0], [036]
[0358] [0358] 2 [0358]
[0358] [0268] 2 [02], [04]
[0358] [0369] 1 []
[0268] [0268] 2 [0268]
[0268] [0369] 1 []
[0369] [0369] 1 [0369]

Table 3. The cardinality of MapTI(𝑋,𝑌) and the coefficient-one terms of 𝐼(𝑋,𝑌) for all
combinations 𝑋 and 𝑌 of our tetrachord types for which #𝑋 is at least #𝑌.

Example 4.15. There are two chord types with 𝐼([0358], [0268])(𝑊) = 1,
namely [02] and [04]. Therefore, the induced maps 𝑓𝑊∶ [0358] → [0268]
are exactly the two TI-equivariant maps between these two types from our
classification in example 4.11. Indeed, 𝑓[02] = 𝑇∗3 and 𝑓[04] = 𝑇∗0 .

Example 4.16. The only chord type with 𝐼([0358], [0369])(𝑊) = 1 is the
empty type [], and the inducedmap𝑓[] is precisely the single TI-equivariant
map [0358] → [0369] from example 4.11. Thus, the initially mysteriousmap
𝑇∗1 ∶ {0358} ↦ {147A} receives a simple interpretation: it sends each minor
seventh chord to the unique diminished seventh chord disjoint from it.

Example 4.17. The calculation in example 2.17 shows that five terms of
𝐼([0258], [0258]) have coefficient one: [02], [04], [05], [036], and [0258].
By proposition 4.13, each of them defines a TI-equivariant map 𝑓𝑊, namely
𝑓[02] = 𝐼∗2 , 𝑓[04] = 𝐼∗8 , 𝑓[05] = 𝐼∗5 , 𝑓[036] = 𝐼∗A , and 𝑓[0258] = 𝑇∗0 = id[0258].

The operation 𝑓[036] is one of the six ‘edge flips’ from Gollin’s article (10)
(called 𝑅∗ in (8)), while 𝑓[02], 𝑓[04], and 𝑓[05] recover three out of Childs’
nine operations (6). The remaining six of Childs’ operations are also of the
form ‘go to a certain 2-relative’ (there are four [03]-relatives and two [06]-
relatives left), but these operations require additional TI-equivariant data.
Note that the first two rows of table 1 demonstrates a way of characterising
each relative uniquely, in two steps:

• Specify whether the desired output chord has the same T-type or not.
• For [03]-relatives, additionally specify which of the two possible
[03]-subchords of the input chord is to be kept.

The first distinction is evidently TI-equivariant (Childs’ equivalent distinc-
tion is whether the two pitch classes outside the intersection bichord are
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altered in the same direction or in opposite directions). To see that the
second distinction is TI-equivariant, we note that the precise subchord is
uniquely determined by the type of the complementary bichord within the
input chord (it is either [02] or [04]), i.e. the (unordered) interval between
the two pitch classes being altered; this is exactly Childs’ definition. The
two [06]-operations are 𝐼∗4 and 𝑇∗6 , while the four [03]-operations are 𝐼∗1 ,
𝐼∗7 , 𝑇∗3 , and 𝑇∗9 . Note that all but the last two operations are involutions.
In total, each of the eleven 2- or 3-relatives of any chord inside [0258]

gives rise to a neo-Riemannian operation, yielding an intersection-based
description of nearly half of the neo-Riemannian group of [0258].

Example 4.18. The calculation in example 2.17 shows that two terms of
𝐼([0258], [0358]) have coefficient one: [025] and [037]. By proposition 4.13,
this leads to two TI-equivariant maps, namely 𝑓[025] = 𝑇∗9 and 𝑓[037] = 𝑇∗0 .

This raises the question of how these maps relate to the four operations
𝑃∗1 , 𝑃∗2 , 𝐿∗1 , 𝐿∗2 from (8). The crucial difference is that each of these maps is
a T-equivariant bijection from either [0258]+ or [0258]− to [0358]. These
bijections nevertheless fit together in pairs to form TI-equivariant maps
from [0258] to [0358]. More precisely, 𝑓[025] restricts to 𝑃∗1 on [0258]+ and
to 𝑃∗2 on [0258]−; similarly, the restrictions of 𝑓[037] are 𝐿∗1 and 𝐿∗2 . Thus,
each of the two TI-equivariant maps has two branches, each of which is a
T-equivariant bijection. Because inversions exchange these two branches,
TI-equivariance emerges only when they are considered together in pairs.

A . Orbit algebras of finite monoids

The construction below adapts an idea from hypergroup theory to finite
monoids: multiplication on an orbit space is replaced by a probability dis-
tribution; see the foundational work of Jewett (12).

Let𝑀 be a finite monoid with multiplication ∗ and identity 𝟙. Moreover,
let 𝐺 be any group acting on (𝑀,∗,𝟙) by monoid automorphisms, i.e. we
require that 𝑔 ⋅ (𝑥∗𝑦) = 𝑔𝑥∗𝑔𝑦 and 𝑔𝟙 = 𝟙 hold for all 𝑔 ∈ 𝐺 and 𝑥,𝑦 ∈𝑀.
We denote the orbit of 𝑥 ∈𝑀 by [𝑥].

Example A.1. Intersection turns the set of all chords (the power set ofℤ12)
into a finite abelian monoid whose identity is the full chord {0⋯B}. The
TI-group acts on this monoid, and as this action preserves intersections
and the full chord, the above conditions are satisfied.

One might hope that the product ∗ descends to the quotient𝑀/𝐺, but
this is false in general: Given two orbits 𝑋,𝑌 ∈ 𝑀/𝐺, different choices of
𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 can lead to different orbits [𝑥 ∗𝑦]. What we do instead
is record the probability distribution on𝑀/𝐺 of [𝑥 ∗𝑦] when 𝑥 and 𝑦 are
independently and uniformly chosen from𝑋 and 𝑌, respectively.
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Construction A.2. The orbit algebra ℝ[𝑀/𝐺] is defined as the free ℝ-
vector space over the set𝑀/𝐺 of orbits, together with the bilinear product
that is declared on basis elements as

𝑋 ⋅ 𝑌 ≔ ∑
𝑊∈𝑀/𝐺

#{(𝑥,𝑦) ∈ 𝑋×𝑌 ∶ [𝑥 ∗𝑦] =𝑊}
#𝑋 ⋅ #𝑌

⋅𝑊.

Example A.3. For the aforementioned chord-intersection monoid, whose
orbits are precisely the chord types, this product is precisely the symmetric
normalisation of the intersection profile. Thus, the associated orbit algebra
is indeed the algebra 𝐴 considered at the end of section 2.2.

To studyℝ[𝑀/𝐺], we compare it with the familiarmonoid algebraℝ[𝑀].
The latter is associative and its multiplicative unit is 𝟙. Moreover, 𝐺 acts on
ℝ[𝑀] by algebra automorphisms, and the invariant subalgebraℝ[𝑀]𝐺 has
a basis consisting of averages 𝑢𝑋 ≔ 1#𝑋 ⋅∑𝑥∈𝑋 𝑥, one for each orbit𝑋 ∈𝑀/𝐺.

Lemma A.4. Theℝ-linear mapΦ∶ ℝ[𝑀/𝐺] → ℝ[𝑀]𝐺 defined by𝑋↦ 𝑢𝑋
is an isomorphism of algebras.

Proof. Since the 𝑢𝑋 form a basis of ℝ[𝑀]𝐺, the map Φ is bijective. To see
that Φ is multiplicative, let𝑋,𝑌 ∈𝑀/𝐺. Then

𝑢𝑋 ⋅ 𝑢𝑌 = ∑
(𝑥,𝑦)∈𝑋×𝑌

𝑥 ∗𝑦
#𝑋 ⋅ #𝑌

= ∑
𝑤∈𝑀

#{(𝑥,𝑦) ∶ 𝑥 ∗𝑦 = 𝑤}
#𝑋 ⋅ #𝑌

⋅ 𝑤.

Since 𝑢𝑋 ⋅ 𝑢𝑌 is again 𝐺-invariant, the numbers 𝑐𝑤 ≔ #{(𝑥,𝑦) ∶ 𝑥 ∗𝑦 = 𝑤}
are constant on each orbit. We denote their common value on each orbit
𝑊 by 𝑐𝑊. Then #{(𝑥,𝑦) ∶ [𝑥 ∗𝑦] =𝑊} = ∑𝑤∈𝑊 𝑐𝑤 = #𝑊 ⋅ 𝑐𝑊, and hence

𝑢𝑋 ⋅ 𝑢𝑌 = ∑
𝑊∈𝑀/𝐺

𝑐𝑊
#𝑋 ⋅ #𝑌

⋅ ∑
𝑤∈𝑊
𝑤 = ∑
𝑊∈𝑀/𝐺

#{(𝑥,𝑦) ∶ [𝑥 ∗𝑦] =𝑊}
#𝑋 ⋅ #𝑌

⋅ 𝑢𝑊.

This shows Φ(𝑋) ⋅ Φ(𝑌) = Φ(𝑋 ⋅ 𝑌), as desired.

Corollary A.5. The orbit algebra ℝ[𝑀/𝐺] is associative, and [𝟙] is its
multiplicative unit. If𝑀 is abelian, then ℝ[𝑀/𝐺] is commutative.

Proof. This follows directly from the analogous properties of the invariant
subalgebra ℝ[𝑀]𝐺, noting that 𝑢[𝟙] is just 𝟙 itself.

Remark A.6. Instead of ℝ, we could have used any field of characteristic
0 for the construction of the orbit algebra.
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